
Elementary processes

Definition 1

Let:

(!, F , P) probability space.

u = {ut ; t → [0, ω ]} process defined on (!, F , P)

Process u is called simple if it can be decomposed as:

ut = ε01{0}(t) +

N→1∑

i=1
εi 1(ti ,ti+1](t),

with

N ↑ 1, (t1, . . . , tN) partition of [0, ω ] with t1 = 0, tN = ω

εi → Fti and |εi | ↓ c with c > 0
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Integral of a simple process

Definition 2

Let u simple process. Let s, t → [0, ω ] such that s ↓ t and:

tm < s ↓ tm+1, and tn < t ↓ tn+1, m ↓ n

We define Jst(u dW ) = ”
∫ t

s uwdWw” as:

Jst(u dW ) = εm ϑWstm+1 +

n→1∑

i=m+1
εi ϑWti ti+1 + εn ϑWtnt

Remark: For simple processes

ϖ↔ Stochastic integral and Riemann integral coincide.
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Integral for simple processes: properties

Proposition 3

Consider:
u a simple process
Jst(u dW ) its stochastic integral.

Then for ϱ, ς → R:
1 Jtt(u dW ) = 0

2 Jst((ϱu + ςv) dW ) = ϱJst(u dW ) + ςJst(v dW )

3 E[Jst(u dW )|Fs ] = 0, i.e martingale property
4 E[(Jst(u dW ))

2
] =

∫ t
s E[u2

ω ] dω
5 E[(Jst(u dW ))

2|Fs ] =
∫ t

s E[u2
ω |Fs ] dω
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Proof of (4 simple process (

E[(Jst (U dW)) " 15]

IStEIURIF , I dr

Simplification : take s= tm
,
t= tn

with m <r. Then

JEmtn (UdW) = J Ur dur
は-1

=>r2m 3n GWEntun (here We ER

5k E R (



Thus

E[(EmEn (UdW)) 1 Fem]

- EI5 n

δWinta ,)=1 Ftm }

->Z E[ En (WEnten)
=

1 FEm]

+ 2 Ʃ E[Jn Je GWEctur
.
OWteter

,

1 FEm]
m.k <1 <n-



Crossed terms For m <kc11n-

E[En Je GWEntur
.
OWteter

,

1 FEm]
HYP EjE FEr

= E4 E[ 5k 5e JWEntani GWteteal Fe] 1 Femb
EF EFte Efte 1 Fee

= EL 5m Je OWertur E[GWeeten] 1 Fzm3 = 0

-θ

If TIS , VES ,
EFX ン IGJ - EEコン

If 9, 292 ELEI x 192] 1g , 3
- EI X 19 , 3



QuadraticVerms For K 1 m

E [ 54 (GWErten)
=

1 FEm]
=> ES EI5E (WERter ) 2 1FEr] 1FEm]

EFEE # Fen

=> ES 5 EI(OWErtno
. )2] 1 Fem]

- E { 5红 | Fem } ( tue - tn )



Summarizing

E[(EmEn (UdW)) 1 Fem]

二 E { 5 EI Fom} ( Ena- tz )

(linearity of EI. IF)

π { 臨 5
弘

(tna - ta ) 1 Fow }

=> ES IM 118 I FEM
=>In ECUF1Fem] dr

Rink : There were 5 prop.. Try to
prove 3



Rik We have seen (forU simple

E[ES (S Ur dWr)" I Es 3]

=> E [S
,

7 E[UPIG] dr]

⇒ E (C)* Ur dur)23
4

- IsE EI Ur 3 ar

E [EIXIg7] = (IX]



Proof of point 5

If i < j , then (independence of increments of B)

E
[
ωi εWti ti+1 ωj εWtj tj+1

∣∣∣∣Ftj

]

= ωiωj εWti ti+1 E
[
εWtj tj+1

∣∣∣∣Ftj

]

= ωiωj εWti ti+1 E
[
εWtj tj+1

]

= 0
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Proof of point 5 (2)

Thus:

E[(Jst(u dW ))
2|Fs ]

= E







ωm εWstm +

n→1∑

i=m+1
ωi εWti ti+1 + ωn εWtnt




2 ∣∣∣∣Fs





= E


ω2
m εW 2

stm +

n→1∑

i=m+1
ω2

i εW 2
ti ti+1 + ω2

n εW 2
tnt

∣∣∣∣Fs





= E[ω2
m|Fs ](tm → s) +

n→1∑

i=m+1
E[ω2

i |Fs ](ti+1 → ti) + E[ω2
n|Fs ](t → tn)

=

 t

s
E[u2

r |Fs ] dr
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Space L2

a

Definition 4

We denote by L2
a([0, ϑ ]) the set of process u such that:

1 u square integrable

2 u left or right continuous

3 ut ↑ Ft

The norm on L2
a is defined by:

↓u↓2
L2a

↔
 ω

0
E

[
u2

s
]

ds

Remark: Condition ut ↑ Ft and u left continuous

ϖ↗ Ensures predictable property for u
ϖ↗ See discrete time stochastic integral
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Density of simple processes in L2

a

Proposition 5

Let u ↑ L2
a.

There exists a sequence (un
)n↑0 of simple processes such that:

limn↓↔
↓u → un↓L2a = 0.
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Concrete approximation

Generic partition: We consider

ϱ = {s0, . . . , sn} with 0 = s0 < · · · < sn = t
|ϱ| = max{|sj+1 → sj |; 0 ↘ j ↘ n → 1}

Proposition 6

Let:
u ↑ L2

a such that |ut | ↘ M < ≃ for all t ↘ ϑ a.s
Assume u is continuous (almost surely)
{ϱm

; m ⇐ 1} sequence of partitions of [0, ϑ ]

ϖ↗ such that limm↓↔ |ϱm| = 0

um ↔ 
sj ↗εm usj 1(sj ,sj+1]

Then we have:
limm↓↔

↓u → um↓L2a = 0
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·"
Expression :U? = I Us; 13i, Siri) (t)

Then
C.S.

(1) We have assumedi to be continuous
Therefore, we have

LUE > Ut NEETO, 27) a. s.



We have :

(2) Difference in La Mr = M

lUM1 {M
II Um - UII -> O C . J.

_
of %= EI (Uz-UM 12] dE

-> O by dominated convergence



Proof

Expression for um
:

um
t =

∑

sj →ωm
usj 1(sj ,sj+1](t)

Properties of um
:

1 Almost surely: limm↑↓ um
t = ut for all t → [0, ω ]

2 |um
t | ↑ Zt with Zt ↓ M

3 Z → L2
(! ↔ [0, ω ])

Convergence of um
: by dominated convergence,

limm↑↓

∫ ε

0
E

[
|ut ↗ um

t |2
]

= 0
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Stochastic integral: extended definition

Proposition 7

Let:
u → L2

a
(un

)n↔0 sequence of simple processes such that
limn↑↓ ↘u ↗ un↘L2a = 0

Then for s < t:
The sequence (Jst(un dW ))n↔0 converges in L2

(!)

Its limit does not depend on the sequence (un
)n↔0
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"Proof" Take (U)n2 / simple processes
5.t . Ur -> U in Lat

We prove that ↳r dur is
a cauchy sequence in 12(R) :

# I (SURdWx -6UMdWr)"]
- EI ( 6 tU-Uldur ? J

= EC6* (Ur-Um)2 Dry >0 (Ur Couchy
in Laz ]

Thus (6Urdwr/nz) converges in (2(2)



Proof

Cauchy sequence un
: We know that:

→un ↑ um→L2a =

∫ t

s
E

[
(un

w ↑ um
w )

2]
dw n→0↑↓ 0.

Cauchy sequence Jst(un
): According to property:

E
[
|Jst ((un ↑ um

) dW )|2
]

=

∫ t

s
E

[
|un

w ↑ um
w |2

]
dw

we have

(Zn)n↑0 ↔ (Jst(un
))n↑0

is a Cauchy sequence in L2
(!).
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