Outline

@ Chains with finitely many states
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Irreducible case

r—[Theorem 46.}

Let

@ S finite

Then:

X is non-null persistent

@ X irreducible Markov chain with transition P
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Perron-Frobenius theorem

r—[Theorem 47.}
Let
@ X irreducible Markov chain with transition P
e S finite with |S| = N, X has period d

Then: P4 -4
@ )\ = 1is an eigenvalue of P

M =wrkt for k=1,...,d

© Remaining eigenvalues:

>\d+17"-7)\N7 with ’)\J’ <1

@ Let w = €. Then the following are eigenvalues of P:
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Large time behavior

r—[Theorem 48.]
Let

@ X irreducible Markov chain with transition P
o S finite with [S| =N

o A = Diag(\y, ..., An) eigenvalue matrix

@ Hyp: Eigenvalues ); all distinct

°

V =[w,...,v,] eigenvector matrix
Then: An: fDulS ( l\:‘, ”.'A'; )
Q@ P =VAVL )
@ If X is aperiodic we have
lim P" = V Diag(1,0,...,0)V !

n—o0
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Inbreeding model (1)

Model:
@ Spinach population
@ Genetic information contained in chromosomes
@ 6+6 identical pairs of chromosomes

e Sites Gy, ..., Cy for chromosomes
— We just look at C; for 1 chromosome

e G € {a, A} for each pair
o Types: given by S = {AA, aA, aa}
e X, = Value of type at generation n for a typical spinach

@ Self reproduction model with meiosis

< shuffle of C;'s between pairs — fbe 2 g
and Juff Feirn oA
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Mechanim

AR x AA —> A4 a/a/azgs
CLA x a H —_ oA C(ﬁ AA
~—" - ~——

P P2 P4

Ao x oo —> aa W p=|

X, 0 a MC Stadedy: X = O(Xn ) Yo )
Heie
Xorr = | (A#) :ﬁ@,__@,q,) + @a) fl(xn=<aa))

r Y, 4@”:@“‘))) {P(Yom: Ah)= 4

P()(a,\:au‘)):é
where. A Va;n21y 20d whh | POmi=aa) - L

g




Thanscron Pi= PLww, Y )= §)
We get ,on 3= JAR ah, aal
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Eigenyat tues - ool o{

|- A

det (P-AT) = . 0 0
4 A i
O O (-A

= (I1=d) (£-4) (1-4)

AZ:I ) Ab:i

we. gel |A = |

/
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Inbreeding model (2)

Transition rules: If all shuffles are equally likely we get
o AAX AA — AA withp=1

oanaA—>aawithp:%, aA with p =

@ aa X aa— aa, withp=1

AA with p =1

1
2! 4

Transition matrix: We get

p—

O nlm
OoONI- O
A )
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Inbreeding model (3)

Classification of states: With the graph we find
@ aa and AA are persistent
@ aA is transient

Eigenvalues: We find

)\1:1, /\2:1, )\3:

N

Eigenvectors: We get

-1

2 0 3 0 3
V=|(1 0 1|, and V=0 0 1
0 1 0 -1 -1
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Inbreeding model (4)

Large time behavior: We get A"
N
10 O
pr = v#lo1 0 |V
0.0 (3)
1 0 0
n+1 n n+1
= 2-@)" @) 2-0)
0 0 1
Limiting behavior: We have Addknal wnfumebn:
10 0 aeomeluic
lim Pr=[3 0 }| @wagme
n—oo 0 O 1
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