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Aim
Coefficients: We consider
e a€R"and b,ot,...,0% : R" = R".
e We denote: 0 = (o!,...,0%) : R" — R™4

e W, d-dimensional Brownian motion.

Equation: We wish to solve

d
dXs = b(Xs) ds + > _ o/ (Xs) dW..

Jj=1

Integral form: With Ité's integral, L'mp&af ) Wj(k;) E Li
Xt—oH—/ ds+Z/ L) dWZ. (1)
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Infinitesimal drift and covariance =f % €%
cov(x,y | €)= EYx- EDXFS ) (- ECYIET) IF )
= E7 xXYIF)- EIx1€) ETVIFI

Let b, o bounded, X solution of (1). Then:

OE[X:| i), = b(X:), :Cov(X,| 7)), = a(X,),

with a = o oc* : R" — R™". CCO!/C YrIXL ”E\) )J,L-’r*,"' )
Interpretation:

@ b(X;) = Infinitesimal drift.

@ a(X,) = Infinitesimal covariance.
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|to process

Let:
@ X :[0,7] — R" process in L2
@ « € R” initial condition.
@ b bounded and adapted process in R".
o {o%; k=1,...d} process of L2([0, 7]; R").
We say that X is an It process if it admits a decomposition:

t d ot
Xe=a+ [ bds+ Y [ akdws.
0 k=1 0

Remark:
A solution of (1) is an Itd process
— With by = b(X;) and o5 = o (X;).
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1t6's formula for a solution of (1)

Let:

e X [t process, defined by o, b, 0.
o feC}
Then f(X;) can be decomposed as:

F(X) = f(a)+g"1 / "0, F(X,) bl dr

n d t )
+3 ) /0 D, F(X,) o dW*

j=1 k=1

1 n d t i )
=DIDS /0 %, F(X,) ok o dr.

J12=1 k=1
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Ito's formula in dimension 1

Corollary 4

Consider:
en=d=1,ie X and W real valued
o X It6 process, defined by o, b, o, with b,,o, € R
o f € Ci(R)

Then:

F(X) = +/af bdr+/af Yo, dW,

o3 f oo @ie ™

Solution of (1): Take b, = b(X,) and o, = o(X,)
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?((‘D,L . a Jch{C;[L‘ec( e fton q
We€ D, Xe M, o« EN
Xe = oo+ J5 604 rdr + (6ol ) dw,

For 3=0 , we uwab (> prove .

QoL X ey = b(x)
C)L— \/(}Q—)[b,o = ¥ o) = alw)




For & ( X)

Elxed= o+ [PEBCG Ddr fl‘f{[b (% )du/r}
= O EF(X) = FEL b(x.)J
= e ElX Ty = bat)




For V(%) . Aply I6 b Alx)-x*
= 0;(_4 =2x C);.x,irz

Xl = Elnfle T2 #i% bl )ldr
. e
+ L Zxr Q—(Xr) du/r
F 4 F 2 ()] de
o> [0 B0 )y = 2 o bk ) + 0%(a)
To fnch: get an  equatkon for
C)b(E[XC] )&




Conclwson
A Var(Xe) lp-o
= Je ECX) Jewo
- d (£l ) le0

alyebra
—-g—--: g% ()




Proof of Proposition 1 for n=d =1

Setting:
@ X and W real valued, a = 52

@ Shown for s = 0 = no conditional expectation

Aim:
OE[Xd],_, = b(a), 9 Var(Xy),_, = o*().

Method: It6's formula in dimension 1, with f(x) = x and f(x) = x>
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Proof of Proposition 1 for n=d =1 (2)

Function f(x) =x: 0,f =1, 02f =0
< |td's formula in dimension 1 is the equation itself

t t
m:a+/bmgw+/anww
0 0

Expectation: Itd integral centered, hence E [X;] = o + J5 E[b(X,)] dr
— Differentiating at t = 0:

OE[X],_, = E[b(X))],_, = b(a).
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Proof of Proposition 1 for n =d =1 (3)

Function f(x) = x?: d,f(x) =2x, 02 f =2
< |td's formula in dimension 1 gives

t t
X2 = az+/o (2, b(X,) + *(X,)) dr+2/o X, o(X,) dW,.

Expectation: It6 integral centered
— Differentiating at t = 0:

O:E [th]l = 2a b(a) + o?(a).

t=0
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Proof of Proposition 1 for n =d =1 (4)

Square of the mean: Chain rule, plus E[Xp] = a and frame (2)

0: (E[X]);, = 2E[X] :E[Xd],_, = 2a b(a).

Variance: Var(X;) = E[X?] — (E[X;])?, so with frame (3)

d:Var (X;),_, = 2ab(a) + o?(a) — 2a b(a) = o*(a).

Dimension n: Same scheme, with f(x) = x/x™
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Proof of Proposition 1

Simplification: This will be shown for s =0
— No conditional expectation to consider.

Drift term: Start from equation

Xt—a+/ X)ds—i—Z/af ) dWi.

The terms [y 0/(X;) dW/ are centered. Therefore:

E[X]=a+ /Ot E [b(X.)] ds.
and

OE[X],_, = E[b(X))]_, = b(a).
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Proof of Proposition 1 (2)

Coordinate product: Let
e /me{l,... n}
e f:R" — R defined by the product f(x) = x/x™.

@ a; = 050,.

According to Ito's formula we have:
t
XX = alam+ / (X!br + LX) dr 2)
0

d
+Z/ X' mk+Ulkxm de+Z/ /mdr
k=170
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Proof of Proposition 1 (3)

Expected value for the product:
Taking expectation in (2) we get:

OE [XIX[| = E [ X[bI + bIX["| + E[a]"].
Therefore:

oE [Xt’Xtm} =a'b™(a) + b'(a)a™ + a"™(a).

[t=0
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Proof of Proposition 1 (4)

Product of expected values: We have

. , t .

E [x/] :oz’—l-/o E [b]] ds.
Therefore
t t

E [X/] E[X7] = alam + / E[bl] E[X ds + / E[b7] E [X!] ds,

0 0
and differentiating:

e (E[X/|E[X), = a'b™(a) + b'(a)a™.

[t=0
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Proof of Proposition 1 (5)

Infinitesimal covariance: With two previous identities,

0Cov (X, X7) = 0. (E[XX"] - E[X/|E[X)

[t=0 [t=0

— o0& [Xxr] o (E[X]EX)

= a"(a).

[t=0

Therefore:
9:Cov (Xy),,_, = a(a).
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