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© Ancillary results

1.1 Reviewing results on random variables
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Generalized Markov's inequality

,—[Proposition 1.]
Let / mearable
@ h:R — [0, 00) non-negative’function

@ X random variable with h(X) € L*(Q)
Then for all a > 0 we have
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Proof of Proposition 1

Deterministic inequality: Set
A= {h(X) > a}

Then we have
h(X) > alA

Expectations: Taking expectations above, we get

E[h(X)] = aP(A)
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Particular cases of Proposition 1:

Case h(X) = |X|: We get Markov's inequality,

_E[X]

P(IX] = a)

Case h(X) = X?: We get Chebyshev's inequality,

P(IX]>a) <

E[1X]°]
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Reversed Markov type inequality

,—[Proposition 2.] \

Let
@ h:R — [0, M) non-negative bounded function
@ X random variable
Then for all 0 < a < M we have
E[h(X)] —a
P
‘iX M—a

|
Vs
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Proof of Proposition 2

Deterministic inequality: Set
A={h(X) > a}

Then we have
h(X) < M1+ alj

Expectations: Taking expectations above, we get

E[h(X)] < MP(A)+ a(1— P(A))
E[h(X)] —a

P(A) <
— P(A) = M— a

Samy T. Laws of large numbers Probability Theory 10/70



Holder's inequality

,—[Proposition 3.} \

Let
e X, Y random variables
@ p,g>1lsuchthat p ! +qgt=1

Then we have

IX Yl < IXNee 1Y 1]
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Minkowski's inequality

,—[Proposition 4.} \

Let
@ X, Y random variables
ep>1

Then we have

X+ Yo < IX[lee + 1Y e

\.

Remark:
(LP(2), || - ||ze) is @ Banach space
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Limits of sums

,—[Proposition 5.}

Let
@ X.Y random variables

e X,, Y, sequences of random variables

Then we have

0 X, XandV,25Y — X,+VY, 25 X+Y
X, L XandV, LY — X,+V, S X+Y
90X, 5 XandV, Y — X,+V, 5 X+Y

0X Lxandy, Ly £ x,+v, Lxiy
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Counter-example for Proposition 5 - item 4

Example of sequence: Consider
o X,=Xr~B(3)
oY, =Y=1-X

Convergences: We have

However
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1.2 0-1 laws
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Limsup of sets

—~ Definition 6. N

Let
e {A,; n> 1} sequence in F
We define o .
limsup A, = ﬂ U Ay
n—o00

n=1 k=n

\. J

Interpretation: We also have

limsup A, = {w € Q; w belongs to an infinity of A,'s}

n—o0
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Borel-Cantelli lemma

Q|

U/hafc,f. ZRAA)‘ 00 ¢

Let

(Theorem 7,)— 2 v& Yave P dosspha) >0 7

e {A,; n> 1} sequence in F

We assume -
> P(A,) < o0
n=1
Then we have
P (Iim sup A,,) =0
n—o0

Samy T. Laws of large numbers Probability Theory

18/70



Reversed Borel-Cantelli lemma

~ Theorem 8. \
lonclun: TL the A)'s ore UL,

Let Hen
e {A,; n> 1} sequence in F ﬂ/(ﬁmup"‘n) E {O/‘J

We assume

> P(A,) =00, and A,’s independent
n=1

Then we have

P (Iim supA,,) =l

n—o0
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