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Continuity of standard semigroups

Assume

X Markov chain

The transition P is standard

Then P is continuous: for all t � 0 we have

lim
h!0

Pt+h = Pt ,

that is
lim
h!0

pij(t + h) = pij(t), for all i , j 2 S

Proposition 25.
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Rmb Example of non Standard Pe

we rake S = <13 and p : [0,0) > [0,1

p(0) =
I

P(t) = 0 If t> 0
P(t)

Them
I

PE P = PE+S

E

In general . time

↑
ES time

Pij(t) =
P(X(E)

= j(X(0) = i)
> ES



Behavior close to 0

Taylor expansions: We have (admitted)

pij(h) = gijh + o(h)

pii(h) = 1 + giih + o(h)

Signs of gij : If we want pij(h) 2 [0, 1] we need

gij � 0, and gii  0
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Meaning of gij ’s

Interpretation: Starting from X (t) = i ,
1 Nothing happens with probability

1 + giih + o(h)

2 The chain jumps from i to j with probability

gijh + o(h)

Terminology:

The matrix G = (gij)i ,j2S is called generator of the Markov chain
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P(X(E(= /X(t)=i)

P(X(tch)= j(x(t)=i) =



Basic property of the generator

Assume

X Markov chain

The transition P is standard

There is a generator G

Then for most cases we have
X

j2S

gij = 0, for all i 2 S

Proposition 26.
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spij(t) = I

j = Gi+
O

=O



Generator for birth process

Let

N birth process

Intensities {�j ; j � �1}, with ��1 = 0

Then the generator G of N is given by

gii = ��i , gi ,i+1 = �i , gij = 0 otherwise , (6)

that is

G =

2

6664

��0 �0 0 0 0 · · ·
0 ��1 �1 0 0 · · ·
0 0 ��2 �2 0 · · ·
...

...
...

...
...

. . .

3

7775

Proposition 27.
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Expression of G for with process

General expansion for Markov chain

Pii(h) = 1 + gih + o(h)

Pij(h) = gijh + o (h) j+ i

Fn brith processes ,
we have seen

Pic (h) = 1-bik + o (h)

Prn(k) = Jik + o (h)

Pi, j(h) = O (h) If It i, it

We identify : Gi = -Ji Gij =0 if

Gi, in = Ji
j+i, it /



Proof of Proposition 27

Expansion for birth transitions: We have seen (cf Definition 5)

pn,n(t, t + h) = pn,n(h) = 1� �nh + o(h)

pn,n+1(t, t + h) = pn,n+1(h) = �nh + o(h)

pn,j(t, t + h) = pn,j(h) = o(h) , if j � n + 2

General expansion: We have also seen the general expression

pnn(h) = 1 + gnnh + o(h)

pnj(h) = gnjh + o(h)

Conlusion:
We easily get (6) by identification
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Matrix form of the generator

Assume

X Markov chain

The transition P is standard

Then we have

lim
h!0

1

h
(Ph � Id) = G ,

that is

lim
h!0

1

h
(pij(h)� �ij) = gij , for all i , j 2 S

Proposition 28.
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G= PE/t
= 0

Pij(h) = P(X(h)= I(X(0) = i)



Proof
Pic (h)= ↓+ gik to (h)

Pij (h) = gijk + o (h)

Thus

Pij(h)-1SE) = Gijh + &(h)

h K

lim
no

(Pj(h)-Acis) = Gij



Proof of Proposition 28

Main argument: Rephrasing of

pij(h) = gijh + o(h)

pii(h) = 1 + giih + o(h)
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Transitions from generator: forward equations

Assume

X Markov chain

The transition P is standard

Then Pt satisfies the di↵erential equation

P 0
t = Pt G .

that is
p0ij(t) =

X

k2S

pik(t)gjk , for all i , j 2 S

Proposition 29.
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1j



Proof Use Chapman-K

Pij(t +h) = PIR(E) PRICH)

= Z Pik(t) (9hjh + o (h)
k +j

+ Pij(t) (lr gjkto(h)

Thus

Pij(trh) -Dij(t) = ↳s Piajh +O(h)

Pimoth (P (tuhl-P(t))= s
Pik() Ga +O

Dij(t) = [Pin() Gu



Proof of Proposition 29

Application of Chapman-Kolmogorov:

pij(t + h) =
X

k2S

pik(t)pkj(h)

' pij(t) (1 + gjjh) +
X

k 6=j

pik(t)gkjh

= pij(t) +
X

k2S

pik(t)gkjh

Di↵erentiating:

1

h
(pij(t + h)� pij(t)) '

X

k2S

pik(t)gkj = (PtG )ij
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