Inter-arrival times

\

~ Definition 3.

Let

@ N Poisson process with intensity A

We define Ty = 0 and

Th
Xa

= inf{t > 0; N(t) = n}
= Tn - 7-n—l

Then X, is called inter-arrival time
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From X to N

N as a function of X: We have

Tn = zn:Xl
i=1

N(t) = max{n>0; T, <t}
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Distribution of the inter-arrival times

—~ Theorem 4.

Let
@ N Poisson process with intensity A
e {Xj; j > 1} inter-arrival times

Then
The Xj's are i.i.d with common distribution £(\)
El x&"k - (_-\'_ 1{ A ((mJ@ﬂ)(@) [{ tuge, we wll
ot wad~ oo g unkl Hhe  ned
wnval
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Proof of Theorem 4 (1)

Variable X;: We have
P(X;>1t)=P(N(t)=0) =exp(—A\t)

Thus
X1~ E(N)
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Proof of Theorem 4 (2)

Conditioning on Xj: Write

P(X; >t/ Xi=1t)

=P (No arrival in (t1,t; + t]| X1 = 1)

P(N(tr,t1+t]) =0 N(t1) =1, Xy = t1)
—exp( At)

Thus
X2 Ng(/\), and X2 J_|_Xl
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Proof of Theorem 4 (3)

Conditioning on X,: Write 7 =" | t; and

P(Xp1 >t/ Xi=t1,.... X, =tn)

=P (No arrival in (7,7 + t]| Xy = ta,..., X, = t,

P(N(r,7+t]=0|N(T) =1, Xy =t1,..., X, = t,))
—exp( At)

Thus
X,,+1 Ng()\), and Xn+1 AL (Xl,...,Xn)
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Another proof of N(t) ~ P(At)

Strategy:
© Start from {Xy; k > 1} inter-arrival times

@St T, =" X =wmod L L) ny. HTaw &)
@ If Xi's are i.i £(A) random variables, then T, ~ (A, n)
@ Compute

P(N(t)=J) = P(Tj<t<Tj)
= P(Tj<t)-P(Tj11<t)

J
(\t) . compelakns
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