Simple birth

Model:
e Living individuals give birth independently of one another
e Each individual gives birth with probability Ah + o(h)
o No death

Claim:

The simple birth process is a birth process with A\, = n A
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Simple birth (2)

Justification of the claim: Let M = # births in (t, t 4+ h). Then

P (M= n|N(t) = n) = (;) (AD)™ (1= Ah)™™™ + o(h)

nAh + o(h) ifm=1
=< o(h) ifm>1
1—n\h+o(h) ifm=0
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Simple birth with immigration

Model:
e Living individuals give birth independently of one another
e Each individual gives birth with probability Ah + o(h)
@ No death

o Constant immigration v

Form of \,: We get
Ap=nNA\+v
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Forward ode's for the probabilities

,—[Proposition 6.]

et bk pg (0)=0 of §<i
@ N birth process
o Intensities {)\;; j > —1}, with A_; =0
Set
pi(t) =P (N(s + t) = j|N(s) = i)
Then for j > i the function pj; satisfies W/(Jgi-)}em aqZ
(V;CG/L C{c#
Pii(t) = Aj1pij1(t) = Apij(t) ) equaling
with initial condition p;(0) = §;
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Backward ode's

,—[Proposition 7.]

n ad b bnov pi;, I wwsk bnow
P,y —> lckwoed
Ay

Let
@ N birth process
o Intensities {)\;; j > —1}, with A_; =0
Set
pu(t) = P (N(s + 1) = j|N(s) = )
Then for j > i the function pj; satisfies

P(E) = Apraa () — Apig(t) )

\.

with initial condition p;(0) = §;
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Solving the forward system

\

~ Theorem 8.
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o
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Let Nofafcn
o Intensities {)\;; j > —1}, with A_; =0
@ Set of indices {0 < /,j < oo}

Then the system of equations
o pj(t) = Ni1pij-1(t) — Aipiy(t) if j =i
° pi{0) = 5
o p(t)=0ifj <i

admits a unique solution

~
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Proof of Theorem 8

Case i = j: The equation becomes
pii(t) = —Aipii(t), initial condition p;;(0) =1

Thus
p,'7,'(t) = exp (—)\,t)

General case:

Obtained by recursion
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