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Visits to the upper half plane

,—[Proposition 15.}

1 2%
Let S, be the random walk _ (_é- 4 f2¢
— with parameters p and g =1 — p. q ’Z P<e
Then

—

P(At least one visit to the upper half plane) = min <1, 'D)
q
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Proof of Proposition 16
Notation: Set

A = At least one visit to the upper half plane

Expression with generating function: We have

P(A) = P(T; <)
= A1)
1—|p—gq|
2q

Conclusion: Separating cases p > g and p < g we get

P(A) = min (1, Z)
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Hitting time theorem

r—[Theorem 16.}

Let

@ S, be the random walk with parameters pand g =1 —p
ebeZ andn>1

o T,=inf{n>0;S,=b}
Then dolbicall o conpule eay o conpule

67— -2 P(S, - n)
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Outline

Calend. has chaunged
(v) Hw xhedule
(z¢) Tidfam : 376

© Branching processes
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Model

Model for population evolution:
e /Z, = # individuals of n-th generation

@ At n-th generation: each member gives birth
— To a # individuals of (n + 1)-th generation

@ Family size: random variable

ZO = | /’ Generation 0

t = 3/l’ @ !.\ Generation 1
Z:Z = 6 o ] @ @ @ @ cCeneration?2

FovoN N L B T
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Assumptions on the model

Main hypotheses:

all equally diicbuled

7

© Family sizes form collection of 1l random variables

@ Family sizes have same pmf f
— with generating function G

Q 4 =1

4
# offspny f
each Mdd/idua(
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Zo=1
2,
Zi=2y 2= ¢ X
2 oy
Zy=4
Z3=6

Stochastic processes
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Generating functions for random sums

r—[Theorem 17.]

Let

{X;; j > 1} sequence of i.i.d random variables

Gx = common generating function = Gx,

N random variable, with N 1L (X;);>1 and N € {0,1,...}
Gy = generating function for N

Z = Zszl Xj

Then

Gz(s) = Gn(Gx(s))
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Proof of Theorem 17

Computation: We have
Gz(s) = E[s%]

= > E[s*|N=n]P(N=n)

_ iE [$55 %) N = n] PV = 1)

n

Il
o

[
WK

E [szlexj} P(N = n)

3
Il
o

[
[M]#

(Gx(s))" fn(n)

= Gn(Gx(s))

Il
o
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Generating function for the branching process

r—[Theorem 18.] \

For the branching process, recall that
e Z, = # individuals of n-th generation

@ G = generating function for the offspring f

We set
Gn(s) = E [s”]
Then
Gm+n(5) = Gm(Gn(S)) = Gn(Gm(s))
e - G(GC- G )

Go(s) = G°(s) G on ke
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