Convolution

~ Definition 2. .
Let
@ a={a; i >0} and b= {b;; i > 0} sequences
@ ¢ sequence defined by

n /4 a{
Ch = Z@bn—i
i=0
Then we denote
\ c=axb )
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Convolution and generating functions

,—[Proposition 3.} \
Let
@ a={a; i >0} and b= {b;; i > 0} sequences
@ec=axb
Then
Gc(s) = Ga(s) Gp(s)

Samy T. (Purdue) Generating functions Stochastic processes 7/89
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Proof of Proposition 3

Computation from the definition of G.: We have

Gc(s) = ic,,s"
n=0

o n

= Z ( a,-b,,_,-> s"
n=0 i=0
o n

= Z Z a;s' b, ;s"'

n=0 i=0

o0 oo
= E E ajs' b,_;s"'

i=0 n=i

= Gy(s) Gp(s)
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Poisson random variable (1)

I:f X~ 0(4)
Notation: then X € {0, $
\_/
P(N) for A € R, Mate ypo e
State space: XL —> sl e
E=NuU{0}
Pmf:
)\k
P(X:k):e*AF, k>0

Expected value, variance and ng/7 puolclcly qenealing Louckisy
E[X] = A, Var(X) = A, Gx(s) = exp(A(s — 1))
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Poisson random variable (2)

Use (examples):
@ # customers getting into a shop from 2pm to 5pm
@ 7+ buses stopping at a bus stop in a period of 3bmn

@ # jobs reaching a server from 12am to 6am

Empirical rule:
If n— 0o, p— 0 and np — A, we approximate Bin(n, p) by P(}\).
This is usually applied for

p<01 and np<5H
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Poisson random variable (3)

P(x=2) v He (cuga}’ valee
/‘7
/

exp decay

/7

d=2

Figure: Pmf of P(2). x-axis: k. y-axis: P(X = k)

JQAC
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Poisson random variable (4)

0.18: /‘7 p(k:6) 1) /‘he
Lvger” value

0.125 A ') /(M
L:) qu? Aoy mne le

“ a G(quhn wue
0.04: (}ch rD CL T)
o | L

Figure: Pmf of P(5). x-axis: k. y-axis: P(X = k)
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Siméon Poisson

Some facts about Poisson:

o Lifespan: 1781-1840, in ~ Paris

@ Engineer, Physicist and Mathematician
@ Breakthroughs in electromagnetism

@ Contributions in partial diff. eq
celestial mechanics, Fourier series

@ Marginal contributions in probability

POISSON. /a/tr//ﬂ/g,
)AL

A quote by Poisson:
Life is good for only two things: doing mathematics and teaching it!!
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