Probability generating functions

~ Definition 4. .

Let
@ X random variable with values in Z
o fx pmf of X .
= 2 8¢ Plx=c)
We set
Gx(s) = E[s*] = Gy (s)

Elp)3 = 2 ¢(2) Plx=0) = Z o) L)
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Transfamy o Random  variables

i) T xez we wualy codee
G (3)=  EL S°Y — enlie ezies
(Z¢) Iﬁ xeMe , we anxdee Llapface honsfrm
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Properties of the generating function (1)
U a ﬂmwf’ Gx() = 2 (,((L') |1t = _fo((') =
c :

2 | if we ae dealing wehe
Some properties: V o pmfi

© Convergence: There exists R > 0 such that Gx(s)
» Converges absolutely if [s| < R
» Diverges if |s| > R
» The sum is uniformly convergent on {s; |s| < R’} if R" <R
o 2 4,((6) 5t
@ Differentiation: One can differentiate term by term at s
— such that |s| < R

S Ge= 2 4O
G 0)= 2 & £ >

Samy T. (Purdue) Generating functions Stochastic processes 17 /89


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Properties of the generating function (2)

Some more properties:

. (
© Uniqueness: Assume /7 wh ®'>0
» Gy(s) = Gp(s) for |s| < R" <R
Then

n
1
(an)n>0 = (bn)nz0, and a, = mGgm(O)

Veof Abel: Fu ome 1.v T

O Abel theorem: Assume 2 we have P(>(T=w0) >0

> a; >0 In bl we
» G,(s) < oo for |s| <1 Gr )= 2 P(T=c) s¢
Then ANCndl

lim Go(s) = ga, Z P(T=c)= AT <o)

Samy T. (Purdue) Generating functions Stochastic processes 18 /89
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Penoullc  nandom  yancalle

X v BCp ) p€ (O,)
Px=1) = P x=0) = I-p
Stute joe : 10,15
G, 0) < 2 3 Plx=¢)

ce401

= S Up + 3 p

Gx(3) = (t‘f/ + SP
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Bernoulli random variable (1)

Notation:
X ~ B(p) with p € (0,1)
State space:

{0,1}

Pmf:
P(X=0)=1-p, PX=1)=p

Expected value, variance, generating function:

E[X]=p, Var(X)=p(l-p), Gx(s)=(1—p)+ps

Samy T. (Purdue) Generating functions Stochastic processes
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Bernoulli random variable (2)

|7tk
\//
: . [ gEh
Use 1, success in a binary game: i
@ Example 1: coin tossing 19

» X=1ifH X=0if T
» We get X ~ B(1/2)
e Example 2: dice rolling

» X =1 if outcome = 3, X = 0 otherwise
» We get X ~ B(1/6)

Use 2, answer yes/no in a poll

e X =1 if a person feels optimistic about the future

@ X = 0 otherwise

o We get X ~ B(p), with unknown p

Samy T. (Purdue) Generating functions Stochastic processes
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Jacob Bernoulli

Some facts about Bernoulli:

@ Lifespan: 1654-1705, in Switzerland
@ Discovers constant e

Establishes divergence of Z%
Contributions in diff. eq

First law of large numbers

Bernoulli:
family of 8 prominent mathematicians

@ Fierce math fights between brothers

Samy T. (Purdue) Generating functions Stochastic processes 21/89


Mobile User


Geowmelie. ..

Xa G (p) Sule space: {12, ... )
W ox=1k)

2

N\

Cr

)

I
N,
O

~

il
v

D

W



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Geometric random variable

Notation:
X ~G(p), forpe(0,1)

State space:
E=N={1,2,3,...}

Pmf:
PX=k=p(1-p)" k=1

Expected value, variance and generating function:

1 1—-p ps
E[X]= -, Var(X)= . Gx(s)=-—P°

p p? 1—-s(1-p)
Samy T. (Purdue) Generating functions Stochastic processes

22/89


Mobile User


Geometric random variable (2)
Use:

@ Independent trials, with P(success) = p

@ X = # trials until first success

Example: dice rolling
@ Set X = 1st roll for which outcome = 6
e We have X ~ G(1/6)

Computing some probabilities for the example:

4
1
P(X=5) — (g) £~ 008

PX>7) — (2)6 ~ 033

Samy T. (Purdue) Generating functions Stochastic processes
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Geometric random variable (3)

Computation of E[X]: Set ¢ =1 — p. Then

E[X] = Z/q p = 2t Rx=c)

L—l
= Z(I—l)q p+Zq’ p
= CI]:El[X]+1 -

Conclusion:

E[X]=-

Samy T. (Purdue) Generating functions Stochastic processes 24/89
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Generating function and moments

~ Theorem 5. \

Let X be a random variable with generating function Gx. Then
Q E[X]=G'(1)
@ EX(X-1)---(X—k+1)]=6¥(1)

Remark: If the radius of convergence for Gx is 1, then

Gx(1) = lim G(s)

Samy T. (Purdue Generating functions Stochastic processes 25/89
y
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ECXY from G, 4t xa glp)

we. hawe eew  Fhar  Ge(y)= P>

I- 3 ((p)
> = po
() = - (s + |
TI/UL) Gr,/(()): P = P
U - Ci-prs )? (- Clpu)
/ - ( o
amd GXC/) = L‘CX)Z ’-C(’P) - —/5

we aljo %a(/c/: CT,/: G) - Lelip) (check)
(- (l--(,o)s)3
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Computing moments with generating functions

Situation: Consider p € (0,1) and

X ~G(p)
Derivatives of Gx: We find
: p
) = T pep
" 2P(1 B P)
R (R (D)

Moments: We get

E[X] = %, Var(X) =

Samy T. (Purdue) Generating functions Stochastic processes 26/89
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