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Markov chains



Communication

Recall: For a Markov chain X, we have seen that
Communication:
We say that / communicates with j if
There exists n > 0 such that P (X, = j| Xo = i) = p;j(n) > 0.
\/

Notation: i — J. My chancey b neach 4 drom
o depy e >o0
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Intercommunication

Intercommunication:
If i — j and j — i, we say that / and j intercommunicate.

Notation: / <> .
Qe b Hee fuck Hot
P° - Td

Remarks:
@ Foralli €S, we have i <+ i, since p°(i, i) = 1.
Q@ Ifi—jandj — k, then i — k.
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Graph related to a Markov chain

~ Definition 24.

Let X be a Markos chain with transition p.
We define a graph G(X) given by

@ G(X) is an oriented graph
@ The vertices of G(X) are points in S.
@ The edges of G(X) are given by the set

V= {(i,j); i £, plirj) > 0}
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Example

Definition of the chain: Take S ={1,2,3,4,5} and

1/3 0 2/3 0 0
1/4 1/2 1/4 0 0
p=|1/2 0 12 0 0
o 0 0 0 1
0 0 0 2/31/3

Related graph: to be done in class
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Recall If,d#oi , i—>0i L# In >t
P"'(Cé)z Pcd:(n ) >0

V\/qc'h‘/lg te  n-Gh pover

Plig) = 2  p(,i) pla,g) - plen.,§)

U, - €S

T{ @) >0 , F (¢, Ca) M
P, ) -~ pliwa,j) >0

Thas 9 (G0) >0, pli, ) O ,-, Plin, §>0

= |farh (a6, & ,¢) ) (G, d?
3 the b Vv of G (x)




Proof of Proposition 25

Relation with the graph: If i £ j we have
(i = j) < There exists n > 1 such that p;;(n) > 0
< There exists n > 1 such that

Z Piiy " Pin_yj >0

f1yeesin—1€E

< There exists n > 1 et ip,...,I,_1 € E such that

< There exists an oriented path from i to j in G(X)
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Irreducible classes

\.

,—[Proposition 26.]

e G tatrcommunccale

I.{; Cp U omeducdte , all s les

A

Let
@ X Markov chain with transition p

Then

© The relation <> is an equivalence relation.

© Denote (y, ..., C the equivalence classes for <> in
Then — is a partial order relation between classes:

C1—>C23ndC2—>C3:>C1—)C3

Q@ G — Giffdie ¢ and j € G such that /4~ .
0[The classes are called irreduciblej
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Example (1)

Definition of the chain: Take E = {1,2,3,4,5} and

1/3 0 2/3 0 0
1/4 1/2 1/4 0 0
p=|1/2 0 12 0 o0
o 0 0 0 1
0o 0 0 2/31/3
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