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6. 5
.

Period 2 The Makor chain Oh
S= < 1

, 2) With Mansities

O I
P=
10

is revesible with

T = (t 2)

It has period d= 2

Period 3 If X with Mansikm P
has period 3

,
it means that

(2) Piiz Picci = O ↓ (
,
i

(ii) Fu all li ES, 7 is , is 6.

Picz Pieis Pisc > O



using detailed balance consider

three crates called i
, is , is

we can assume it: so fo all is
Then

Ti
. Pric Picis Pisc

= Pisc, Te Pizis Pizi,

-Pizi , Pisi Tis Pizi,

= Picc, Pizz Price Ti

In fact we have moved that
An a revesible Mc and

every 11
,
i
, is we have

Pic Picis Pisc, = Pics Pisic Picci



contradiction Assume now that
C=3 and consider i

,
i
,
is S .

U.

Priz Picis Pisi, > O (1)

we also have

Pic Picis Pisc, = Pris Pisic Picc, (2)

Now if d=3,An all is it we

have

Pric Picci = O

Hence Pric =O Or Picci =0 .

Thus in relation (21 we

have

Pic Picis Pisc, = Pics Pisic Picci = O

This cnhadicts (1) .
Hence

d cannot be = 3



Case d2 4 Easy generalization
of the case d=3 , using the

cycle property

Priz Pizis" - Pin in

= Pain Pinin ... Piec



6. 5.

General shategy one can

either

(i) compute the invariant it by
solving iP=i , then check
detailed balance Tti Pij = Ti Poi

(ii) Directly find it verifying
detailed Galance .

Finding an invariant it Note that

iP = πT() P+π) = π

=> (Pt- Id) TTE = O

This system looks mue like

your usual linear system
of equations .



Application of his we want tocolve

(PT- I)πt = 0
E)

- X B Ti = O

L -B Tz

Hence S BTK = It,

T1 + T = 1

=> T = +1 = I
Then we easily get
T
, Piz = + B

· L

=Tz Per

Hence X is revesible



Application of (ii) The detailed
bulance is written as

#
. Piz = e Per

E) T , C = P

We thus get the same system
as befne :

S
2π

, = BT

T , + T = 1

We get that

Xi revesible



Graph of Y Infection : by
1 -p

symmetry , the
↓ 2 invariant measure

Op
p 1 is

L
l-p 3 l -p T= 55

checking invariant measure one
easily checks

TP = T

checking detailed bulance-he
detailed balance has to be written

fr iT = 5(1 1 1 1
.
Then we get

iT
, Piz =

e Par > Pic = Par

=) p = l- p Es p=

Thus P+* => Y not reversible



case p =t we have

P=+ => P symmetric

=> V neversible



6.8.

Generator The general expression
An the generator is

- Jo Jo
Cr = O

O -In In

In the simple birthmocess we
remove the mirial d =0 and

&

C =
- S S

O
-ed 2)

O



Faward equation written as PL = PEG
or

Pip(t) = ZREN Pin(t) Qui (1)

we have

9: = (-176 , 98 = -j6

and gui = 0 otherwise. Hence

equation (1) becomes

I

Pij = (F-11) Pict -[] Pic (e)

Generating functionIn a

given i we set

G: (S, t) = NPir(t) si (3)

Plugging (2) into (3) we get
Cri(, t) = D(2-1) Pio-JEPic) so



Differential equation we have obtained

Cri(, t) = D(2-1) Pio-JEPic) so

=
JS ZieN* (f) Pij Str

- > Even I Pic So

= J(-1)S [Jen* J Pic SE-

= d(-1)S OSGi (s
,
t)

Hence Gi satisfies the pole

S GtGi(,ti= J(-1)S@Gi(s,El
Gi (S,0) = gi

↳under linear PRE (Evans).

SO(x)
.Du + c(x)u = O in j

(4)

U - 9 on ou



Eg : bl . DUxclulu =0 , Mon = 9

Our caseFor ou puf we have

&-15 &Gi
- de Gi = O,

Gi(s
,
0 = Si
OU 9

so that refering to (4) We get
d(s +1)S

6(),t) = ,
C = 0

- I

characteristic cure of the fum

(s(t) , t(t)) = Tc (0) ·

Then we let

z(0)= Gi ((+ ) (

we want t to colve a prades ode.



EquationIn the characteristics R

Evans p . 100
,
the finear cale

is reduced to a couple of ode's

Al the characteristics :

i (t) = b(i(t)
,
z(5) = -C(ii) z(r) ,

which can be expressedAn G: as

(t) =
s'(t)

-

↓ S(il(s(t) - 1)

t'(t) - 1

and gives the value of Gi

z'(t) =0 = Gi(cE(o)) = C

Interpretation G: is constant along
G2)- and we have to find a
proper E(t))+ s .t it(0) = (So

,
0

and it (t) = (S, t) An a
given to



solving fu x We have

Recall
(i) d) =dbj s'(t) ↓ S(il(s(t)-1)

S() - 1) t'(t)
-

- 1

I
- ↓ = dd+

S - 1 S

In 155 = JT + C

S - 1 = Gedr
Note : here , EIR

S f) = a()S - 1 = as

= Hass = 1

I
S = E - = it a
1- est

(ii) E'Al = - 1 => t = C - 5

HenceChil 1 est

C - J



GtGi(,t= J(-1)S@Gi(s, t) G(s
,
0) = si

Initial condition fu we have

found

j(t)= it esr

C - J

At time T=0 we want to be

on the Foundary (SEIO,D , E=0 )
,

so that c = 0 . Therefue

(t) = incest

S - j

I
Gi([(t)) = G

: (i (0) =

1 +"
Gi constant along (t)



(t)= incredi u(5()) = u(i(0))
=,+"

- j

value at s Take JEto,i, t zo

and invent :v = -t and

I

It(ebt
= S() - = 12

-5t

[) 22
-St
- 1- S

S

# ↳ = 15 edt
[) 1tG = ( - S)ext + s

S

=(-S) +S2-
bt

seat

= l - S(1 - 2 xt)

se-st

value fu Gi(S, E) We get

G(S, t) =
I i

ItC4

Gi(),t) =
se-

bt i

1 - S(l-2
-Jt)



Gi(,t) =

Sedt
1 - S(l-2

-Jt)

value of pots We have

Gi (S,t) = Pilt) si

Instead of Obtaining pilts as
GGY(s,E so ,

one can expand
Gi driectly and prove by inductive
that

Pilt) = e-ibt !( -ebt)5
-i

(5)

That is assume (5) holds true for i.
Then

sedt
Gir(

,
t) = Gi(s,t)

1 - S(l -2
-3)

= Pijlt) si s 2-bte-style
j= i

- eidt) He -st(i
-:si

X s 2-bte-style



-

Induction mocedie summarizing,
we have

Girl (
,
t) = cit) e-sti-isi

crijzirl
X s 2-bte-k al

=
etridt girle) n- e-styeseE bu

*

X z 4-2-t)kgk
n=0

= eitist girlAnn sm

computing an omn we obtain

Gir(,t)= Pirj (t) Si &

j=22

with

Piris = Christ I (-2-de (5-i-1



Expected valueRecall the value

Gi(c, t) =
2
-xt
,

i

-(-2-xt)) +

Then

Os Cri(1,E)

sedt i
-

1 e-
be

= i
1 - S(2

-bt) ( - >(-2
-35))

= ze-
bit

gi-

( - S( -2
-x))i-

Hence

ELBIE) IB(0) = i]

= Gri(s
,
t) Is = 1

= I e-dit = i edt

2
->(i-1)t


