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General definition

Let
(X , Y ) couple of discrete random variables
Joint pmf p

Marginal pmf’s pX , pY

y such that pY (y) > 0

Then the conditional pmf of X given Y = y is defined by

pX |Y (x | y) = P (X = x | Y = y) = p(x , y)
pY (y)

Definition 1.
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Example ctd: tossing 3 coins (1)

Experiment:
Tossing a coin 3 times

Events: We consider

A = "At most one Head"
B = "At least one Head and one Tail"

Random variables: Set

X1 = 1A, X2 = 1B, X = (X1, X2)
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Table
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I Mary X,X , /Xz O Rmk we also have
-

O Y 3/8 Z Pxx, (011)=
I Yo 318 k Pxix, (111) = 34

3/4↳Marg X2 => X, #X
=> ALB

cond . prob given X= 0

Pxx, (010) =

Pax(0,0)=Px, (0)

Preix. (110) = Pxx(0, 1)=Pt, (O)

Conditional puf



Example ctd: tossing 3 coins (2)
Joint distribution of (X1, X2):

X1\X2 0 1 Marg. X1
0 1/8 3/8 1/2
1 1/8 3/8 1/2

Marg. X2 1/4 3/4 1

Conditional probabilities given X1 = 0:

pX2|X1(0| 0) = 1/8
1/2 = 1

4 , pX2|X1(1| 0) = 3/8
1/2 = 3

4

Conditional probabilities given X2 = 1:

pX1|X2(0| 1) = 3/8
3/4 = 1

2 , pX1|X2(1| 1) = 3/8
3/4 = 1

2
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Conditioning Poisson random variables

Let
X → P(ω1), Y → P(ω2)
X ↑↑ Y

p = ω1
ω1+ω2

Then

L (X | X + Y = n) = Bin(n, p)

Proposition 2.
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Situation : XvPbi)
,
Xn0(bc) , XHX

Aim : Compute the conditional puf
Oc In

Pxx+ (((n) = P(x= k(x+y=n)

P(X=k
,
X+y= r)

=

P(X+ y= u)

=
P(X=k, y= n-k)

P(X+y= n)

# P(x= k) P(X= n-k)

P(X+ y= n)

Recall : X+ yu P(d ,
+ (2)



Summary
P(X= k)P(X= n-k)

Px(x+v(k(n) =
P(X+ y= n)
-Ye-dij Jake-da
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we have obtained

Pxi = pmf of a Bin (n, p.
law (or distribution (

=> 2(X(x+ y= u) = Bin(n, p)

lidentity between 2 probability
measures (



Proof (1)

Expression for the conditional probabilities:
Let 0 → k → n. Then invoking X ↑↑ Y ,

P (X = k| X + Y = n) = P (X = k) P (Y = n ↓ k)
P (X + Y = n)

Law of X + Y : One can prove that

X + Y ↔ P(ω1 + ω2)
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Proof (2)

Computation of the conditional probabilities:

P (X = k| X + Y = n)

= e
→ω1 ωk

1
k! e

→ω2 ωn→k

2
(n ↓ k)!

[

e
→(ω1+ω2) (ω1 + ω2)n

n!

]→1

=
(

n

k

)

p
k(1 ↓ p)n→k

Conclusion:
L (X | X + Y = n) = Bin(n, p)
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Cond. expectation in the discrete case

Let
(X , Y ) couple of discrete random variables
Joint pmf p

Marginal pmf’s pX , pY , y such that pY (y) > 0
pX |Y (x | y) conditional distribution

Then the conditional exp. of X given Y = y is defined by

E [X | Y = y ] =
∑

x↑E
x pX |Y (x | y)

Definition 3.
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ExampleI xv0(b
,
)

YvP((z)
XHV

Then 2(x1X+y= n)= Bin (n
,p)

=> E[X(x+y= n] = up

= RP(X=k(x+y=n)



Binomial example (1)

Situation: Let
X , Y → Bin(n, p)
X ↑↑ Y

Z = X + Y

Problem: We wish to compute

E [X | Z = m]
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X,~ Bin (n,p) X1X
conditional puf z= X+Y~Bin (2n

,p)

P(x= k(z =m) + P(X = k)(P(X= m-k)
(t=m)

-

= R)R"ApER (mR)
-

pM-R Dp(n-m-k>

erpm"Ap2m
= ()(k)

(m)



Binomial example (2)
Distribution for Z :

Z =
n∑

i=1
Xi +

n∑

j=1
Yj → Bin(2n, p)

Computation for conditional pmf: For k ↑ min(n, m) we have

P (X = k| Z = m) = P(X = k , X + Y = m)
P(Z = m)

= P(X = k , Y = m ↓ k)
P(Z = m)

=

(
n

k

)(
n

m→k

)

(
2n

m

)
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Hypergeometric random variable (1)

Use: Consider the experiment
Urn containing N balls
m white balls, N ↓ m black balls
Sample of size n is drawn without replacement
Set X = # white balls drawn

Then
X → HypG(n, N , m)
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Hypergeometric random variable (2)
Notation:

X → HypG(n, N , m), for N ↔ N↑, m, n ↑ N

State space:

{0, . . . , n}

Pmf:

P(X = k) =

(
m

k

)(
N→m

n→k

)

(
N

n

) , 0 ↑ k ↑ n

Expected value and variance: Set p = m

N
. Then

E[X ] = np, Var(X ) = np(1 ↓ p)
(

N ↓ n

N ↓ 1

)
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Binomial example (3)
Conditional pmf: For k ↑ min(n, m) we have seen

pX |Z (k| m) =

(
n

k

)(
n

m→k

)

(
2n

m

)

Recall: If V → HypG(n, N , m) then

P(X = k) =

(
m

k

)(
N→m

n→k

)

(
N

n

)

Identification of the conditional pmf: We have

pX |Z (k| m) = Pmf of HypG(m, 2n, n)
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↑

E[X(z=m] = mx2n

A =



Binomial example (4)

Conditional expectation: Let V → HypG(2n, m, n). Then

E [X | Z = m] = E[V ]

Numerical value:
According to the values for hypergeometric distributions,

E [X | Z = m] = m ↗ n

2n
= m

2
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General definition

Let
(X , Y ) couple of continuous random variables
Joint density f

Marginal densities fX , fY

y such that fY (y) > 0

Then the conditional density of X given Y = y is defined by

fX |Y (x | y) = f (x , y)
fY (y)

Definition 4.
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fx(x)= ( f(x,y) by
Av(y)= S f(x,y)o



Intuition
f(x,y)dx by

Axi= (x(y)dxf fx(y) by

" P(x - (X - (x+cx
, y =Y - y+dy)

P)y -Y ( y +cy)

= P(x (JX (x+((y - X(y+dy)
L

not rigorous

Note : E[X1v= y]= Jx Axx (ly) d



Justification of the definition

Heuristics: fX |Y (x | y) can be interpreted as

fX |Y (x | y) dx = f (x , y) dxdy

fY (y) dy

→ P (x ↑ X ↑ x + dx , y ↑ Y ↑ y + dy)
P (y ↑ Y ↑ y + dy)

= P (x ↑ X ↑ x + dx | y ↑ Y ↑ y + dy)

Use of the conditional probability: compute probabilities like

P (X ↓ A| Y = y) =
∫

A

fX |Y (x | y) dx

Rigorous definition: see next sections

Samy T. Conditional expectation Probability Theory 20 / 88


