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[to processes

Definition 14

Let: \K/b = ﬂ)\d
e X :[0,7] — R" process of L2

@ a € R" initial condition

o {V;j=1,...,n} real bounded and adapted process
o {0/ j=1,....,n, k=1,...d} process of L2
We say that X is an [td process if it can be decomposed as:

. . t t
X{:a’—l—/ bgds+/ oIk AWk,
b =Tk

~—_—
forj=1,...,n. chlﬂ' shochay bec

Remark:
An [t6 process is a particular case of semi-martingale.
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[to6's formula for [t6 processes

Let:
o X Ité process, defined by a, b, o.

o feCl
Then f(t, X;) can be decomposed as:

t n t i
F(£,X) = f(0,a) +/0 0,f(r, X,) dr+Z/0 Oy F(r. X,) bl dr
=1y .
n d t ) Z«&\llo‘a‘k
- / aXjf(ra Xr) Ujrk der = r‘. }
j; kz::l 0 =@o7)i e
= o,r.)&i L

1 n d t ) )
5 3 Y [ f(rx) ok o dr.

J1:2=1 k=1
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Infinitesimal generator of Brownian motion

Proposition 16

Let:
e W a F,-Wiener process in RY. .
A= m/m‘ieuma(
@ S ¢C R+. encrafo/- o‘t W
o feC} A d
Then: //\
jim B0 fWssinl Bl 1 gy
h—0 h 2 )
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Agly Ti's formule 1eC¢?
Bi(u/) Jie = ;Z-j&b X 4 (W) duk
+ 3 | AL(w) dr
Z -}5 :{ //)Marbégaé
Thes
EL J{W), 1§T= &7 My |G
r 3 JEEC AW 6T as



We o obluied XLE, ECxE=EDD
LET Jwlyml§T  wdnuon i r by domcnaled
h 3,.},_/_\ convergence

= 31l £ MW GTdr

A h— O, we get

A LE J{(W)WMF—]

h-o \4,

EL 84 ,) 1673

A (W4 )

N | (8

—
—



Proof
Recasting It6's formula: Let
d t .
M, = Z/ Oy, F(W,) dW/.
j=170
Then 1té's formula can be written as:
1 t
SF(W)e = GMs; + 5/ AF(W,) dr.

Conditional expectation:
According to Proposition 9, M is a martingale. Thus:

E[5F(W). ol 7] = / " Elar(W,) F) dr
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Proof (2)

Limiting procedure:
Applying dominated convergence for conditional expectation we get:

r— E[Af(W,)| Fs] continuous.

Thus:
Iimi/s+hE[Af(W,)|]-"s] dr = LE[AF(W)| B = 1Af(W)
h—02h Js 2
an im EOF Wl ] 15
h—0 h 2
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Extension for |[t6 processes

(Theoremi17 . .
Let:
e X Ité process, defined by a, b, 0.
o feC2 Gereralor {orX: ~
Then: L#(b)- Zox _{(L) 6}
lim E[5f(X);,s+h|J:s]

- H(x,)
:iﬁxjf

b
- iz oz, L) @7 )™
RIRNES Jik 2k
> '(Xs)b£+§j1§: g XJIXJ2f(X ol of
O «Fr <=  ©ao




