
Inter-arrival times

Let

N Poisson process with intensity �

We define T0 = 0 and

Tn = inf{t � 0; N(t) = n}
Xn = Tn � Tn�1

Then Xn is called inter-arrival time

Definition 3.
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· If we are given NIt) , one can deduce the Tn's :

ElN( Th = Mf4t ; N(t)=n)
1

· If we are given the in , one can deducea
N(t) = Max (n20; . Th = t)
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Another remark : Th = E Xj



From X to N
N as a function of X : We have

Tn =
nX

i=1

Xi

N(t) = max {n � 0; Tn  t}
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Distribution of the inter-arrival times

Let

N Poisson process with intensity �

{Xj ; j � 1} inter-arrival times

Then

The Xj ’s are i.i.d with common distribution E(�)

Theorem 4.
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E[X]= If I Intensity) if large, we will
not wait too long until the next
arrival
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variable Xnr

P) XnxLE/ X = t , ..., X =En)z
= PC No arrival on [t , 0 - +En

,
2 + E]

1 Xi =E ,
...,

Xn = tu
,
N(2) =1)

H past
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= e-dt

= Xnts # , , . ., Xu
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Proof of Theorem 4 (1)

Variable X1: We have

P (X1 > t) = P (N(t) = 0) = exp(�� t)

Thus
X1 ⇠ E(�)
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Proof of Theorem 4 (2)

Conditioning on X1: Write

P (X2 > t|X1 = t1)

=P
�
No arrival in (t1, t1 + t]

��X1 = t1
�

=P
�
N(t1, t1 + t]) = 0

��N(t1) = 1, X1 = t1
�

=exp(�� t)

Thus
X2 ⇠ E(�), and X2 ?? X1
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Proof of Theorem 4 (3)

Conditioning on Xn: Write ⌧ =
Pn

i=1 ti and

P (Xn+1 > t|X1 = t1, . . . ,Xn = tn)

=P
�
No arrival in (⌧, ⌧ + t]

��X1 = t1, . . . ,Xn = tn
�

=P
�
N(⌧, ⌧ + t] = 0

��N(⌧) = 1, X1 = t1, . . . ,Xn = tn
�

=exp(�� t)

Thus
Xn+1 ⇠ E(�), and Xn+1 ?? (X1, . . . ,Xn)
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Another proof of N(t) ⇠ P(�t)

Strategy:
1 Start from {Xk ; k � 1} inter-arrival times

2 Set Tn =
Pn

k=1 Xk

3 If Xk ’s are i.i E(�) random variables, then Tn ⇠ �(�, n)

4 Compute

P (N(t) = j) = P (Tj  t < Tj+1)

= P (Tj  t)� P (Tj+1  t)

=
(�t)j

j !
exp(�� t)

Samy T. (Purdue) Continuous Markov chains Stochastic processes 24 / 107

= sum of # E(6) 1. U. => Thu N(b,n)

: computations


