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Conditional expectation in the past

,—[Proposition 3.]

Let X be a F,-martingale and m > 0.
For all n > m we have

E [X,| Fim] = Xin.

Proof: Recursive procedure.

Important corollary: Let X be a F,-martingale and m > 0.
For all n > m we have

E[Xh] = E[Xn] = E[Xo]. (1)
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Composition with a convex function

,—[Proposition 4.}
Let

o X a F,-martingale.

@ ¢ : R — R a convex function
< such that p(X,) € L}(Q) for all n > 0.
° Y, = p(Xn)

Then Y is a submartingale.

\

Proof: application of Jensen for conditional expectation.

Example: If X, is a random walk, X? is a submartingale
< Fluctuations increase with time.
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Outline

© Strategies and stopped martingales
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Martingale transformation

— Definition 5. | \
Let (F,)n>0 be a filtration and X, H F,-adapted-processes.
o We say that H is predictable if H, € F,_1.
@ The transform of X by H is

[H-X], = HAX;, where AX;=X;— X;_1

j=1

\ J

Interpretation:

@ H = game strategy
— Today's decision depends on the information until yesterday

@ H - X = value if strategy H is used

Samy T. Martingales Probability Theory 11/52
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D’'Alembert

Some facts about d'Alembert:

@ Abandoned after birth

@ Mathematician

@ Contribution in fluid dynamics

o Philosopher

@ Participation in 1st Encyclopedia
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D’Alembert’s Martingale

Example: Let X, = >_7 ; & be a random walk.

We interpret &; as a gain ou a loss at ith iteration of the game.
The filtration is F, = 0(&1, ..., &)

Strategy: We define H in the following way:
@ Hy =1, thus H; € F.
(] Hn =2 Hn—l l(fn—lz—l)

Let N =inf{j > 1; ¢ =1}. Then

N N N-1
[H- Xy =3 HAX; =3 Hig=- 27" +2" =1
Jj=1 j=1 j=1

We get an almost sure gain!
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Strategies and martingales

—~ Theorem 6. \

Let
e X a martingale.
e H a predictable process such that H; AX; € L* for all j.

Then H - X is a martingale.

\ J

Interpretation: One cannot win in a fair game context
— Compare with d'Alembert’s martingale

Samy T. Martingales Probability Theory 14 /52
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Proof

Main ingredients: We write
[H ) X]n+1 = [H ’ X]n + Hpi1 (Xn+1 - Xn)-

Then we use the fact that
@ H is predictable
@ X is a martingale
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Stopping time )‘L(_L”rer ’;ftl:wweir{ o ﬁeym

@’én} o GT>n)

~{ Definition 7.) —
Let =IN = {0, § U{0§
o 7T:Q —>®'andom time
e F, a filtration
We say that T is a stopping time for F,, if
e For all n € N, the set {w; T(w) = n} is F,-measurable.

\ J

Recall: basic examples are hitting times.
_.Wl:{,{(})l/ 3_——15.:)
@-w)—(’i -1)N- /I(g,,,——l)ﬂ(gn-/)
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In general, if Xo B a warbingule
and ’ oLy 46@(@)9{‘

T= inf {20, X; e@/\j
D oL J)vpymg kkme :
C(T=n)z (Xo &A) N (X, &A)
N Xx€eA)ca,

S@(er; Xn marh:ngn(e and X, 20 as.



