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Generalized Markov’s inequality

Let

h : R → [0, ↑) non-negative function

X random variable with h(X ) ↓ L1
(!)

Then for all a > 0 we have

P (h(X ) ↔ a) ↗ E [h(X )]

a

Proposition 1.
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h(x/20 Fi
Proof Define
A = (wik(X(w)) = aY(EF)

2a 20

Then h(x)= h(x)1A + h()1A

=> h(x)za 1A

uHE[h(x)]2aP(A)

=> P(hA12a) - EThAR
a
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a

Case 1 : Take h(x) = 1x1. Then
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> ETAT] (Markov (

a

Case 2 : Take hAl= X2. Then

P((xk-a) = P(x = a)

E[X]
[
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Proof of Proposition 1

Deterministic inequality: Set

A = {h(X ) → a}

Then we have

h(X ) → a 1A

Expectations: Taking expectations above, we get

E [h(X )] → a P(A)
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Particular cases of Proposition 1:

Case h(X ) = |X |: We get Markov’s inequality,

P (|X | → a) ↑ E [|X |]
a

Case h(X ) = X 2
: We get Chebyshev’s inequality,

P (|X | → a) ↑ E [|X |2]
a2
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Reversed Markov type inequality

Let

h : R ↓ [0, M) non-negative bounded function

X random variable

Then for all 0 < a < M we have

P (h(X ) → a) ↑ E [h(X )] ↔ a
M ↔ a

Proposition 2.
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ProofConsider A = [h(x) =a). Then
M

h : M- [0
,M)h(x)= h(x)11 + h(x11

h(x) < M1A + a1A

ETh(xs] -> MIP(A) + a (l- P(A)

=> ETh(x1)=(-a)P(A) + a

=> P(A)zEThA1-a
M-a



Proof of Proposition 2

Deterministic inequality: Set

A = {h(X ) → a}

Then we have

h(X ) ↑ M 1A + a 1Ac

Expectations: Taking expectations above, we get

E [h(X )] ↑ M P(A) + a (1 ↓ P(A))

=↔ P (A) ↑ E [h(X )] ↓ a
M ↓ a
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Hölder’s inequality

Let

X , Y random variables

p, q > 1 such that p→1
+ q→1

= 1

Then we have

↗X Y ↗L1 ↑ ↗X↗Lp ↗Y ↗Lq

Proposition 3.
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Minkowski’s inequality

Let

X , Y random variables

p → 1

Then we have

↗X + Y ↗Lp ↑ ↗X↗Lp + ↗Y ↗Lp

Proposition 4.

Remark:

(Lp
(!), ↗ · ↗Lp ) is a Banach space
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Limits of sums

Let

X , Y random variables

Xn, Yn sequences of random variables

Then we have

1 Xn
a.s↓↘ X and Yn

a.s↓↘ Y =↔ Xn + Yn
a.s↓↘ X + Y

2 Xn
Lp

↓↘ X and Yn
Lp

↓↘ Y =↔ Xn + Yn
Lp

↓↘ X + Y
3 Xn

P↓↘ X and Yn
P↓↘ Y =↔ Xn + Yn

P↓↘ X + Y
4 Xn

(d)↓↘ X and Yn
(d)↓↘ Y ≃↔ Xn + Yn

(d)↓↘ X + Y

Proposition 5.
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Example of Anx , YEX ,
Our

XtY +Y

· Take Xn = z ~U(TO,R)
Yn = w = 1 - z vU([0,1)

·
Thus In * U(50,1) Yn * U([0,M)

·
However Xn+V ~J .

(d)

·
Thus Xn +Y "U(1)+ U(0,11

"



Counter-example for Proposition 5 - item 4

Example of sequence: Consider

Xn = X → B(
1

2
)

Yn = Y = 1 ↑ X

Convergences: We have

Xn
(d)↑↓ X , Yn

(d)↑↓ X .

However

Xn + Yn
(d)↑↓ 1
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Limsup of sets

Let

{An; n ↔ 1} sequence in F

We define

lim sup
n→↑

An =

↑⋂

n=1

↑⋃

k=n
Ak

Definition 6.

Interpretation: We also have

lim sup
n→↑

An = {ω ↗ !; ω belongs to an infinity of An’s}
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Borel-Cantelli lemma

Let

{An; n ↔ 1} sequence in F

We assume ↑∑

n=1

P(An) < ↘

Then we have

P
(

lim sup
n→↑

An

)
= 0

Theorem 7.
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Q :What if [P(An)= ?
W

Do we have PClimsupAn) >0 ?



Reversed Borel-Cantelli lemma

Let

{An; n ↔ 1} sequence in F

We assume

↑∑

n=1

P(An) = ↘, and An’s independent

Then we have

P
(

lim sup
n→↑

An

)
= 1

Theorem 8.
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Conclusion: If the An's are #,
then

P) limsupAn)E(0, 1]


