Equo.tion
dXe = b(x.)dt + a(x.) dw

Z,OCa( deJCr(/pécd/L ; )e/?‘mg a=aqag7,
we  have

DC‘ E[ )Q- I@J]b:_\ = b(>(5 )
Or Cov ( Xe 163 ) ey = @ (X )

Todny: &am/eJ



Geometrical Brownian motion

Let:
o W I1-dimensional Brownian motion .
epncRando >0
We set
Xe =aexp(pt+oW,).

Then X is solution of (1) with n=d =1 and:

b(x) = (H %2) x, and o(x)=ox.
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Toof — Consioer
Xp= o &vp(/u.t + o W)
= 4 W)
webh
Alba)= o e (ut + oz )
Th's  Aformula
L We): x + L[S0, (s w) ds
r 45 0 Al W) dwp A L S s W) ds




dler) o ep(ut+oz)
Tercvy bives
Oe{ (Ex) = /af((‘,z,)
D 4(tx) = v 4 (Ex)
D £(6) = o2 £ (Ex)



App@cﬁg T

Xo= 406 W)

x + 1 O d(s) s

r 4 DL{(.\WJ)C/%:;"(EI L e s W4 )ds

oL + / o (3%)36() ]
m)d% + 2 /bv‘{ﬂ W)

- o+ [f g )xady + T [0 X du

= |dXez G ) X dE + 0 Xe du

"



Geometrical Brownian motion (2)

Remarks:

e In order to show that X is solution of the equation
— Apply 1td’s formula.

e Exponential Brownian motion is very useful in finance (asset price):
Q X.>0.
@ Linear trend (infinitesimal drift): (u + %2) Xt

@ Fluctuations (infinitesimal standard deviation)
proportional to X;.

Summarized in Black and Scholes model.

Samy T. Sdes
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Geometrical Brownian motion: illustration
Equation: Take p =1, 0 = % Xo=1and

2
dX, — (u + 2) X, dt + o X, dW,

Simulation:

1 Il

1

Geometrical Brownian motion
10 20 30 40 50 60 70
1
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Ornstein -Uhlenbeck  tn d=1 .
d)(t__z ~ °<XC dt + Tdu/b‘

I/ W was smoolh o Skwdard

Wl Lo wle B ‘equataur

()e;a Ztié- 26&; 1) éwef( or
wm legra Cu or . ere
Weg wagL(d % M

wllbl= | ert

Then we Iy bb get an eq. for pux



Here we mght hawe profews (o
wrcle

d(/U.X)b: /M—l:' d)(g + Xe C(/b(/;
(méﬁ M@/LL oot
\j

= ut( o Xe d€ + TdWs ) :ex%d(i/c
+ X ( X Ue de )



Moo, the  eguakin: e hue obkuve

d(/,LX)L-: (l"em7 dU/(: M i
. ot o&
= € Xe= T Z e auws + a
= Xe= a€ L q )t e du,
Law g] X X ’V\Xr( Me , OF )

Me = ae""b

T - 0Y° )y g (-e™)

P



STy T R (R il G e™)
E

AS E- o

Uin me = O /6:;2 W = %

Tha X & W, L)
strog yohn o wvergeae of X b s

savaraanl mewuie



Pmk We. Mave
LA, ) dE

—> (A Qa-».
(ergodic theorem )
For Marbor cas we had
,D" g ’_ﬂf@__—g) — p(c)



Ornstein-Uhlenbeck process

Situation:
Velocity of a Brownian particle with friction «.

Equation:

dXt:_aXtdt+O-th, XOZaER
Explicit solution:

t
X, =e Ot (a + a/ e** dWs)
0

Distribution: For t > 0 we have

0,2(1 _ e—2at)

Xy ~ N (ae“"t, Uf) . with o2 = o
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Ornstein-Uhlenbeck: illustration
Equation: Take a =1 and

dXt — _OéXt dt —+ th, XO — 1

Simulation:

OU process
0
L

T T T T T T
0 20 40 60 80 100

Time
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Galton-Watson process

Model: We start from na persons for generation m = 0, then
@ At each generation m, individuals have i.i.d offspring
@ Common law for offspring: random variable Q.

@ For n > 1, sequence of number of persons at generation m:

{Z}; m>0}.

Assumptions on @: We suppose
Q E[Q] =1+ £ with 8 > 0.
@ Var(Q) = o2 with ¢ > 0.
© For all § > 0, we have lim,_. E[Q%1(g=s,)] =0
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Feller diffusion

Expectation and variance computations: Thanks to offspring L, we

have

E[Z]| Z5 = na] = na (1 + g) . Var(Z'| Z! = na) = nao?.

Scaling: We set X = 37/, Then:

21

E| f/n—ayxg:a}:aﬁ%, Var (X7),| X§ = ) = a0? =

n
Limiting equation: Computing limiting drift and variance, we get
dXt:/BXtdt+0'\/Xt th., XOZOZ

One can show that lim,_,.o X" = X in law.

Samy T. Sdes Probability Theory
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Feller diffusion:

Equation:

Simulation:

12

0246 8

illustration

dX, = 02X, dt +2,/X, dW,

Probability Theory
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Outline

© Existence and uniqueness
@ A quick contraction argument
@ Picard iteration on the whole interval
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Definition of solution
() die= b(x1dE + (i) dWe

Definition 6
We say that (X, W, (F;)t>0) is solution of (1) if:
@ W is a F;-Brownian motion. Hyp: ci(x) € Z—a

@ X satisfies X; = o+ [y b(X;) ds—l—ZJ‘-’:1 JE (X)) AWS for t > 0.

Definition 7

We say that (1) admits a strong solution if:
< One can take F; = F," in Definition 6.
~——

no more _L‘/Lﬁvnoafm w X Hoa whalt
o lawmed vn W (Ftho_au/b l.té[oﬁjs)
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Pathwise uniqueness

Pathwise uniqueness: If X, X? are two solutions of (1) with:
Q Xy =X3=o
i .oq :
@ Same Brownian motion W. <" ’v”dﬁ)hhgdt-‘/’a6(6,
Then: muclh dronger than

L -
P (X! = X2 forall t>0) = L. Xo;zmﬁ‘/““/‘“‘

o’

Remark: Absence of strong solution and non pathwise uniqueness
— For very irregular coefficients b, 0.
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Existence and uniqueness

We assume that b and o are Lipschitz fonctions:
There exist c,,c, > 0 such that for all x,y € R" we have

|0/(x) = /() < colx —yl,  [b(x) = by)| < clx —y|.

Then on every interval [0, 7|, equation (1) admits:
@ A strong solution in L>(Q; C([0, 7])).
@ Pathwise uniqueness in L*(Q; C([0,7])).

X=F(bcw
Path W ( 0, W)
—_—
Unique solution X
Equation (1) —
b, o Lipschitz
e
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