
Equations pij = SetPijt - I Pij

Of the fum
II

diff in time of Pio = diff operator in space
/

This is a partial differential equation

Poisson case

Pij = J Pijt -J Pij

Pij =
- J (pij - Pijy

Opij = -Ji
,j

& E



Rak In diff equations ,
an important tool

26 Laplace transfums
The came is nue fu pole's
In particular , useful for transcher
densities



Laplace transform

Definition: Let f : R+ ! R. Then

Lf (s) = f̂ (s) =

Z 1

0

e�stf (t) dt.

Possible strategy to solve a di↵erential equation:
1 Transform di↵. equation into algebraic problem in s variable.
2 Solve algebraic problem and find f̂ .
3 Invert Laplace transform and find f .
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Existence of Laplace transform

Hypothesis:

f piecewise continuous on [0,A] for each A > 0.

|f (t)|  Keat for K � 0 and a 2 R.

Conclusion:
Lf (s) exists for s > a.

Theorem 9.

Vocabulary: f satisfying |f (t)|  Keat

,! Called function of exponential order.
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Table of Laplace transforms

Function f Laplace transform f̂ Domain of f̂
1

1
s s > 0

eat 1
s�a s > a

1[0,1)(t) + k 1(t=1)
1�e�s

s s > 0

tn, n 2 N n!
sn+1 s > 0

tp, p > �1 �(p+1)
sp+1 s > 0

sin(at) a
s2+a2 s > 0

cos(at) s
s2+a2 s > 0

sinh(at) a
s2�a2 s > |a|

cosh(at) s
s2�a2 s > |a|

eat sin(bt) b
(s�a)2+b2 s > a

eat cos(bt) s�a
(s�a)2+b2 s > a
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Table of Laplace transforms (2)

Function f Laplace transform f̂ Domain of f̂
tneat , n 2 N n!

(s�a)n+1 s > a

uc(t)
e�cs

s s > 0

uc(t)f (t � c) e�cs f̂ (s)

ectf (t) f̂ (s � c)

f (ct), c > 0 1
c f̂ (

s
c )R t

0 f (t � ⌧)g(⌧) f̂ (s)ĝ(s)

�(t � c) e�cs

f (n)(t) sn f̂ (s)� sn�1f (0)� · · ·� f (n�1)(0)

(�t)nf (s) f̂ (n)(s)
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Linearity of Laplace transform

Example of function f :

f (t) = 5 e�2t � 3 sin(4t).

Laplace transform by linearity: we find

Lf (s) = 5
⇥
L(e�2t)

⇤
(s)� 3 [L(sin(4t)] (s)

=
5

s + 2
� 12

s2 + 16
.
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Function f(t) =52-3 (int)

Laplace hansfum

f(s) = 2(5e -3((4H)

= 52(2
-

7) - 3 L(((4t))

= 5 x I
- 3 x 4

S+2 52+ 42

5
-

12
-

St2 52+ 16



Relation between Lf and Lf 0

Hypothesis:
1 f continuous, f 0 piecewise continuous on [0,A]

,! for each A > 0.
2 |f (t)|  Keat for K , a � 0.

Conclusion: Lf 0 exists and

Lf 0(s) = sLf (s)� f (0)

Theorem 10.
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Expression for 211 I (t)

2f'(s) =(0 st 1(t)dtC
O

- S e
- st

P F9
.

-

- f g'dt
D

- estf(t)
.

+ 560e- f(t)dt

=
- f(0) + >2f(s)

= 2f(s) - f(0)



Proof of Theorem 10

Integration by parts:

Z A

0

e�stf 0(t) dt =
⇥
e�stf (t)

⇤A
0
+ s

Z A

0

e�stf (t) dt

Samy T. (Purdue) Continuous Markov chains Stochastic processes 42 / 107



Laplace transform of transitions

Let

Intensities {�j ; j � �1}, with ��1 = 0

Set of indices {0  i , j < 1}
pij solution to forward system
p0i ,j(t) = �j�1pi ,j�1(t)� �jpi ,j(t)

Then for i  j the Laplace transform p̂ij satisfies

p̂ij(s) =
1

�j

jY

`=i

�`

s + �`

Proposition 11.
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Proof-case i =j We have seen

Pii(t) = e-bit

I

=> Pii(S) = S +di

case ji hen

Pij = Jj+ Pijt - Ji Pij

=>

=> PrSFir
- Si ie

=O
= Jij -Jjij

=> (t(ij = Jet Pij algebraic
=> ij = J

j
Pi
,j-1 > recursion


