Outline

© Linear equations

Samy T. First order



General form of 1st order linear equation
Genewl ¥ adey dcff eq 4’ = {(£y)
Linear eg: when {1 Ainean 11y
General form 1:

4 +p(t)y = g(t)

dt )
Ls doear Y

General form 2: J
P(t) 5 + Q(t)y = G(t)

Remark:
2 forms are equivalent if P(t) # 0
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Example with direct integration

Equation:

4+ t? Q+2ty:4t
dt

Equivalent form:
d 2
E{(4+t>y] = 4t
General solution: For a constant ¢ € R,

2P+
YTy

SEIAN First order Differential equations 60 /123
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Method of integrating factor

hay ko Ge ﬁtm [
General equation: /7
dy
o TPty =g(t) (10)
Recipe for the method:
© Consider equation (10) , My

@ Multiply the equation by a function p
@ Try to choose p such that equation (10) is reduced to:

d(py)
1) (11)

@ Integrate directly equation (11)

Notation: If previous recipe works, 1 is called integrating factor

SEIAN First order Differential equations 61/123
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Example of integrating factor (1)

Equation:

=] & = E DA
SEIAN First order

(12)
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Example of integrating factor (2)
Multiplication by p:
dy
WO+ 2ty = () e

Integrating factor: Choose 1 such that p/ = 1y, i.e p(t) = e'/?

Solving the equation: We have, for c € R

d(e?y) 1 4

12) &= ——— "2 ="¢%
(12) dt 2"
3 ¢ _t

— y(t):g es+ce 2

Differential equations 63 /123



Example of integrating factor (3)

1, then

)

Solution for a given initial data: If we know y(0

=l

AN O

=l

™M 1O

y(t) =

Direction fields and integral curves:

NSNS NN
AN NSNS

~
=

NN N——————— ——

B e

-

A S S O O SO N OGO

S ey

S

AL S SN EN NN SN CCON

NN
ASNSNSSS
4//////
NNNNNN
SN SN
NNNNNN

First order
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General case with constant coefficient

,—[Proposition 4.]

Equation considered:

d
di); +ay =g(t), and y(to) = yo. (13)
y g . at
Hypothesis: na"l—lm- M= C
a eR, g : R, — R continuous.

Then general solution to (13) is given by:

t
y(t) = e""t/ e g(s)ds + ce?".

to

with to > 0 and ¢ € R.

\ J

SEIAN First order Differential equations 65 /123
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Example with exponential growth

Equation:

-2€
or «F = T 9ae
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Example with exponential growth (2)

General solution: for ¢ € R,

7 t
y(t):—Z+§+Ce2t

Direction fields and integral curves:

&adclﬂg fe. hr

2

o777/

P IV

e

SEIAN First order

PP oo/ YV
oSS

¢>9§ﬁi ‘

Differential equations
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General first order linear case
,—{Proposition 5.}

Equation considered:

% + p(t)y = g(t),

Integrating factor: /

p(t) = exp (/ p(r) dr) :

Then general solution to (14) is given by:

1
y(t) = u(t) {

with to > 0 and ¢ € R.

\

[ 1(s)g(s) ds +c|.

to

slabie o = pp
57

(14)

J
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Example with unbounded p (1)

Equation considered:

ty +2y = 4t%

y(1)=2

=] & = E DA
SEIAN First order

(15)
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Example with unbounded p (2)

Equivalent form:

Integrating factor:

Solution:

SEIAN First order Differential equations 70/123



Example with unbounded p (2) qe“_—‘fzf <
Some integral curves: LY, io,

(u-al’ )c'/lgu(m)

w

N
T

1,2)

NI

@ Example of solution which is not defined for all t > 0
@ Due to singularity of t — %

Comments:

© Integral curves for t < 0: not part of initial value problem
@ According to value of y(1), different asymptotics as t — 0
@ Boundary between 2 behaviors: function y(t) = t2

SEIAN First order Differential equations 71/123
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Example with no analytic solution (1)

Equation considered:

2y +ty =2.

o = = £ DA
SEIAN First order



Equatin 249’ +Cy = 2
2
O Ffm|: (9’1—%3: I)x 66/4
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	Linear equations

