
n-step transition

Let X be a Markov chain. We set

P(m,m + n) = (pij(m,m + n))i ,j ,

with
pij(m,m + n) = P (Xm+n = j |Xm = i)

Definition 7.

Remark:

P describes the short term behavior of X

P(m,m + n) describes the long term behavior of X
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If A is a makix we write

A = (aijijt
,
s

Pij = P(Xmn = [ 1Xm = c) P= (Pirl



Chapman-Kolmogorov equations

Let X be a Markov chain with transition p. Then
1 For m, n, r � 0 we have

pij(m,m+n+ r) =
X

k

pik(m,m+n)pkj(m+n,m+n+ r)

2 As a matrix,

P(m,m + n + r) = P(m,m + n)P(m + n,m + n + r)

3 In particular,
P(m,m + n) = Pn

Theorem 8.
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Proof of Theorem 8 (1)

Preliminary identity:

P(A \ B |C ) = P(A|B \ C )P(B |C )

Proof: Start from right hand side,

P(A|B \ C )P(B |C ) =
P(A \ B \ C )

P(B \ C )

P(B \ C )

P(C )

=
P ((A \ B) \ C )

P(C )
= P(A \ B |C )
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Proof of Theorem 8 (2)

Computation: We have

pij(m,m + n + r) = P(Xm+n+r = j |Xm = i)

=
X

k

P(Xm+n+r = j , Xm+n = k |Xm = i)

=
X

k

P(Xm+n+r = j |Xm+n = k , Xm = i)P(Xm+n = k |Xm = i)

=
X

k

P(Xm+n+r = j |Xm+n = k)P(Xm+n = k |Xm = i)

=
X

k

pik(m,m + n)pkj(m + n,m + n + r)
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Law of Xn

Consider the row vector

µ(n)
i = P(Xn = i)

Then
µ(m+n) = µ(m)Pn

In particular,
µ(n) = µ(0)Pn

Proposition 9.
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Proof of Proposition 9

Computation: Write

µ(m+n)
j = P (Xm+n = j)

=
X

i

P (Xm+n = j |Xm = i)P (Xm = i)

=
X

i

µ(m)
i pij(m,m + n)

= µ(m)Pn
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Example: weather in West Lafayette (1)

Model: We choose S = {1, . . . , 6} := {VN ,N , SN , SG ,G ,VG}.

Transition: from empirical data, we have found

P =

0

BBBBBB@

0 1 0 0 0 0
0.4 0.6 0 0 0 0
0.3 0 0.4 0.2 0.1 0
0 0 0 0.3 0.7 0
0 0 0 0.5 0 0.5
0 0 0 0.8 0 0.2

1

CCCCCCA
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Example: weather in West Lafayette (2)

Model: We choose S = {1, . . . , 6} := {VN ,N , SN , SG ,G ,VG}.

Prediction for J+2:

P2 =

0

BBBBBB@

0.4 0.6 0 0 0 0
0.24 0.76 0 0 0 0
0.12 0.3 0.16 0.19 0.18 0.05
0 0 0 0.44 0.21 0.35
0 0 0 0.55 0.35 0.1
0 0 0 0.4 0.56 0.04

1

CCCCCCA

Samy T. (Purdue) Markov chains Stochastic processes 20 / 143



Example: weather in West Lafayette (3)

Model: We choose S = {1, . . . , 6} := {VN ,N , SN , SG ,G ,VG}.

Prediction for J+28:

P28 =

0

BBBBBB@

0.29 0.71 0 0 0 0
0.29 0.71 0 0 0 0
0.14 0.36 7.2⇥ 10�12 0.23 0.16 0.10
0 0 0 0.47 0.33 0.20
0 0 0 0.47 0.33 0.20
0 0 0 0.47 0.33 0.20

1

CCCCCCA
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