Vocabulary T/ g‘g) =;:/¢;ﬁs=:) C:) '- In Hre seamet

fmb: Tu that ae, + dl 00 & = o0

Persistent or recurrent: the random walk is said to be recurrent
— iff P(To <o0)=1

Transient: the random walk is said to be transient

< iff P(To<o0) <1 Ambk:- Tn that ave 2 vixl fo O
s alwayy tnile.

Summarizing our result: We have seen that & (yp) —n ) -0

Random walk is persistent <= p = %
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Visits to point r

r—[Definition 13.]

The first time to visit r is defined by

T,=inf{n>0;S,=r}

Then we set

F.(s) = Z f,(n)s"

n=1

nN=P(S #r,....S5_1#rS,=r)
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Generating function for T,

r—[Theorem 14.} ‘

For r > 1 we have

with
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Stafedy . veompre A= (Tp=n)
Pefue neadny 2 we need 1o feach A~
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n S~ >\ (2-1>1)
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“Roompx Ko : dcsjanly
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Summany:  we  hwe  found > nzi
fol = & L) b (o)

Tndkal arddismn £, (0) = P(Ty=0) = O

By aowwlalm |
Fo(s) = FGQ) F,0)

Recorsm  We  fond

F.0)) = Zﬁ())jn'




:X'
Condchiaming fo compule Rt = S, €4-1,1)

/_ﬁ(V’) = P(T,:i’)) HSP "> x 07(5 =)
=PCTi=nl S=1) AS,=1) +P(T=u 1 S,=-1)
= Oxp t+ AT =n18,=-1) q
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W%fi
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we  Haf d?biwed, dor n>1 fast slepics up
{.(W): q ‘(Z_(V)-") Z : %(I):@(f’):?

um ot n N /{.(4)
W2 f st = ps 1+ 2 g 4, (n-1) (s

9]

= ps + g8 MZ_Z 4(h~/)8”" cv: nizn-l

= pS + g goé(n)s"
we  ge/”

FO) = psS 198 EQ)  Ho=FE0)”

FO) = py o+ gs (B ) q“e‘?“h"




Proof of Theorem 14 (1)

Events: We set, for r > 1,

A= (T, =n), By =(T,—.1=n—k)

Decomposition for A: We have

A=AN (UBk> :U(AmBk)

k=1

Decomposition for P(A): We get

PA) =Y P(ANB)=S PABIPB) ()
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Proof of Theorem 14 (2)
Convolution relation: Equation (2) can be read as
n—1
f(n) =Y A(k)fia(n—k), for n>1, and £(0)=0
k=1

Expression with generating functions: We get
F.(s) = Fi(s)Fr—1(s)
Conclusion for F,: Iterating the above relation we get

Fi(s) = [A(s)]

Samy T. (Purdue) Generating functions Stochastic processes 57 / 89



Proof of Theorem 14 (3)

Conditioning on X;: For n > 1 we have

P(Ti=n) = P(Ti=nXi=1)p+P(Ty=n|X;=-1)q
0 + P (1st visit to 1 takes n — 1 steps| So = —1) q
= P(T2 =n-— 1)q

Relation on pmf's: We get, for n > 1
fi(n) = qfz(n)

Relation on generating functions: Multiplying by s” we obtain

Fi(s) = ps+ sqFa(s)
= ps+sq (Fl(s))2
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Proof of Theorem 14 (4)

Recall: We have obtained

Fi(s) = ps + sq (Fi(s))

Expression for Fi:
Solving for Fi(s) in the quadratic equation we get

1— (1—4pgs?)'/?

Fl(S) = 2q
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Visits to the upper half plane

,—[Proposition 15.}

Let S, be the random walk
— with parameters p and g =1 — p.

{07
Then 4 P Tq
i} Yy
P(At least one visit to the upper half plane) = min | 1,
\ ]
P4
if P <9
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