
Equation

dXz = 6(Xz) dt + 0(Xx) dWE

Local description : Letting a = OUT, ,
we have

&z ETXx /GJIEs = 6/Xs (

Ot COV) X IFs) /Es = a (Xs (

Today : examples



Geometrical Brownian motion

Proposition 5
Let:

W 1-dimensional Brownian motion .
µ → R and ω > 0

We set
Xt = ε exp (µ t + ω Wt) .

Then X is solution of (1) with n = d = 1 and:

b(x) =
(

µ + ω2

2

)

x , and ω(x) = ω x .
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Proof Consider

Xx = &exp (ut + WWE (

= flt, We
with

Alt, & exp(Mt +5)

IVô's formula

fCt, WEl = x + ↓
"

Off(S, Ws) ds

+ !" Ofls, Ws) dWs + & !" Of(S,Ws)c



Alt, & exp(Mt +5)

Derivatives

Off (t,2) = 1 f(5,2)

Ox f(tPC) = 5 f (E,)

.

Qux f (t,x ) = 52 f (E,x )



Applying It

X北 = flt, WE )

= x + ↓
"

Off(S, Ws) ds

+ !" Ofls, Ws) dWs + & !" Of(S,Ws)c
二Xs

= at ot µ f ( s, ws ) ds As

+ 65 + fC, Ws]dWs + &652fC, Ws)c

⇌ & + / * MTE) x> ds + 5 %
"
Xs CIWs

=> dXx= E) Xx de + 0 X5 dWe



Geometrical Brownian motion (2)

Remarks:
• In order to show that X is solution of the equation

ω→ Apply Itô’s formula.
• Exponential Brownian motion is very useful in finance (asset price):

1 Xt ↑ 0.
2 Linear trend (infinitesimal drift):

(
µ + ω2

2

)
Xt .

3 Fluctuations (infinitesimal standard deviation)
proportional to Xt .

Summarized in Black and Scholes model.
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Geometrical Brownian motion: illustration

Equation: Take µ = 1, ε = 1
2 , X0 = 1 and

dXt =
(

µ + ε2

2

)

Xt dt + εXt dWt

Simulation:

Samy T. Sdes Probability Theory 20 / 54



Ornstein- Uhlenbeck in d21 .

dXx = - &Xe dt + + DWE

IfW was smooth
,
a standard

way to solve this equation
(see 266-262) is baled on

Hereintegrating factor M.
we rakewould

u (t) =
etCE

Then we try to get an eg.. forMX



Here we might have problems to
write

d (MX Me Cz + xe due

(+ <M, x>(
can be

=> O since 1 smoothjustified
√ =ME

= ext ( -* tEedt +σdw ' G)
-t

dWe
↑

+ Xx (CM+ Dt (
_



Solving the equation : We have obtained

d (ux(z = re dwe
Mo ext

at

=> exz = + 6
*

e
*

dWs + â

=>xt = aec + & ↓ [ct-) DWs
Wiener integral

Law offe Xx WWIMz
,
O (

Mz =a 2-9t

TE = t e -
2xlt" ds= σ

2
( 1 - e

- 2at

)
∝



Recall Xx WW(mz
,
O (

Mz =a 2-9t

TE - t e '
zα Ct- "

ds =
σ 2 ( 1 -

e2←

)
α

As t- 8

N
Thus Xx = N10

,
=

strong nokin of convergence ofXo to its
invariantmeasure



Rik We have

* 1
.

↑

고
A
(+E ) dt

> N(A) A-J .

Cergodic theorem)(

For Markor chains we had

元 ☆ A +(= o)



Ornstein-Uhlenbeck process

Situation:
Velocity of a Brownian particle with friction ω.

Equation:

dXt = →ωXt dt + εdWt , X0 = a ↑ R

Explicit solution:

Xt = e→ωt
(

a + ε
∫ t

0
eωs dWs

)

Distribution: For t > 0 we have

Xt ↓ N

(
ae→ωt , ε2

t
)

, with ε2
t = ε2(1 → e→2ωt)

2ω
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Ornstein-Uhlenbeck: illustration

Equation: Take ω = 1 and

dXt = →ωXt dt + dWt , X0 = 1

Simulation:
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Galton-Watson process

Model: We start from nω persons for generation m = 0, then
At each generation m, individuals have i.i.d o!spring
Common law for o!spring: random variable Q.
For n ↔ 1, sequence of number of persons at generation m:

{Z n
m; m ↔ 0}.

Assumptions on Q: We suppose
1 E[Q] = 1 + ε

n with ϑ > 0.
2 Var(Q) = ε2 with ε2 > 0.
3 For all ϖ > 0, we have limn↑↓ E[Q21(Q>ϑn)] = 0
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Feller di!usion

Expectation and variance computations: Thanks to o!spring ↗↗, we
have

E [Z n
1 | Z n

0 = nω] = nω

(

1 + ϑ

n

)

, Var (Z n
1 | Z n

0 = nω) = nωε2.

Scaling: We set X n
t = 1

nZ n
[nt]. Then:

E
[
X n

1/n → ω| X n
0 = ω

]
= ωϑ

1
n , Var

(
X n

1/n| X n
0 = ω

)
= ωε2 1

n .

Limiting equation: Computing limiting drift and variance, we get

dXt = ϑXt dt + ε
√

Xt dWt , X0 = ω.

One can show that limn↑↓ X n = X in law.
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Feller di!usion: illustration

Equation:
dXt = .02Xt dt + 2

√
Xt dWt

Simulation:

0 1 2 3 4 5

0
2

4
6

8
12
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Outline

1 Introduction and examples

2 Existence and uniqueness
A quick contraction argument
Picard iteration on the whole interval
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Definition of solution

Definition 6
We say that (X , W , (Ft)t↔0) is solution of (1) if:

1 W is a Ft-Brownian motion.
2 X satisfies Xt = ω +

∫ t
0 b(Xs) ds + ∑d

j=1
∫ t

0 εj(Xs) dW j
s for t ↔ 0.

Definition 7
We say that (1) admits a strong solution if:
ϱ↘ One can take Ft = F

W
t in Definition 6.
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(1) dxx= 6(XzIdt + - /xx1dWe

Hyp: 0U(x) E La"

no more
、

information in Xthan what
is contained in W



Pathwise uniqueness

Definition 8
Pathwise uniqueness: If X 1, X 2 are two solutions of (1) with:

1 X 1
0 = X 2

0 = ω.
2 Same Brownian motion W .

Then:
P

(
X 1

t = X 2
t for all t ↔ 0

)
= 1.

Remark: Absence of strong solution and non pathwise uniqueness
ϱ↘ For very irregular coe"cients b, ε.
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*'x indiskinguishable,
much stronger than

*"modifical
oft



Existence and uniqueness

Theorem 9
We assume that b and ε are Lipschitz fonctions:
There exist cϖ, cb > 0 such that for all x , y ↑ Rn we have

|εj(x) → εj(y)| ≃ cϖ|x → y |, |b(x) → b(y)| ≃ cb|x → y |.

Then on every interval [0, ς ], equation (1) admits:
1 A strong solution in L2(!; C([0, ς ])).
2 Pathwise uniqueness in L2(!; C([0, ς ])).

Equation (1)

Path W

b, ε Lipschitz
Unique solution X
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X= F( 9σ, W )


