
Summony on Poison process ·
N(t) is PP if

(i) N(t) E IN , N(0) = 0

(ii) trN(t) is -

(iii) P(N(t+h) = n + M | N(t)= n)

=

E
1 - 64 + g , Ch) if m = 0

d + Ge(h) if m = 1

93(h) if M > /

(iv) N(t)- NC) # "past"

with lin (g , (h)) + 19(4)) + (9)(h))
-> O

h -> O H

Notation : we say g , (h), gz(h), 93(h) = oh)



First important result. For all to

N(t) ~P(bt)

Infection This stems from
Bin (n

, )
n-

P(M)



means convergence
zu distribution

Roof of Bin(n, )" > "P(M)

It boils down to prove, fu REN , that

P(Xn = k) > P(X=K)

where Xnw Bin(n, ) , Xu P(M)

computation
n

P(Xn= k) =
R ↳ "( -M

e

n ! uk n-k
=

k ! (n -k)! rek (
-Mn)

= sek n ! 1 -4 * 1- Mn
- k

k ! ( - k) ! n*



P(Xn = k) A(n) B(n) c(n)

=
sek n ! 1 -M

U

1- F
- k

k ! ( - k) ! n* Th

polynomial degree
Then k - 1

A(H)=
n(n-1) ... (n - R + 1) =

nP + Pk- (n)
Uk ne

~ le n - D
I-

M >

B(n)= C
n(u(-4) n->0

I e-u
I n->

C(H) =
D -M)k

> I (cot- function)

conclusion P(xn= k) <t 2 - = P(X=k)



no mae than1 arrival in

Roof of Thm 2 small rime ↑
N(twh1 = N(t)

P(N(t +h) = j)
j

= z P(N(t+h) = j I N(t)= i) (P(N(t) =i)
i =0

small
E PCN(t+h) = j /N(t= j) P(N(t = j)

+ IP(N(tch) = j IN (t) = j- 1) P(N(t) = j - 1) +o(h)

= [I-6h +O(h)) P(N(t) =j)

+ (bhroCh)) IP(N(t) = j-1) +oCh)

NotationWe(et Pilt) = P(N(t) =5) .
we get

Pitch) = (dK) Pj(t) + JhPr(t) + o(h)



Pr(tl = P(N(t) = j)
we have found
Pitch) = (dK) Pj(t) + JhPr(t) + o(h)

E Pj(trh) - Pi(t) = - J K Pr(t) + 6 KPj . (t) +0(h)

E (Pi(trh) -Pf(t) = - 6Pj(t) + 6P= (t) +O(l)

Take h -0 . We get

Pf(t) = - 6Pj(t) +6 Pi(t)

We get an a (inj) system of linear
differential equations

2 strategies : solve by induction

Generating functions



(

= IP(N(0) = 0 (

system
N

Pf(t) = - 6Pj(t) +6 Pi(t)

Casej = 0 Since p- (t) =0 , the eq is

PO(t) = - 6 Po(t) Po(0) = 1

E Plt) = - d (separable)
Polt)

=> In(p(t) = -bt + C ,

Po(t) = 22
-bt

XvO(bt)
with po(0)= 1

,
we get -

Po(t) = e
-bt

= ((X=0)



Pf(t) = - 6Pj(t) +6 Pi(t)

Ditt feh Gt(x) = E Pilt) St .
We have

j=0

de Gt() = Polt)+Pf(t) si

=
- dPo(t) t EEPj(t) +bPx (t)(ja

=
- dp(t) + E - JPj(t) st

j=

+ S Ed Pf(t) Si-1
j= 1

= - 66(b) +bSG+
(b)

=> OzGt(6) = 6() - 1) Gt(6)
,
Go(s)= /

t G+ (b) = 2b(-
It
= Pilt) is P(dt)



Proof of Theorem 2 (1)

Conditioning on a small interval: We have

P (N(t + h) = j)

=
X

i2S

P (N(t + h) = j |N(t) = i)P (N(t) = i)

=
X

i2S

P ((j � i) arrivals in (t, t + h])P (N(t) = i)

= P (no arrivals in (t, t + h]) P (N(t) = j)

+ P (one arrival in (t, t + h]) P (N(t) = j � 1) + o(h)

= (1� �h)P (N(t) = j) + �hP (N(t) = j � 1) + o(h)
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Proof of Theorem 2 (2)

Probability as a function: We set

pj(t) = P(N(t) = j)

Equation on small intervals: We have seen

p0(t + h) = (1� �h) p0(t) + o(h)

pj(t + h) = �h pj�1(t) + (1� �h) pj(t) + o(h)

Equivalent form with di↵erences:

p0(t + h)� p0(t) = ��h p0(t) + o(h)

pj(t + h)� pj(t) = �h (pj�1(t)� pj(t)) + o(h)
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Proof of Theorem 2 (3)

Recall:

p0(t + h)� p0(t) = ��h p0(t) + o(h)

pj(t + h)� pj(t) = �h (pj�1(t)� pj(t)) + o(h)

Di↵erentiating: We end up with a system of ode’s

p00(t) = �� p0(t)

p0j(t + h) = � pj�1(t)� � pj(t)

Initial condition:
pj(0) = �j0 ⌘ 1(j=0)
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Proof of Theorem 2 (4)

Recall: We have obtained a system of ode’s

p00(t) = �� p0(t)

p0j(t + h) = � pj�1(t)� � pj(t)

A family of generating functions: We set

Gt(s) = E
⇥
sN(t)

⇤
=

1X

j=0

pj(t)s
j

Strategy: From the system of ode’s
,! deduce a single ode for t 7! Gt(s)
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Proof of Theorem 2 (5)

Di↵erential equation for G : We have

@Gt(s)

@t
=

1X

j=0

p0j(t)s
j

= �� p0(t) +
1X

j=1

(� pj�1(t)� � pj(t)) s
j

= ��Gt(s) + �s
1X

j=1

pj�1(t)s
j�1

= ��Gt(s) + �sGt(s)

= �(s � 1)Gt(s)
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Proof of Theorem 2 (6)

Recall: ut ⌘ Gt(s) verifies

u0 = �(s � 1)u, u0 = 1

Expression for Gt(s): We find

Gt(s) = exp (�(s � 1)t)

Conclusion:
N(t) ⇠ P(�t) ,
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Relation with binomial random variables

Another way to prove N(t) ⇠ P(�t):
1 Partition [0, t] in subintervals [(`� 1)h, `h]

2 On each subinterval, set Z` = 1(arrival in [(`�1)h,`h])

3 We have that {Z`; ` � 1} is i.i.d with common law B(�h)

4 We have N(t) '
Pt/h

`=1 Z`, thus

N(t) ' Bin
⇣ t
h
; �h

⌘
h!0�! P(�t)
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