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Expectation of sums

Let
P a probability on a sample space S

X1, . . . , Xn : S → R n random variables

Hypothesis: S is countable, i.e

S = {si ; i ↑ 1}

Then
E

[ n∑

i=1
Xi

]

=
n∑

i=1
E [Xi ]

Proposition 15.
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Example: number of successes (1)

Experiment:
n trials
Success for i-th trial with probability pi

X = # of successes

Question:
Expression for E[X ] and Var(X )
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Situation We haven vials

For i = 1, ...n we set

&:
= 1 if success :the trial

1P(A )PiO otherwise
^

otherwise stated
, if Ai = "success ith trial"

rhen

X. = IA. ⇒ V. NB ( P. )



Xi = 1Ai = 1(cucess, itn vrial )
Now

X = "number of success"

- 忌
"

ri

⇒ π [ X3 - I 育 × : ]
=PiProp 5 忌 E [ ti]

- 忌
"

pi



Particular case when pe does not

depend on i

P . = pc = ... = Pn = P

Then each Xi v B(p)

and X=Xi v Bin (n
, p)

We get P

π氏 打二 ☆ π EX: ] = UP
↳>
easy wayto find E[X] if Xo BinQ,pC



Example: number of successes (2)

Expression for X : Let

Xi = 1(success for i-th trial)

Then
X =

n∑

i=1
Xi

Expression for E[X ]: Thanks to Proposition 15, we have

E[X ] =
n∑

i=1
pi
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Continuity of the cdf

Let
P a probability on a sample space S

X : S → E a random variable, with E ↑ R
F the cdf of X , i.e F (x) = P(X ↓ x)

Then the function F satisfies
1 F is a nondecreasing function
2 limb→↑ F (b) = 1
3 limb→↓↑ F (b) = 0
4 F is right continuous

Proposition 16.
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Proof of item 1

Inclusion property: Let a < b. Then

(X ↓ a) ↑ (X ↓ b)

Consequence on probabilities:

P(X ↓ a) ↓ P(X ↓ b)
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Proof of item 2
Definition of an increasing sequence: Let bn ↔ ↗ and

En = (X ↓ bn)

Then
limn→↑

En = (X < ↗)

Consequence on probabilities:

1 = P(X < ↗)

= P
(

limn→↑
En

)

= limn→↑
P (En) (Since n ↘→ En is increasing)

= limn→↑
F (bn)
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Example of cdf (1)
Definition of the function: We set

F (x) = x

2 1[0,1)(x) + 2
3 1[1,2)(x) + 11

12 1[2,3)(x) + 1[3,↑)(x)
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~ non decreasing limfl)-
limf(x) = 0
xー3 ー∞

lim Fbel = 1 = F(5) -> rightcry
x-5

tim Fbx =* = F(2) -> right cry
KY2

:

~ D Fnot left continuoust a
1

:
K← 5



Example of cdf (2)
Some information read on the graph (see next page):

Samy T. Random variables Probability Theory 109 / 110

F colf ofa r.v. X

P(REX ≤ 4 )

띌 = F(4 ) - F( 2) : 1 一苦二方

云這
P(X コ主 ] ÷ - PC+ )- ににほ ) にに 率
IPCX< 3 ] = PCX ≤ 3 ] - P(X= 3 ) = F ( 3- ) 二苦
PCT - 1 D - FC17 -F ( - ) 一会 二方



Example of cdf (3)

Information read on the cdf: One can check that
P(X < 3) = 11

12
P(X = 1) = 1

6
P(X > 1

2) = 3
4

P(2 < X ↓ 4) = 1
12
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