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Tos) a coin n = 3000

X = #heads

We expectx to satisfy

X = 1500

Law large numbers : Indeed
,

× 二 1500
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Weak law of large numbers

Consider

A sequence {Xi ; i → 1} of i.i.d random variables

Write E[Xi ] = µ

Set

X̄n =
1

n
n∑

i=1
Xi

Then for any ω > 0 we have

limn→↑
P

(
|X̄n ↑ µ| > ω

)
= 0

Theorem 1.
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Xi's are i. b = E[Xi] = E[x,] =u

- empirical mean

In =M
ㅓ



Coin lossing example

*i = 1 (head ,
with tos )

Then Xi ~ B(%)

Xi's iid with common dist &(1)

We get ,
ifn large

Ju =
Ʃ t: σ 0 . 5 LLLN )
T

If n = 3000
,

we get
2 xi = 300 x 0.5 = 1500
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DeMoivre-Laplace theorem (repeated)

Let

n → 1, p ↑ (0, 1)

Xn ↓ Bin(n, p)

a < b

Then

limn→↑
P

(

a <
Xn ↔ np

(np(1 ↔ p))
1/2 < b

)

= !(b) ↔ !(a)

Theorem 2.
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xn=Vi .

We have to
i =1

ㅜ change the variable
Xn > En= Xn

n



Another way to write De Moivre’s theorem

Consider

A sequence {Yi ; i → 1} of indep. B(p) random variables

We have E[Yi ] = p and Var(Yi) = p(1 ↔ p) ↗ ω2

Set

Ȳn =
1

n
n∑

i=1
Yi

Then for any ε > 0 we have

limn→↑
P

(

a <
↘

n
(

Ȳn ↔ p
ω

)

< b
)

= !(b) ↔ !(a)

Theorem 3.
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Central limit theorem

Consider

A sequence {Xi ; i → 1} of i.i.d random variables

Write E[Xi ] = µ and Var(Xi) = ω2

Set

X̄n =
1

n
n∑

i=1
Xi

Then for any ε > 0 we have

limn→↑
P

(

a <
↘

n
(

X̄n ↔ µ

ω

)

< b
)

= !(b) ↔ !(a)

Theorem 4.
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Rmk : We have seen InM
Now we have

7 zu W(0,1)

Fn -u = z

σ

=> Fn-m = ut

in

⇒ In δ µ+ 背
→ 皆dom

flackeationlorderI
n

In close to
t

u = E [X,]



Problem 8.5 (1)

Situation: We have

Fifty numbers rounded o! to the nearest integer and then

summed

The individual round-o! errors are uniformly distributed over

(→0.5, 0.5)

Question:

Approximate the probability that the resultant sum di!ers from the

exact sum by more than 3.
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Model : Xi = error for the number

Hyp Xi's are iid Xin4([-0 .5
,
0.57)

∠We want to evaluate e ㆁ

σ
2

= 금
IP( /X) ≥ 3 ) n= 50

二
P( 김화이 그 름 ]

= IPC LIn 1 ≥ 言 )

= IP( 飛- µ ) / 2
- 0

σ σ

CLT PL121 2 임)
able

14응



Problem 8.5 (2)

Model: Set

Xi → i-th error

We wish to find

P
(∣∣∣∣∣

n∑

i=1
Xi

∣∣∣∣∣ > 3

)

Law of Xi : We have

Xi ’s i.i.d

Xi ↑ U([↓0.5, 0.5])

E[Xi ] = 0 , and Var(Xi) = ω2
=

1
12

Samy T. Limit theorems Probability Theory 10 / 15



Problem 8.5 (3)

Application of CLT: Write

P
(∣∣∣∣∣

n∑

i=1
Xi

∣∣∣∣∣ > 3

)

= P
(∣∣∣

↔
n X̄n

∣∣∣ >
3↔
50

)

= P
(∣∣∣∣∣

↔
n X̄n

ω

∣∣∣∣∣ >
3
↔

12↔
50

)

CLT↗ P (|Z | > 1.47)

= .14
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