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Notation (1) I//f/v\'\’“h
| R ot

Return time to 0: We set Ty = oo if there is no return to 0, and

To =inf{n>0; S, =0}
Probability to be at origin after n steps: We set
po(n) = P(S, =0)
Probability that 1st return occurs after n steps: Define

fo(n) = P(To = n) = P(S1 £0,..., 5,1 #0,5, = 0)
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Notation (2) i(:’? 2w )

Generating functions: We set Joendling fundhise fu

/7 HfC pM/L{ To
Po(s)=> po(n)s",  Fo(s)=> fi(n

Probabilistic interpretation: We have poie(,,&@[lﬂ P(To=00) > O
A

Fo(s) =E [STO]/

Warning: Tq is a défective random variable. Thus we have

o This is also valid as s Y71  (hence "1 = 0" here)

e s =0if li=ccif s€[0,1) )
@ Thus Fo(1) = P(Tp < o0)

Lim F‘(s) I-P( To=02)
$21 = P(Toc0)
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Computing Py and Fy

r—[Theorem 11.]

Let S, be the random walk with parameters p and g =1 — p.
Then

Q@ Py and Fy satisfy
Po(S) =1 + Po(S)Fo(S)

Q P, verifies
1

Po(s) = —=5
o) (1— 4pgs)"?

© Fyis given by

Fo(s) =1— (1 — 4pq52)l/2
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Proof of Theorem 11 (1)

Events: We set

Decomposition for A: We have

A=AN (OBk> :O(AmBk)

Decomposition for P(A): We get

n

P4 =3 P(ANB)=Y PAB)P(B) (1)

=1

Samy T. (Purdue) Generating functions Stochastic processes 45/89



Proof of Theorem 11 (2)

Convolution relation: Equation (1) can be read as
po(n) = Zpo(n — k)fo(k), for n>1, and po(0)=1
k=1

Expression with generating functions: We get

Po(s) = 14 Po(s)Fo(s)
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Proof of Theorem 11 (3)

Computing po(n): We have
© For n odd,
po(n) =0
© For n even, one argue that
» (S, =0) <= equal # steps up and steps down
» There is (n'/’2) ways to choose the up steps

> Probability of each sequence leading to 0: (p g)"/?

Thus for n even we have
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