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General form of nth order linear equation

General form:

dny dnfly dy
Lly] = t o pas1(t) = 4 pa(t)y = g(t
Initial condition:
e Given by:
y(to) = Yo, .y/(tO) = .y67 T y(n_l)(tO) = _y(gn_l)~

@ Necessity of n conditions because n integrations performed.
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Existence and uniqueness theorem

\

~ Theorem 1.

General linear equation:
YO + ity 4 paa(t)y + palt)y = g(2) (1)
Initial condition:

y(t) =y, yY()=ys - , Y O()=y"" (2)

Hypothesis:
e ty €/, where | = (o, ).

@ pi1,...,ps continuous on /.

Conclusion:
There exists a unique function y satisfying (1)-(2) on /.

J
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Wronskian of homogeneous equation

—~ Definition 2.

Consider:
e Equation
Y+ pu )y o paa()y + pa(t)y = 0.
@ n solutions yi, y>,...,y, on interval /.
o tyel

The Wronskian W = W(y1, ..., y.|(t) for y1,...,y, at tg is:

y1(to) vo(to) .. ya(to)
W y{(:fo) ,Vﬁ(_to) e y;(_to)
nf' nfi n,.
AW () i D(k) ...y (1)
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Wronskian and determination of solutions

\

—~ Theorem 3.

Equation:

YO+ pu(t)y D 4 ()Y + pa(t)y = 0.
Hypothesis:
e Existence of n solutions y1, ..., y,.

e Initial condition y(ty) = yo, ..., y" 1) (ty) assigned.

Conclusion: One can find ¢, ..., ¢, such that
y=ay+ay:+ -+ cuyn

satisfies (3) with initial condition iff

W[ylv cee ,yn](tO) 7é 0

(3)

J
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Wronskian and uniqueness of solutions

~ Theorem 4. \

Equation: back to (3) that is

Lyl =y + pr(t)y" D + -+ paa(t)y’ + pa(t)y = 0.
Hypothesis:

e Existence of n solutions y1,..., V.

Conclusion: The general solution

y=an-tay+--+cys with a,...,c,€R
includes all solutions to (3) iff:

there exists ty € I such that Wy, ..., y.|(t) # 0.

\. J
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Setting

Equation considered: for ag,...,a, € R,

Characteristic polynomial:

Z(r)=apr"+air" '+ 4 ap_ir + ap.

Facts about Z:
@ Z has n roots (real, complex or repeated) r, ..., r,.
@ Z factorizes as: Z(r) = ao(r —r1)---(r — ).
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Construction of solutions
Equation: Homogeneous with constant coefficients (4).

Roots of characteristic polynomial: rq, ..., r,.

Rules to find solutions: separate 3 cases,
Q If r; € R non repeated root,

exp (r;t) solution to equation (4).
@ If =X+ and rjy; = A — 2 conjugate complex roots,
exp (At) cos(ut), exp (At)sin(ut) solutions to equation (4).
@ If rj € R repeated root of order s,
exp (rit), texp(rit),...,t5 exp(rjt) solutions to equation (4).
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Example of application

Equation:
y W +y® -7y —y' 16y =0. (5)

Characteristic polynomial:

Z(nN=r*+r -7 -r+6=0.

Method to find roots: for roots of Z of the form § € Q:
@ p is a factor of a,.

@ g is a factor of ap.

Application: We seek
o pe {+1,£2,4+3,4+6} and q € {£1}.
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Example of application (2)

Roots of Z: We find
n=1, n=-1, r3 =2, r, = —3.
General solution to (5):

y=ce + e+ e’ 4+ et

Samy T. Higher order equations Differential equations 13 /25



Example of application (3)

Example of initial condition:
y0 =1, y(©) =0, y(0)=-2  y®0)=-1.

Related system:

agt+o+c+a =1
a—6+23—3¢ =0
at+o+4d4c+9c =-2
g —C+8c;—27c, = -1
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Example of application (4)

Solution to initial value problem:

11 5 1
y = get_i_ﬁe—t _ §ezr_ e 3t
Graph of solution:
L
1\
05 1 i
1+
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Example with complex roots

Equation:
yW-y=o (6)
Characteristic polynomial:
r* —1=0.
Roots of Z: We find
n=1, rn =1, r3=—1, ry = —1.

General solution to (6):

y = e + e " 4 ¢ cos(t) + cysin(t)
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Example with complex roots (2)
Example of initial condition:

y@ =5 YO=-4 YO =35 y0)=-2
Solution to initial value problem:
e 1 .
y = 3e —|—§cos(t) — sin(t)

Graph of solution: with 2 slightly # initial conditions

N oA OB R
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Method of undetermined coefficients

Nonhomogeneous linear equation with constant coefficients:
aoy(n) + . + any — g(t).

Aim: Find a particular solution Y to the equation.

Table of possible guess: restricted to a limited number of cases,

Function g Guess
aexp(at) Aexp(at)
asin(wt) + [ cos(wt) Asin(wt) + B cos(wt)
Odntn+"'+&0 Antn+"'+Ao
(ant™ + -+ - + ap) exp(at) (Apt" 4 - -+ + Ag) exp(at)
(asin(wt) + [ cos(wt)) exp(at) | (Asin(wt) 4+ Bcos(wt)) exp(at)
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Elaboration of the guess

Situation:
e Equation: apy™ 4 --- + a,y = g(t)
@ g solution to homogeneous equation
= g = cexp(rt), where r root of Z.

o Let s = multiplicity of r.

Particular solution: of the form

Y(t) = t° exp(rt).
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Example of application

Equation:
y® —3y@ 13y —y =4e".

Characteristic polynomial:

Z(r) = (r—1)>3

Solution to homogeneous equation: for ¢, ¢, ¢z € R,

Ve = cre' + ootel + ct?et.
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Example of application (2)

Guess for particular solution:

General solution:

Y(t) = At’e!

y = cet + otet + cst?et + Zt3et.

=] & = E 2ENE
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Example with superposition

Equation:
y® — 4y’ =t + 3cos(t) + e 2.

Characteristic polynomial:

Z(r)=r(r—=2)(r+2).

Solution to homogeneous equation: for ¢, ¢, ¢z € R,

.= c1 + 6e’t + e,
3
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Example with superposition (2)

Sub-equation 1:
y® —4y =t

Guess for particular solution 1:

1
Yl(t) = t(A0t+A1) - AO = —g, A =0.

Sub-equation 2:
y® —4y" = cos(t).

Guess for particular solution 2:

Ys(t) = Beos(t) + Csin(t) —> B=0, C— —g.
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Example with superposition (3)

Sub-equation 3:

y® 4y = 72t

Guess for particular solution 3:

1
Y5(t) = Dte™® = D="_.
General solution:
t2 3 t
y=c + e’ + et — T = sin(t) + —e .
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