
Generating function for the branching process

For the branching process, recall that

Zn = # individuals of n-th generation

G = generating function for the o↵spring f

We set
Gn(s) = E

⇥
sZn

⇤

Then
Gm+n(s) = Gm(Gn(s)) = Gn(Gm(s))

Thus
Gn(s) = G �(n)(s)

Theorem 18.
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Proof of Theorem 18 (1)

Decomposition of Zn+m: Write

Zn+m = Y1 + · · ·+ YZm

=
ZmX

j=1

Yj ,

where

Yj = # individuals in generation (n +m) which stem
from individual j in m-th generation
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Proof of Theorem 18 (2)

Recall:

Zn+m =
ZmX

j=1

Yj

Information on the random variables Yj :

Yj ’s are independent

Yj ’s are independent of Zm

Yj
(d)
= Zn

Application of Theorem 17:

Gm+n(s) = Gm(GY1(s)) = Gm(Gn(s))
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Moments of Zn

For the branching process with o↵spring Z1 ⇠ f set

µ = E[Z1], �2 = Var(Z1)

Then
E[Zn] = µn

and

Var(Zn) =

(
n �2 if µ = 1
�2(µn�1)µn�1

µ�1 if µ 6= 1

Proposition 19.
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Proof of Proposition 19 (1)

Method of computation: We use

E[Zn] = G 0
n(1)

Recursive relation: Recall that

Gn(s) = G (Gn�1(s))
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Proof of Proposition 19 (2)

Recall: We have
Gn(s) = G (Gn�1(s))

Di↵erentiate: We have

G 0
n(s) = G 0 (Gn�1(s))G

0
n�1(s)

Thus at s = 1 we get

E[Zn] = G 0(1)E[Zn�1] = µE[Zn�1]

Conclusion: Since E[Z0] = 1, we get

E[Zn] = µn
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Proof of Proposition 19 (3)
Method for the variance: We use

E[Zn(Zn � 1)] = G 00
n (1)

or
Var(Zn) = G 00

n (1) + G 0
n(1)� (G 0

n(1))
2

Recursive relation: We di↵erentiate twice the relation

Gn(s) = G (Gn�1(s))

We get a linear recursion (to be solved)

G 00
n (1) = G 00(1)

�
G 0
n�1(1)

�2
+ G 0(1)G 00

n�1(1)

=
�
�2 + µ(µ� 1)

�
µ2(n�1) + µG 00

n�1(1)
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