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Reversed chain

r—[Theorem 42.}

Let

@ X irreducible non-null persistent chain

@ Transition for X is P, invariant measure is 7

@ Hypothesis: X, ~ 7 for all n

@ SetY,=Xy_,for0<n<N (X wih fime ruw

Then beeckwands )
@ VY is a Markov chain

@ The transition for Y is

. . T
P(Yori=jlYa=10)="p;

1
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Proof of Theorem 42

Computing conditional probabilities: We have

P(Yn+1 = in+1| Yn = in,. R YO = Io)
P(Yo = i(), Yl = il,. cey Yn_|_1 - in_|_1)
P(Yo=1io, Yi=i1,...,Yn=1p)
. P (XN—n—l = in—i—la XN—n = ina cee 7XN = ’0)
P(Xnp = in- s Xn = io)
Tiny1 Pinyiin Pinin—1 *** Pivig
Tin Pinin—1 " " * Pirio
_ Tipg1 Pipyain
= —7rin

=P (Yn+1 - in—',—l’ Yn - ln)

This gives the Markov property and the transition
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Reversed chain

~ Definition 43. |
Let

@ X irreducible non-null persistent chain
@ Transition for X is P, invariant measure is 7
@ Hypothesis: X, ~ « for all n
@ SetY,=Xy_,for0<n<N
Then 7racua.ih:m, 2
@ X is said to be reversible if Y has transition P
© This is equivalent to

Ti Pjj = T Pjis forall i,j€S5
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Vocabulary

Detailed balance: Let
@ P transition matrix
@ ) distribution

Then P, X are in detailed balance if

Aj Pij = Aj Pjis forall i,j€S5

Reversible in equilibrium: If X is such that
@ P, 7 are in detailed balance,
then X is said to be reversible in equilibrium
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Invariant measure and reversibility

r—[Theorem 44.]
Let

@ X irreducible Markov chain with transition P

@ Hypothesis: There exists a distribution 7 such that
mudt ewsed o vewfy rhou TP=T

Then
@ T is a stationary distribution = X non -nul ﬂ()ﬂ/’&ﬂ"

© X is reversible in equilibrium

% ps =, forall ijeS (2)
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Proof of Theorem 44

Computation of 7 P: We have

(mP), = > mipy

i€s
= E i Pji

i€eS

= 7 E Pji
i€S
Conclusion:
@ 7 is invariant

@ X is reversible in equilibrium from (2)
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Ehrenfest diffusion model (1)

Model: We consider
@ Two boxes A and B
@ Total of N gas molecules in AU B
@ At time n, one molecule is picked from the N molecules
@ This molecule changes box

Process: We set

X, = # molecules in Box A at time n
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Ehrenfest diffusion model (2)
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Ehrenfest diffusion model (2)

,—[Proposition 45.]
For Ehrenfest's model,

@ X is a Markov chain with

© X is reversible in equilibrium with

1
m = Bin (N, 2), thatis = = (

i i
pii+1 =1— ™ and  pjj1 = 7

IO
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