n-step transition Tl Ao o mahix ve wide
A-— (Q{J)[/(}-é’s

~ Definition 7.

Let X be a Markov chain. We set

P(m,m+n) = (pj(m,m+n)),;,

with
Pij(ma m + n) = P(Xm+n = j| Xm = i)

\

P = P(Xow =31 Xm=c) P (o)

@ P describes the short term behavior of X

Remark:
@ P(m, m+ n) describes the long term behavior of X
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Chapman-Kolmogorov equations

~ Theorem 8. }

Let X be a’Markov chain with transition p. Then

Q@ For m,n, r > 0 we have

pi(m, m+n+r) = Z pik(m, m=+n)p;(m+n, m+n+r)
K

@ As a matrix, mahicx produck
V4N

© In particular,

P(m,m+n) = P"
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Fook slep of e paof -~ Genenol erkty
Claam: PLANR IC) = PLAIBAC) P(BIC)

Wade He 2hy o

Y Aitvac) P(BIC )

- RArc) P(bAc)
PC BDNC) ?Cc)

- P AdIc) — Lh




Step2 - (ompuez

P (m ,mra+r2)| = P Xpnen =3 | Xpn=7)

- LZ P(@2¢JD§/,)XME=L / X\MC.-.-/z)

= 2 PO Xmmen= § | Xpeu= e, Xm=¢)
Y ( Xpon =& | Xp=¢)

atkos

= % V( XMMr/L-‘-é l Xmm :L) ?(XmmJL 'Xm:“)

= % Pep ( m,men ) Dy (A, ment )




Proof of Theorem 8 (1)

Preliminary identity:

P(ANB|C)=P(A BN C)P(B|C)

Proof: Start from right hand side,

P(ANnBNC) P(BNC(C)
P(BNC) P(C)
P(ANnB)Nn ()
P(C)
= P(ANB|C)

P(A|BN C)P(B|C) =
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Proof of Theorem 8 (2)

Computation: We have

p/j(m,m—i—n—i—r) = P(Xm+n+r :.j|Xm = ’)
= > PXoninir = s Xmin = K X = i)
k

=" PKvtnsr = j Xt = ks X = NP (Xomin = k| X = i)
k

= PXmentr = Xmin = K)PXmin = k| X = 1)
k

- Z pi(m, m+ n)p(m—+n,m+n+r)
k
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Law of X, MO D S

,—[Proposition 9.} \

Consider the row vector

n" = P(Xy = i)

Then
M(mlrln) — ,u(’") inv
1 1 )
In particular, mi/\\ Fff)wﬂ )77}
L M(n) _ M(O)P" ‘
L 1< T 7 L)
M MO P
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Proof of Proposition 9

Computation: Write

M'Eern) _

Samy T. (Purdue)

P (Xm+n = J)

ZP(Xm+,,:j|Xm:i)P(Xm:

Zu,

/L( )pr

pii(m, m+ n)

Markov chains

Stochastic processes
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mk aboud He evam/& . e an get
Mankos dads 11 € uwoyd

(2) Guen a handom dynamccs
(ex: at evews Jep, Llp o con o enow
i{ w wme doig up @ dam ).
e g Rol we del ol Mok
chain

(i) we ae d Mfd’@ goved  ome dofer
and aume Hob ey come  Jiom
a Tinky chan

s P 0 guen duechy
(xe net eample)



Example: weather in West Lafayette (1)

Model: We choose S = {1,...,6} := {VN,N,SN, SG, G, VG}.
Transition: from empirical data, we have found

01 0 0 0 O
04 06 0 0 0 0
p_ |03 0 04 0201 0]
0 0 0 0307 0

0 0 0 05 0 05

0 0 0 08 0 02

x: P(Won Th | SV ot W)= 30%
Pl G or Th | SN otWw)] = (0%
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Example: weather in West Lafayette (2)

Model: We choose S = {1,...,6} :={VN,N,SN, SG, G, VG}.

Prediction for J+2:

04 06 O 0 0

024 076 O 0 0

0.12 03 0.16 0.19 0.18
0 0 0 044 021
0 0 0 055 0.35
0 0 0 04 056

P> =

& P(UWN o FlI SNoa W)= R%
P(Gon Fl G ot Wl 35%
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Example: weather in West Lafayette (3)

Model: We choose S = {1,...,6} :={VN,N,SN, SG, G, VG}.

Prediction for J428:

0.29 0.71 0 0 0 0
0.29 0.71 0 0 0 0
pos _ [014 036 72x 1072 023 016 010
0 0 0 0.47 0.33 0.20
0 0 0 0.47 0.33 0.20
0 0 0 0.47 0.33 0.20
we Jee
() Indal dto v OF oftec 23 dagy (Parkw o ot memay)
() SN 0 o lwwed dhale meacmal ¢ Caes

() 2 clwko * 4Ny and {3G.6 v6s
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