
Relation between F and P

Let Xn be a Markov chain with transition p. Then

1 Pii and Fii satisfy

Pii(s) = 1 + Fii(s)Pii(s)

2 For i 6= j , the function Pij verifies

Pij(s) = Fij(s)Pjj(s)

Theorem 13.
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srategy fu proof : Get a type of convolution .

computation stat from P(Xn = [(X0 = i)

P(Xn = /Xo = i) = P(Xn = j , Till (to = i)

= P(Xn = E , Tr =R/Xo = i) (disjoint, [f=k)
k = 1

Recall PCAMBIC) = P(AIBIC) P(BIC)

EE P(Xn = j(Tf= k
,
Xo = i) P(TE = k(Xo =i)

x+ j , X + G ..., Xa+ +j, Xk = j

Makov P(Xn =j /Xk=6) fij(R)
k= 1

convolation type
= Pir(n-k) fig(k) - relation



Proof of Theorem 13 (1)

Events: We set

Am = (Xm = j), Bk = (Tj = k)

Decomposition for Am: We have

Am = Am \
 

n[

k=1

Bk

!
=

n[

k=1

(Am \ Bk)

Samy T. (Purdue) Markov chains Stochastic processes 36 / 143



Proof of Theorem 13 (2)

Preliminary identity: Recall that

P(A \ B |C ) = P(A|B \ C )P(B |C )

Decomposition for probabilities: We get

P(Am \ Bk |X0 = i) = P (Am|Bk , X0 = i) P(Bk |X0 = i)
Markov
= P (Am|Xk = j) P(Bk |X0 = i) (1)
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Proof of Theorem 13 (3)

Convolution relation: Equation (1) can be read as

pij(m) = P(Am|X0 = i)

=
nX

k=1

P(Am \ Bk |X0 = i)

=
nX

k=1

pjj(m � k)fij(k), for m � 1, and pij(0) = �ij

Expression with generating functions: We get

Pij(s)� �ij = Fij(s)Pjj(s)
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Criterion for recurrence and transience

Let Xn be a Markov chain with transition p. Then

1 If
P1

n=0 pjj(n) = 1, then
I State j is persistent
I
P1

n=0 pij(n) = 1 for all i ’s such that fij > 0

2 If
P1

n=0 pjj(n) < 1, then
I State j is transient
I
P1

n=0 pij(n) < 1 for all i

Proposition 14.
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Proof of Proposition 14 (1)

Expression for Pjj(s): From Theorem 13 we have

Pjj(s) =
1

1� Fjj(s)
, for |s| < 1

Limit as s % 1: We get

Pjj(s) ! 1 i↵ Fjj(1) = 1

Fjj(1) = fjj
j persistent i↵ fjj = 1

Thus

j persistent i↵ lims%1 Pjj(s) = 1
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Proof of Proposition 14 (2)

Recall: We have seen

j persistent i↵ lims%1 Pjj(s) = 1

Application of Abel:

lim
s%1

Pjj(s) =
1X

n=0

pij(n)

Conclusion:

j persistent i↵
P1

n=0 pij(n) = 1
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Proof of Proposition 14 (3)

Another relation for pij(n): We have seen

Pij(s) = Fij(s)Pjj(s)

Taking limits s % 1 we get

1X

n=0

pij(n) = fij

1X

n=0

pjj(n)

Conclusion: If
P1

n=0 pjj(n) = 1, then
P1

n=0 pij(n) = 1 for all i ’s such that fij > 0
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Behavior of pij(n)

Let

X Markov chain with transition p

j transient state

Then
lim
n!1

pij(n) = 0

Proposition 15.
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Simple random walk case

Let

X simple random walk

Parameters p and q = 1� p

Then

X is persistent i↵ p = 1
2

Proposition 16.
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Proof of Proposition 16 (1)

Formula for pjj(m): According to (26),

pjj(2n) =

✓
2n

n

◆
(pq)n, pjj(2n + 1) = 0

Stirling’s formula:
m! ⌘

p
2⇡nn+

1
2 e�n

Equivalent for pjj(2n): We get, as n ! 1,

pjj(2n) ⇠
(4pq)n

(⇡n)1/2
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Proof of Proposition 16 (2)

Recall: We have seen that

pjj(2n) ⇠
(4pq)n

(⇡n)1/2

Case p = 1
2 : We get

pjj(2n) ⇠
1

(⇡n)1/2

Thus
1X

n=0

pjj(2n) = 1 =) State j persistent
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Proof of Proposition 16 (3)

Recall: We have seen that

pjj(2n) ⇠
(4pq)n

(⇡n)1/2

Case p 6= 1
2 : We get

pjj(2n) ⇠
cp

(⇡n)1/2
, with cp < 1

Thus
1X

n=0

pjj(2n) < 1 =) State j transient
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