
Negative binomial random variable (1)
Notation:

X ⇠ Nbin(r , p), for r 2 N⇤, p 2 (0, 1)

State space:

{0, 1, 2 . . .}

Pmf:

P(X = k) =

✓
k + r � 1

k

◆
pr qk , k � 0

Expected value, variance and pgf:

E[X ] =
r q

p
, Var(X ) =

r q

p2
, GX (s) =

✓
p

1� (1� p)s

◆r
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Negative binomial random variable (2)

Use:

Independent trials, with P(success) = p

X = # failures until r successes

Justification:

(X = k)
=

((r � 1) successes in (k + r � 1) 1st trials)
\ ((k + r)-th trial is a success)

Thus

P(X = k) =

✓
k � 1

r � 1

◆
pr qk
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Negative binomial random variable (3)
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Negative binomial random variable for r = 1

Notation:

X ⇠ Nbin(1, p), for r 2 N⇤, p 2 (0, 1)

State space:

{0, 1, 2 . . .}

Pmf:
P(X = k) = p qk , k � 0

Expected value, variance and pgf:

E[X ] =
q

p
, Var(X ) =

q

p2
, GX (s) =

p

1� (1� p)s
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Branching with negative binomial o↵spring

For the branching process with Z1 ⇠ Nbin(1, p) we have
1 The generating function Gn is given by

Gn(s) =

(
n�(n�1)s
n+1�ns if p = 1

2
q(pn�qn)�ps(pn�1�qn�1)
pn+1�qn+1�ps(pn�qn) if p 6= 1

2

2 The probability of extinction is

P(Ultimate extinction) =

(
1 if p  1

2
q
p if p > 1

2

Proposition 20.
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Proof of Proposition 20 (1)

Pgf for Z1: Since Z1 ⇠ Nbin(1, p) we have

GZ1(s) =
p

1� (1� p)s

Expression for Gn: One can check that

G (Gn(s)) = Gn+1(s)
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Proof of Proposition 20 (2)

Ultimate extinction: We set

A = (Ultimate extinction occurs)

Then
A =

[

n�1

An, with An = (Zn = 0)

P(A) as a limit: We have

An ⇢ An+1 =) P(A) = lim
n!1

P(An)
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Proof of Proposition 20 (3)

Expression for P(An): We have

P(An) = Gn(0) =

(
n

n+1 if p = 1
2

q(pn�qn)
pn+1�qn+1 if p 6= 1

2

Expression for P(A): We obtain

P(A) = lim
n!1

P(An) =

(
1 if p  1

2
q
p if p > 1

2

Samy T. (Purdue) Generating functions Stochastic processes 82 / 90


