Sums of Poisson random variables

,—[Proposition 17.]

Let
@ Xi,...,X, independent random variables
o X,' () P()\,)
e Z=%".X
Then .
Znp (Z A,-)
i=1
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Proof for 2 random variables

Hypothesis:
X1 ~ P()\l), X2 ~ P()\z) and X1 AL X2

Computation: For n >0,

P(X1+X2:n) = ZP(X]_:k)P(X2:n—k)
k=0
2 —)\1)\_§ -2 Ag_k

= Y e

e S —
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Sums of Binomial random variables

,—[Proposition 18.]

Let
@ Xi,...,X, independent random variables
e X; ~ Bin(n;, p)
e Z=%".X
Then .
Z ~ Bin (Z n,-,p)
i=1
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Outline

@ Conditional distributions: discrete case
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General definition

r—[Definition 19.]
Let

@ (X, Y) couple of discrete random variables
e Joint pmf p

e Marginal pmf's px, py

@ y such that py(y) >0

Then the conditional pmf of X given Y = y is defined by

px|y(x|y) = /(-\x| {\ .Y)

PY()/)
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Example ctd: tossing 3 coins (1)

Experiment:
Tossing a coin 3 times

Events: We consider

A = "At most one Head"
B = "At least one Head and one Tail"

Random variables: Set

Xl - 1A7 X2 - ]-Ba X = (X17X2)
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Example ctd: tossing 3 coins (2)
We have seen:
X1\ Xz 0 1 || Marg. X;
0 |1/8]3/8] 1/2
1 [1/83/8| 1/2
Marg. Xo [ 1/4[3/4 ] 1

Conditional probabilities given X; = O:

%(_O‘({TS 3/8 3

(0,0) 1/8 1
gx.CO) = P (010) = ﬁ =g Pl /2 4
Lawl( X, 1%:=0)= &(¥4) = Jow (X, )= due P XX
Conditional probabilities given X, = 1:
(0,1) 3/8 1 3/8 1
o = s (011) = 0= 5 e (111) = 3 = 5
v L%, Os21) ' = @0{2)_ 2.(x)
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Conditioning Poisson random variables

,—{Proposition 20.]
Let
@ X ~P(A1), Y ~P(X\)
e X 1Y

_ A\
®P=xx

Then

L(X|X+Y = n)=Bin(n, p)
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Aim : fﬁhd L(x! x+Y=n)  that (s
W x=k | x+¥=n) L &=0, ..., n
= P Xx=L, Xt+¥=n)

W x+y=n)
= l?(:)(:k, Y:n-h)

WCxeY=n)
= WP(x=k) P(Y=n-tk)

P(x+Y=n)




XoL,) Yv P4, )

ML’@ XtV PCA L, )
1?( X:L) fP(y: n-L) P: C\l
P x+Y=n) &l

- e A e™ &:-L n!
L (k) et Q)
) o
b Q\,r.\b)"' @N‘& )n-L
- n kb |- )n-L
(L) ot Uy

= LIX 1 XtY=n)= Bnlnp)




Proof (1)

Expression for the conditional probabilities:
Let 0 < k < n. Then invoking X 1L Y,

P(X=kP(Y=n—k)
P(X+Y =n)

P(X=klX+Y=n)=

Law of X + Y: We have seen

X+Y ~PL+ A)
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Proof (2)

Computation of the conditional probabilities:
P(X=kl|X+Y =n)

M e M T oo Gt A2
K o=kl n!

= (Z) pra—p)

Conclusion:

1
=€

L(X|X+Y = n)=Bin(n, p)
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Outline

© Conditional distributions: continuous case
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General definition

r—[Definition 21.} \
Let
@ (X, Y) couple of continuous random variables

@ Joint density f
@ Marginal densities fx, fy
e y such that fy(y) >0

Then the conditional density of X given Y = y is defined by

f(x,y)
fy(y)

fxiy(xly) =
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Justification of the definition

Heuristics: fx|y(x|y) can be interpreted as

flx, y) ddy
fy(y) dy
P(x<X<x+dx,y<Y<y+dy)
P(y <Y <y+dy)
= P(x<X<x+dx|ly<Y<y+dy)

fxv (x| y) dx

Use of the conditional probability: compute probabilities like
P(XEAlY=y)= /A v (x| y) dx

Rigorous definition: see MA 539
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