
Vocabulary

Persistent or recurrent: the random walk is said to be recurrent
,! i↵ P(T0 < 1) = 1

Transient: the random walk is said to be transient
,! i↵ P(T0 < 1) < 1

Summarizing our result: We have seen that

Random walk is persistent () p = 1
2
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If NCO) = #visits to 0. In the necument

case P(N(0) = 0) = 1

Rmk : In that case
,
# visits to 0 is = -

Rink : In that case # visits toO
·

iteis always fin
P(N(0) =0=0



Visits to point r

The first time to visit r is defined by

Tr = inf {n > 0; Sn = r}

Then we set

fr (n) = P(Tr = n) = P(S1 6= r , . . . , Sn�1 6= r , Sn = r)

and

Fr (s) =
1X

n=1

fr (n)s
n

Definition 13.
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Generating function for Tr

For r � 1 we have
Fr (s) = [F1(s)]

r

with

F1(s) =
1� (1� 4pqs2)

1/2

2q

Theorem 14.
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we have obtained
, for nt / first step is up

f , (n) = 922(n -1) &. f(l) = PHtel = P

Sum over I fi(n) gh-s

Ell f, (n) S" = PS +
2
972(n-1)

= PS + 95 Ech-1) S" CV: ni =n

= PS + 9 f(n) Sh
n=0

We get
F
,
(b) = PS + q5E(x) Fr(=(F(b)e
F
,
() = P + qs(F(s))" > quachatic

eq .



Proof of Theorem 14 (1)
Events: We set, for r > 1,

A = (Tr = n), Bk = (Tr�1 = n � k)

Decomposition for A: We have

A = A \
 

n�1[

k=1

Bk

!
=

n�1[

k=1

(A \ Bk)

Decomposition for P(A): We get

P(A) =
n�1X

k=1

P (A \ Bk) =
n�1X

k=1

P (A|Bk) P(Bk) (2)
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Proof of Theorem 14 (2)

Convolution relation: Equation (2) can be read as

fr (n) =
n�1X

k=1

f1(k)fr�1(n � k), for n � 1, and fr (0) = 0

Expression with generating functions: We get

Fr (s) = F1(s)Fr�1(s)

Conclusion for Fr : Iterating the above relation we get

Fr (s) = [F1(s)]
r
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Proof of Theorem 14 (3)
Conditioning on X1: For n > 1 we have

P(T1 = n) = P(T1 = n|X1 = 1)p + P(T1 = n|X1 = �1)q

= 0 + P (1st visit to 1 takes n � 1 steps| S0 = �1) q

= P(T2 = n � 1)q

Relation on pmf’s: We get, for n > 1

f1(n) = qf2(n)

Relation on generating functions: Multiplying by sn we obtain

F1(s) = ps + sqF2(s)

= ps + sq (F1(s))
2
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Proof of Theorem 14 (4)

Recall: We have obtained

F1(s) = ps + sq (F1(s))
2

Expression for F1:
Solving for F1(s) in the quadratic equation we get

F1(s) =
1� (1� 4pqs2)

1/2

2q
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Visits to the upper half plane

Let Sn be the random walk
,! with parameters p and q = 1� p.

Then

P(At least one visit to the upper half plane) = min

✓
1,

p

q

◆

Proposition 15.

Samy T. (Purdue) Generating functions Stochastic processes 60 / 89


