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Aim

Coe!cients: We consider
ω → Rn and b, ε1, . . . , εd : Rn ↑ Rn.
We denote: ε = (ε1, . . . , εd) : Rn ↑ Rn→d

W , d-dimensional Brownian motion.

Equation: We wish to solve

dXs = b(Xs) ds +
d∑

j=1
εj(Xs) dW j

s .

Integral form: With Itô’s integral,

Xt = ω +
∫ t

0
b(Xs) ds +

d∑

j=1

∫ t

0
εj(Xs) dW j

s . (1)
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Infinitesimal drift and covariance

Proposition 1
Let b, ε bounded, X solution of (1). Then:

ϑtE [Xt | Fs ]|t=s = b(Xs), ϑtCov (Xt | Fs)|t=s = a(Xs),

with a = ε ε↑ : Rn ↑ Rn→n.
Interpretation:

b(Xs) ↓ Infinitesimal drift.
a(Xs) ↓ Infinitesimal covariance.
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Itô process

Definition 2
Let:

X : [0, ϖ ] ↑ Rn process in L2
a

ω → Rn initial condition.
b bounded and adapted process in Rn.
{εk ; k = 1, . . . d} process of L2

a([0, ϖ ];Rn).
We say that X is an Itô process if it admits a decomposition:

Xt = ω +
∫ t

0
bs ds +

d∑

k=1

∫ t

0
εk

s dW k
s .

Remark:
A solution of (1) is an Itô process
ϱ↑ With bs = b(Xs) and εs = ε(Xs).
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Itô’s formula for a solution of (1)

Proposition 3
Let:

X Itô process, defined by ω, b, ε.
f → C2

b .
Then f (Xt) can be decomposed as:

f (Xt) = f (ω) +
n∑

j=1

∫ t

0
ϑxj f (Xr) bj

r dr

+
n∑

j=1

d∑

k=1

∫ t

0
ϑxj f (Xr) εjk

r dW k
r

+1
2

n∑

j1,j2=1

d∑

k=1

∫ t

0
ϑ2

xj1 xj2
f (Xr) εj1k

r εj2k
r dr .
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Itô’s formula in dimension 1

Corollary 4
Consider:

n = d = 1, i.e. X and W real valued
X Itô process, defined by ω, b, ε, with br , εr → R
f → C2

b(R)
Then:

f (Xt) = f (ω) +
∫ t

0
ϑx f (Xr) br dr +

∫ t

0
ϑx f (Xr) εr dWr

+1
2

∫ t

0
ϑ2

xx f (Xr) ε2
r dr .

Solution of (1): Take br = b(Xr) and εr = ε(Xr)
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Proof in a simplified setting :

WEER
,
Xx ER ,

& EM

It - at ot 6Cto )ar t 6 tσAr ldur

For S = 0
,
we want to prove :

OzEIXeJIzo = 6(x)

Oz V(Xz)/Eo = 52(x) = a (x)(



EEME] E [ M0 ]

For ETXx] => O

EEIJ - α+ ! t G(EIItσ Arldwn}
→ OE EIXE ] - E [b[X 0]

≈, OE E ( XE]E-. ← b(a )



For VCX) . Apply 18 to flc1 =/2
s Oaf - 2x OKx f - 2

EIXE3 = <IX3 + !2 Exr 6(xr]dr
→
- 0

+ EC6* & Xr 5 (Ar) dWr]

+ 2 % 2 ECE2(Xr)] dr

⇒ O
℃ EIIEJ IE-0 = 2 α 6(α ) t σ㎡ (α )

To finish : get an equation for

Oz(E [x=])
"



Conclusion

fVar(Te) It- o

℃ E[ EE]IG-0

- δ [ [XEJ ) ( t-0
algebro
二 … 二 σ

2 (α )



Proof of Proposition 1 for n = d = 1

Setting:
X and W real valued, a = ω2

Shown for s = 0 → no conditional expectation

Aim:
εtE [Xt ]|t=0

= b(ϑ), εtVar (Xt)|t=0
= ω2(ϑ).

Method: Itô’s formula in dimension 1, with f (x) = x and f (x) = x2
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Proof of Proposition 1 for n = d = 1 (2)

Function f (x) = x : εx f = 1, ε2
xx f = 0

ϖ↑ Itô’s formula in dimension 1 is the equation itself

Xt = ϑ +
∫ t

0
b(Xr) dr +

∫ t

0
ω(Xr) dWr .

Expectation: Itô integral centered, hence E [Xt ] = ϑ +
∫ t

0 E [b(Xr)] dr
ϖ↑ Di!erentiating at t = 0:

εtE [Xt ]|t=0
= E [b(Xt)]|t=0

= b(ϑ).
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Proof of Proposition 1 for n = d = 1 (3)

Function f (x) = x2: εx f (x) = 2x , ε2
xx f = 2

ϖ↑ Itô’s formula in dimension 1 gives

X 2
t = ϑ2 +

∫ t

0

(
2Xr b(Xr) + ω2(Xr)

)
dr + 2

∫ t

0
Xr ω(Xr) dWr .

Expectation: Itô integral centered
ϖ↑ Di!erentiating at t = 0:

εtE
[
X 2

t
]

|t=0
= 2ϑ b(ϑ) + ω2(ϑ).
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Proof of Proposition 1 for n = d = 1 (4)

Square of the mean: Chain rule, plus E[X0] = ϑ and frame (2)

εt (E [Xt ])2
|t=0

= 2 E [X0] εtE [Xt ]|t=0
= 2ϑ b(ϑ).

Variance: Var(Xt) = E[X 2
t ] ↓ (E[Xt ])2, so with frame (3)

εtVar (Xt)|t=0
= 2ϑ b(ϑ) + ω2(ϑ) ↓ 2ϑ b(ϑ) = ω2(ϑ).

Dimension n: Same scheme, with f (x) = x lxm
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Proof of Proposition 1

Simplification: This will be shown for s = 0
ϖ↑ No conditional expectation to consider.

Drift term: Start from equation

Xt = ϑ +
∫ t

0
b(Xs) ds +

d∑

j=1

∫ t

0
ωj(Xs) dW j

s .

The terms
∫ t

0 ωj(Xs) dW j
s are centered. Therefore:

E [Xt ] = ϑ +
∫ t

0
E [b(Xs)] ds.

and
εtE [Xt ]|t=0

= E [b(Xt)]|t=0
= b(ϑ).
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Proof of Proposition 1 (2)

Coordinate product: Let
l , m ↔ {1, . . . , n}.
f : Rn ↑ R defined by the product f (x) = x lxm.
as = ωsω→

s .

According to Itô’s formula we have:

X l
t X m

t = ϑlϑm +
∫ t

0

(
X l

r bm
r + bl

rX m
r

)
dr (2)

+
d∑

k=1

∫ t

0

(
X l

r ω
mk
r + ωlk

r X m
r

)
dW k

r +
d∑

k=1

∫ t

0
alm

r dr .
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Proof of Proposition 1 (3)

Expected value for the product:
Taking expectation in (2) we get:

εtE
[
X l

t X m
t

]
= E

[
X l

t bm
t + bl

tX m
t

]
+ E

[
alm

t
]

.

Therefore:

εtE
[
X l

t X m
t

]

|t=0
= ϑlbm(ϑ) + bl(ϑ)ϑm + alm(ϑ).
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Proof of Proposition 1 (4)

Product of expected values: We have

E
[
X j

t
]

= ϑj +
∫ t

0
E

[
bj

s
]

ds.

Therefore

E
[
X l

t
]

E [X m
t ] = ϑlϑm +

∫ t

0
E

[
bl

s
]

E [X m
s ] ds +

∫ t

0
E [bm

s ] E
[
X l

s
]

ds,

and di!erentiating:

εt
(
E

[
X l

t
]

E [X m
t ]

)

|t=0
= ϑlbm(ϑ) + bl(ϑ)ϑm.
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Proof of Proposition 1 (5)

Infinitesimal covariance: With two previous identities,

εtCov
(
X l

t , X m
t

)

|t=0
= εt

(
E

[
X l

t X m
t

]
↓ E

[
X l

t
]

E [X m
t ]

)

|t=0

= εtE
[
X l

t X m
t

]

|t=0
↓ εt

(
E

[
X l

t
]

E [X m
t ]

)

|t=0

= alm(ϑ).

Therefore:
εtCov (Xt)|t=0

= a(ϑ).
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