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Proof of Theorem 2 (1)

Conditioning on a small interval: We have

P (N(t+ h) =)
=> P(N(t+h) =jIN(t) = i)P(N(t) =)

i€S
- Z P((j— i) arrivals in (t,t + h]) P (N(t) = 1)
= P (no arrivals in (t,t + h]) P (N(t) = )
+ P (one arrival in (t,t+ h]) P(N(t) =/ — 1) + o(h)

= (1= M) P (N(t) = j) + AP (N(t) = j — 1) + o(h)
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Proof of Theorem 2 (2)

Probability as a function: We set

Equation on small intervals: We have seen

po(t+h) = (1= Ah)po(t) + o(h)
BlE+h) = Mipya()+(1— A pi(2) + o(h)

Equivalent form with differences:

po(t +h) — po(t) = —Ahpo(t) + o(h)
pi(t +h) = pi(t) = Ah(pj-1(t) — pi(t)) + o(h)
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Proof of Theorem 2 (3)

Recall:

po(t +h) — po(t) = —Ahpo(t) + o(h)
pi(t+h) —pi(t) = Ah(pi-1(t) — pi(t)) + o(h)

Differentiating: We end up with a system of ode's

po(t) = —Apo(t)
pi(t+h) = Apj1(t) — Aps(t)

Initial condition:
pi(0) = djo = 1)
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Proof of Theorem 2 (4)

Recall: We have obtained a system of ode’s

po(t) = —Apo(t)
pi(t+h) = Apa(t) — Ap(t)

A family of generating functions: We set
Gi(s) = E[s"®) = 3 py(t)
j=0

Strategy: From the system of ode's
— deduce a single ode for t — G,(5s)
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Proof of Theorem 2 (5)

Differential equation for G: We have

aC.;t(s) _ - / J

= —Apo(t +Z Api1(t) — Api(t)) s

= —AG(s +)\5ij (1)t

= —AG(s)+ )\sGt( )
= AMs—1)Gy(s)
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Proof of Theorem 2 (6)

Recall: u; = G(s) verifies
v =XNs-1)u, up =1
Expression for G;(s): We find

Ge(s) = exp (A(s —1)1)

Conclusion:
N(t) ~ P(At),
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Relation with binomial random variables

Another way to prove N(t) ~ P(At):
@ Partition [0, t] in subintervals [(¢ — 1)h, (h]

@ On each subinterval, set Zy = 1(arival in [(¢=1)h,01)

@ We have that {Z; ¢ > 1} is i.i.d with common law B(\h)
Q@ We have N(t) ~ z/:hl Z;, thus

h—0

N(t) ~ Bin (; Ah) 222 P(ae)
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