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Stationary distribution

~ Definition 32.
Let

@ X Markov chain with matrix transition P

Then 7 is a stationary distribution if
0(7@- >0foralljeSand Y . om=1)-
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@ 1 satisfies m = 7P, that is
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Interpretation of stationary distribution

,—[Proposition 33.]

Let sPCLiLO/’M Y

@ X Marko¥ chain with matrix transition P

The Va&c)mf N~ X %(ac/uat
bul He dohdukis a( )
qihen calankr

~
Xo~m = X,~m foralln>0

@ 7 Invariant distribution

Otherwise stated,

P(Xn:j|X0N7T):7Tj
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Proof of Proposition 33

Distribution of X;: We have

PXi=j|Xo~m) = > P(Xp=j|Xo=i)m
i€eS
= (7TP)j

Distribution of X,: Use a recursion and

n+1—J ZP n+1_J|X_’) ( ’)

i€S
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Stationary distributions and persistent chains
Pnb: TP=T b dnean sylem of eqokos

r—[Theorem 34.} \
Let
@ X Markov chain with matrix transition P

@ X irreducible
Then

X has a stationary distribution
<
All states are non-null persistent
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Stationary distributions and return times

r—[Theorem 35.}

Let
@ X Markov chain with matrix transition P
e X irreducible
e X admits a stationary distribution 7
Then
1 1
pi E[Ti| X =]

Ty —
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Hints about the proof

Main ingredient: Prove that

Mk:ZPi(k)a with Pi(k):ZP(Xn:i:TkZ”|X0:k)7

i€eS n=1
is solution to = uP

Idea for m; = (p1;)~": One writes

m; = "Average time spent at /"
1

" Average time to return at "

12
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Example (1)

Definition of the chain: Take S = {1,2,3,4} (hence |S| < o0) and

1/4 1/4 1/4 1/4
0 0 1 0
0 1/2 0 1/2
0 0 1 0

pP=
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