Laplace transform of transitions

,—[Proposition 11.]

Let
@ Intensities {\;; j > —1}, with A_; =0
@ Set of indices {0 < /,j < oo}
@ pj; solution to forward system

Pii(t) = Ajm1pij-a(t) = Api(t)

Then for i < j the Laplace transform pj; satisfies

Pi(s N H5+A@
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Proof of Proposition 13 (1)

Laplace transform of the forward equation: The equation

pij(t) = Ajimapij-1(t) — Aipi(t)

becomes
s pii(s) — 65 = Aj—1Pij-1(s) — AiPi(s)

Rearranging terms: We get

(s+ Nj) pii(s) = 0 + \ji—1pij-1(s)
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Proof of Proposition 13 (2)
Case j > i: Since 9;; = 0 in that case, we get

. Aji-1 4
ils) = 5 Pl
o Aj—1 A2 4
N S+ )\j S+ )\j—l P:,J—2(5)
1 )\j >\j—1

- - N0 Bii
)\j5+)\j S+)\'_1 j=2 Pig 2(5)

Conclusion: lterating the above computation, we get

Pils) = - H5+Ag

=i
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Backward and forward system

,—[Proposition 12.]

Consider the backward system

(1) = A () — Aimi(t)

Then
The solution {p;;; i,j > 0} to the forward system
also solves the system (1)
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Proof of Proposition 15

Backward equation in Laplace mode: We get

(s + ) #i(s) = 65 + Aifti1,(s) (2)

Forward solves backward: Take

J

#ii(s) = py(s) =
J =

This solves (2)
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Problem with the backward system

Main problem:
Backward system may not have a unique solution

Minimal solution:

The unique solution of the forward system
is a minimal solution of the backward system
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Minimal solution of the backward system

,—[Proposition 13.]

Let
o Intensities {)\;; j > —1}, with A_; =0
@ Set of indices {0 < /,j < oo}
@ pj solution to forward system
Pij(t) = Ajapij-1(t) = Aipij(t)
Then

mjj solution of the backward system
=—> We have p;;(t) < m;(t) forall i,j € Sand t >0
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Backward system and explosion
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@ Problem: {p;;(t); j € S} is not always a distribution

© This is related to explosion time: we might have

P(To <) >0, where T,= lim T,

n—o0
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Honest birth process

~ Definition 14. S
Let
@ N birth process
o Intensities {\;; j > —1}, with A_; =0
e {T,; n> 1} arrival times

Then N is said to be honest if -
(no &y&)wﬂ w {Lhd’c

P(To=00)=1  fome )
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Sum of exponential random variables

,—[Proposition 15.]
Let . /‘}pa)(}'(aklm.‘ xo= lec-anwal fwme

@ {X,; n> 1} sequence of independent random variables
e Each X, is such that X, ~ E(A\,_1)
o T = Eiil Xn

Then
P(Tow < 0) = . | Zgj“l -
]. I'F anlrn < 0
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Proof of Proposition 15 (1)

Case )., A, " < co: Using Fubini-Tonelli we have

o o 1
E[T.]=E|Y X, :E:A < o0
n=1 n=1 'n—1
Thus
P(Ty < o0) =0
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Proof of Proposition 15 (2)

Case ), o1 A, = 0o, strategy: We have
E[e’™]=0 = P(e” :o) 1
= P (T =00)=

We will thus prove

E[e”">] =0
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Proof of Proposition 15 (3)

Case -, A" = 0o, computation: We have

E[le™~] = E[nlje_x”]

N
= lim E [H e_X”] (monotone convergence)

N—oo

N
= lim |[E[e™™]

N—oo
n=1

N > 1 -
- I\Ill—r>noon1i[1 1 -|—>\;_11: (nH (1 * An—l))
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Proof of Proposition 15 (4)

Infinite products: If u, > 0, then
H1+u,, 0 = Zu,,:oo (3)
n=1 n=1

Pseudo-proof of (3): We have

n (H(l—l—un)) = > In(1+uy)

n=1
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Proof of Proposition 15 (5)

Recall: We have seen

Ele™] = (: (1+ Anl_l))_l

Application of (3):

E[e_T‘x’] — ﬁ(l—i—)\l )zoo — Z)\;lzoo
n—1

n=1 n>1

Conclusion:
T =00 <= Z M =00

n>1
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