
Generating function for a sum

Let

X ,Y random variables

X ?? Y

Then
GX+Y (s) = GX (s)GY (s)

Theorem 6.
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Binomial random variable (1)

Notation:

X ⇠ Bin(n, p), for n � 1, p 2 (0, 1)

State space:

{0, 1, . . . , n}

Pmf:

P(X = k) =

✓
n

k

◆
pk (1� p)n�k , 0  k  n

Expected value, variance and generating function:

E[X ] = np, Var(X ) = np(1� p), GX (s) = [(1� p) + p s]n
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Binomial random variable (2)

Use 1, Number of successes in a Bernoulli trial:

Example: Roll a dice 9 times.

X = # of 3 obtained

We get X ⇠ Bin(9, 1/6)

P(X = 2) = 0.28

Use 2: Counting a feature in a repeated trial:

Example: stock of 1000 pants with 10% defects

Draw 15 times a pant at random

X = # of pants with a defect

We get X ⇠ Bin(15, 1/10)
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Binomial random variable (3)
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Figure: Pmf for Bin(6; 0.5). x-axis: k. y -axis: P(X = k)

Samy T. (Purdue) Generating functions Stochastic processes 30 / 89



Binomial random variable (4)

0 5 10 15 20 25 30

0.00

0.05

0.10

0.15

Figure: Pmf for Bin(30; 0.5). x-axis: k. y -axis: P(X = k)
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Computation for GX

Generating function for Bernoulli: If Y ⇠ B(p) then

GY (s) = (1� p) + p s

Decomposition of Binomial: If X ⇠ Bin(n, p) one can write

X =
nX

i=1

Yi , with Yi i.i.d, Yi ⇠ B(p)

Computing GX : We get

GX (s) =
nY

i=1

GYi (s) = [(1� p) + p s]n
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Joint generating functions

Let

X1,X2 random variables

X1,X2 take values in Z
Then the pgf for (X1,X2) is

GX1,X2(s1, s2) = E
⇥
sX1
1 sX2

2

⇤

Definition 7.
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Characterization of independence

Let

X1,X2 random variables

GX1,X2 the corresponding pgf

Then we have

X1 ?? X2 () GX1,X2(s1, s2) = GX1(s1)GX2(s2) for all s1, s2

Theorem 8.
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Outline

1 Generating functions

2 Random walks

3 Branching processes
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Definition of random walk

Let

X1, . . . ,Xn Bernoulli random variables with values ±1,

P(Xi = 1) = p, P(Xi = �1) = 1� p

The Xi ’s are independent

We set S0 = 0 and

Sn =
nX

i=1

Xi

Then S is called simple random walk

Definition 9.
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Symmetric random walk

Let

X1, . . . ,Xn Bernoulli random variables with values ±1,

P(Xi = 1) =
1

2
, P(Xi = �1) =

1

2

The Xi ’s are independent

We set S0 = 0 and

Sn =
nX

i=1

Xi

Then S is called symmetric random walk

Definition 10.
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Illustration: 30 steps of a random walk
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Illustration: chaotic path (Brownian motion)
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Illustration: random path (Brownian motion)
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Questions about random walks

Main questions
1 Does the walk Sn go to 1 when n ! 1?
2 Does it return to 0 after n = 0?
3 How often does it return to 0?
4 What is the range of Sn(!)?

Methodologies to answer those questions
1 Elementary methods based on generating functions
2 Later: Markov chain methods
3 Also useful: martingale methods
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If X is a random variable
,
eg XuBin (n

,p)

Then X : -e < (0, ..,n)

and we should write X(w)

Event : any Ace

EX1 En the Bin
,
one can take z = 20,13

We have w Er. Fr each wer,
We get a value X(c)

Ex 2 Fu the nw from 0 ton
,
one can

rate
2 = C - 1

,
13m


