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Laplace transform

Definition: Let f : R, — R. Then

Lf(s) = f(s) = /0 h e Stf(t) dt.

Possible strategy to solve a differential equation:

© Transform diff. equation into algebraic problem in s variable.

@ Solve algebraic problem and find fl
© Invert Laplace transform and find f.
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Existence of Laplace transform

—~ Theorem 9. \

Hypothesis:
@ f piecewise continuous on [0, A] for each A > 0.
o |f(t)] < Ke* for K> 0 and a € R.

Conclusion:
Lf(s) exists for s > a.

Vocabulary: f satisfying |f(t)| < Ke®
< Called function of exponential order.
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Table of Laplace transforms

Function f Laplace transform f | Domain of f
1 2 s>0
e’ P s>a
1[071)(1') + k 1(t:1) 1756_5 s>0
t". neN sn”—frl s>0
tP p>—1 MptD) s>0
sin(at) P s>0
cos(at) P s>0
sinh(at) g s > |a|
cosh(at) == s> |a|
e? sin(bt) (s_a)% s>a
e?" cos(bt) (G s>a
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Table of Laplace transforms (2)

Function f Laplace transform f Domain of £
t"e? neN (s—Z!)"“ s>a
uc(t) e_scs s>0
u.(t)f(t —c) e f(s)
et f(t) f(s —c)
f(ct),c>0 %f(i)
Jo F(t=7)g(7) f(s)&(s)
i(t—c) e =
F(t) s"f(s) —s" 1 (0) — f(n=1)(0)
(—1)"f(s) Fin)(s)
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Linearity of Laplace transform

Example of function f:

f(t) =5e 2" — 3 sin(4t).

Laplace transform by linearity: we find

Lf(s) = 5[L(e72)](s) — 3 [L(sin(4t)] ()
5 12
s+2 2116
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Relation between Lf and Lf’

r—[Theorem 10.]

Hypothesis:

@ f continuous, f’ piecewise continuous on [0, A
— for each A > 0.

Q |f(t)] < Ke® for K,a > 0.

Conclusion: Lf’ exists and

Lf'(s) = sLf(s) — f(0)
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Proof of Theorem 10

Integration by parts:

/A e S'f'(t) dt = [e‘“f(t)}OA + s/A e 'f(t) dt
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Laplace transform of transitions

,—[Proposition 11.]

Let
@ Intensities {\;; j > —1}, with A_; =0
@ Set of indices {0 < /,j < oo}
@ pj; solution to forward system

Pii(t) = Ajm1pij-a(t) = Api(t)

Then for i < j the Laplace transform pj; satisfies

Pi(s N H5+A@
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