Elementary processes

Definition 1
Let:

e (Q,F,P) probability space.

o u={u:; t €[0,7]} process defined on (22, F,P)
Process u is called simple if it can be decomposed as:

N—-1

ur = &olioy(t) + D & Lt (1),
i=1
with
o N>1, (t,...,ty) partition of [0, 7] with t; =0,ty =7
o e F, and & <cwithc>0 (c non random)
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Integral of a simple proceés /f_4

Y
® b

)
T

> ¢

—

Let u simple process. Let s, t € [0, 7] such that s < t and:
tm <S<tmy1, and t,<t<t,;, m<n

We define Jot(udW) =" [f u,,dW,," as:

n—1

\751_-(U dW) — gm 5W5tm+1 _I_ Z SI. 5Wtit;+1 + 5!7 5Wt’nt

i=m+1

Remark: For simple processes
— Stochastic integral and Riemann integral coincide.
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Integral for simple processes: properties

Consider:
© u a simple process | another )cv;@/e froces
o J.:(udW) its stochastic integral.
Then for o, B € R: 6
Q Ju(udW)=0=J Urdu;
Q Ju((au+ pv)dW) = aJs(udW) + ST (v dW)
Q E[J.(udW)|Fs] =0, i.e martingale property
Q E[(Ju(udW))?] = J5 E[u?] dT
© E[(Tee(udW))*|Fs] = [, E[u?|F] dr
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Toof o (u Somple. process )

El B (Wdw)) | &
_ jf FC u? 167 dr
Scmplificatin. : Coahe sz by, - by

weh

m <n . Then

3[; En (U dw )

=l

k,:m

=l 2L T [du ]|

b
=3 JL-;.. ur C(a-/r




Thay
E[ (3tn6, (udw?)* | &, 71

E[(méi g, CSW/:,L&,‘,,)Z | G, J

= A f[ —SLL @Wfo.bu:)z— IF(:M j

k=m
+2 2 f[ ‘SL -Se Jq/tb(;u, Ju/bcb(,,lﬁ:m]

mse <l €n

n



Croved  lermy For m <b<? <uy-s

f[ -SL _ge JVQ% (Su/tz(;("lﬁ:m]
= E{E[ 33 Wty We e €116
<= ~_ T NS

SE €6, 1 &
~E{ 503, OWhe,, ELOWece,1) G5 =0
=0

I{ Xlg, Yeq , E[XY161=E)Y

=FL Xi1g,1



Quadrbic lerms For bzm
£ [_- —gf @Wt,_tu, )& I (F:L’m j
= E { E [E; du/bbtnu )& lfbt,] ,G:C-'”j

&, 1L 6,

- &l 3 ElQWhe, )] | 6
Bl S &N (& -8




ummorczing
E[ (31: b (UAW?) | G ]

- z El SL) G (bia-t)
(biearctyof EL 1#3)

EL (égﬂ"b‘«,) 1&}”-&
- F LTw 16

-/

- ) E{wrle,S dr




Tl  We hwe xew (for U Jmpl)
E{ (Jfurdw ) | 6§
- JE ELUW IR dr
= | E{{ ud4 )"}

= /sb E[U,f] dr

E[ Elxigd) = &3



Proof of point 5

If i < j, then (independence of increments of B)

E [g,. W, & OW,

ftj]

tj+1

tjt1

= gigj 6Wtiti+l E [6 Wtjthrl]
=0

666 Wy, E [5 w,

ftj}
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Proof of point 5 (2)
Thus:

E[(Jee(u dW))?| 7]

i=m+1
i n—1
=E §r2n 5W52t,,, + Z 512 5Wt?t,-+1 + gi 5W3,t

i=m+1

n—1
=E (fm 5Wstm + Z &i 5Wt,-t,-+1 +&n 5Wt,,t Fs

= E[&|F](tn — 5) + "i E[67| 7] (tisn — i) + E[G|FI(t — 1)

i=m+1

t
_ / E[w2|F.] dr
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Space L2

Definition 4

We denote by L2(]0, 7]) the set of process u such that:
© u square integrable
@ u left or right continuous
Q ueF

The norm on L2 is defined by: O-ppears vn prop @
~—

Julyy = [ E[u2] o5

Remark: Condition u; € F; and u left continuous
— Ensures predictable property for u
— See discrete time stochastic integral
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Density of simple processes in Lé)/7 adagled

Proposition 5

Letu e L2
There exists a sequence (u"),>o of simple processes such that:

: A
Jim [Ju— "]z =0.
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Concrete approximation

Generic partition: We consider
@ m={sy,...,SptWithO=s5<---<s,=t
o || = max{[sis1 — 5 0 < j < n—1)

Let:
e u € L2 such that |u| <M < oo forallt <7 as
@ Assume u is continuous (almost surely)
e {n™, m > 1} sequence of partitions of [0, 7]
— such that im0 |7, =0
0 UT =Yg enm UsL(s 5]

Then we have:

_ o
Jim_flu = a1z = 0

— v

= = - = = Vol
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Expreyin: Uy = Z U Ag, . (€
Then

() We hwe apumed U ko be corknuous
Therefore |, we  have

(U — U, ¥etelgzl ) a.s




, We have :
(2) TDiflerene 0 [Ug € M
luri <M
u"- iz i

et IS &L U - ur )] dE



Proof

Expression for u™:

~

uf = > g Lis5.(0)

. m
sjem

Properties of u™:
@ Almost surely: lim,, o u" = u; for all t € [0, 7]
Q |u"| < Z, with Z, =M
Q@ Zel?)(Qx]o,7])

Convergence of u™: by dominated convergence,
T

lim [ E[ju— o] =0

m—00 0
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Stochastic integral: extended definition

Let:
euel?
@ (u")n>0 sequence of simple processes such that
limp oo ||t — "2 =0
Then fors < t:
@ The sequence (T (u" dW)),>0 converges in L*(Q2)

@ [ts limit does not depend on the sequence (u")n>o
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U — U . Lt
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Proof

Cauchy sequence u": We know that:
t
lur = umllg = [ E [(ug, — u)?] dw 2 0.

Cauchy sequence J:(u"): According to property:

(|7 (" — ™) aW)] = [“E[Juf) — o] dw

s

we have
(Zn)nz0 = (jst(”n))nzo

is a Cauchy sequence in L?(9Q).
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