
Existence and uniqueness

Theorem 9
We assume that b and ω are Lipschitz fonctions:
There exist cω, cb > 0 such that for all x , y → Rn we have

|ωj(x) ↑ ωj(y)| ↓ cω|x ↑ y |, |b(x) ↑ b(y)| ↓ cb|x ↑ y |.

Then on every interval [0, ε ], equation (1) admits:
1 A strong solution in L2(!; C([0, ε ])).
2 Pathwise uniqueness in L2(!; C([0, ε ])).

Equation (1)

Path W

b, ω Lipschitz
Unique solution X
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X= F( 9σ, W )



State space for X -
here we
rake 1-c

He = L= (2 ; (20,27) case

equipped with

1IZIIRe = El SURIEz 1]

Map i Take ZE Ue.
. Define

E = M(z) by setting

EE - α t 6 E 6(Es ) ds t ot σ(Es ) aωs



strategy : Banach fixed paint . If we
have

1IP(2) - MCXSIde & C 1z-YIloe
,

for CE TO
,
1)

,
then there

exists a unique solution in He

to = P (V )

= Yz = x + 65 6))c + 6* 5(X) dWs
↳
unique 10

. in He to the
equation



Outline

1 Introduction and examples

2 Existence and uniqueness
A quick contraction argument
Picard iteration on the whole interval
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Quick contraction argument (1)

Space: Hω = L2(!; C([0, ω ];Rn)), adapted processes, with norm

→Z→
2
Hω

= E
[

sup
t→ω

|Zt |
2
]

.

Picard map: ” : Hω ↑ Hω given by ”(Y ) ↓ Ỹ , with

Ỹt = ε +
∫ t

0
b(Ys) ds +

d∑

j=1

∫ t

0
ϑj(Ys) dW j

s .

ϖ↑ X solves (1) i! X = ”(X )
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Bounds on application !

Lemma 10
Let:

Y , Z ↔ L2
a([0, ω ]).

Ỹ = ”(Y ), Z̃ = ”(Z ).
We assume that cε, cb ↗ K. Then:

E
[

sup
t→ω

∣∣∣Ỹt ↘ Z̃t
∣∣∣
2
]

↗ cK ,ω,d E
[∫ ω

0
|Yt ↘ Zt |

2 dt
]

.

with:
cK ,ω,d =

(
2ωd + 8d2

)
K 2.

Samy T. Sdes Probability Theory 32 / 54

1IXI = (o ETIXr12] dr

-Elrec



Eg for Y-E . We have

it - a + %t 6(51)+ % 5 j(s ) dws

E- a t lot b( zslas t otr(z, l dus

=>

℃
-
ZE
.LECJ- 6 CE,) }dS- Jt,l

+ 65 [t(Xs)- 8(Zs3] DWs = Jo



V- ZG - !ELYI - 6 CE, )JES IJo"

+ 65 [t(Xs)- 8(Zs3] DWs = Jo

We get

LV
-
ZER = l JE" t JEr に

≤ 2 ( JKT Jπ )
" )

S JUPEEC IE -EEK
≤ 2 ( upac Jo . 0+supce,2 )



V- Z- otY7- 6 CE, )J ds EJE
,
1

+ 65 [t(Xs)- 8(Zs3] DWs = Jo

SUPE≤ CJtii ←
t( b(, 1 -b(E , ) )

<

Jensen

≤ t 165 | b( s ) -6 Lzs o
Lipschitz
-
> 52 % 65 1 V-EsP cIs

↓ 2 2 6
=

1Xs - 7, 12CK



65 [[ : ? σ[ Es3] [ω; → 5
.2

Consider tr Jz as a martingale M
In cale M = W

,
we have seen

not+

sup 는 4 IWel (reflection (
↓I2

- with 2
↳ true for2 fixed
but not as processes



For a general martingale , Doob's ineg :

Take Mz = JUsCIWs, UE La.

Them

EJSUPME] -
> 4 ELIMeR

=>
4 6[ E[Ur12] dr



6 t ⑤ ( ; ) -δ EZs) ][ω; ← J
.2

Bounding Jt, 2

EI SUEECI JE21
K ]

Doob's

[ 46[ 15)Xs)- 5CEs)R ds

↓ 4 L8 6 = IY- 2s12 ds



Summarizing

EIsup IVE - Exl2]
C

-
> ET SUR /JE, 112] + ETUR TER
= CGrz EL IVs-Zs12 ds 3

> proves the lemma



Conclusion We have seen

IV.ZHHE ZESPIVE-EE 2} SCE-TGt르 τ

↓> 20r. 2 [46
= IVe-Zz1dt 3

↓ C6P2 [[CUP (VE-7= 12] ! dE
E COdc

C
IIV .Elile

contraction : as soon as

C6, r,2 2 < 1 ->Existencerinie



Proof for n = d = 1

Expression for the di!erence: We have

Ỹt → Z̃t =
∫ t

0
[b(Ys) → b(Zs)] ds +

∫ t

0
[ω(Ys) → ω(Zs)] dWs

↑ Jt,1 + Jt,2.

Therefore ∣∣∣Ỹt → Z̃t
∣∣∣
2

↓ 2(|Jt,1|
2 + |Jt,2|

2)
and:

sup
t→ω

∣∣∣Ỹt → Z̃t
∣∣∣
2

↓ 2
(

sup
t→ω

|Jt,1|
2 + sup

t→ω
|Jt,2|

2
)

.
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Bounds for the Lebesgue integral

Application of Jensen: We have

|Jt,1|
2 =

∣∣∣∣
∫ t

0
[b(Ys) → b(Zs)] ds

∣∣∣∣
2

↓ t
∫ t

0
|b(Ys) → b(Zs)|2 ds

↓ ε
∫ ω

0
|b(Ys) → b(Zs)|2 ds.

Lipschitz property for b: We get

sup
t→ω

|Jt,1|
2

↓ ε K 2
∫ ω

0
|Ys → Zs |

2 ds

E
[

sup
t→ω

|Jt,1|
2
]

↓ ε K 2
∫ ω

0
E

[
|Ys → Zs |

2]
ds

Samy T. Sdes Probability Theory 34 / 54



Doob’s maximal inequality

Proposition 11
Let ε > 0 and:

W standard Brownian motion.
u ↔ L2

a([0, ε ]).
Mt ↑

∫ t
0 ur dWr .

Then we have:

E
[

sup
t↑[0,ω ]

|Mt |
2
]

↓ 4 E
[
|Mω |

2
]

= 4 E
[∫ ω

0
u2

r dr
]

.
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Bounds for the stochastic integral

Recall: Jt,2 =
∫ t

0 [ω(Ys) → ω(Zs)] dWs

Application of Proposition 11: We have

E
[

sup
t→ω

|Jt,2|
2
]

= E
[

sup
t→ω

∣∣∣∣
∫ t

0
[ω(Ys) → ω(Zs)] dWs

∣∣∣∣
2]

↓ 4 E
[∫ ω

0
|ω(Ys) → ω(Zs)|2 dr

]

Conclusion: Lemma 10 is shown
ϑ↗ Combining inequalities for Jt,1 and Jt,2.
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Quick contraction argument (2)

Recall (bound on !): For Y , Z ↔ Hω ,

E
[

sup
t→ω

∣∣∣Ỹt → Z̃t
∣∣∣
2
]

↓ cK ,ω,d E
[∫ ω

0
|Yr → Zr |

2 dr
]

.

Sup inside the integral: We have
∫ ω

0
|Yr → Zr |

2dr ↓ ε sup
r→ω

|Yr → Zr |
2

therefore
↘!(Y ) → !(Z )↘2

Hω
↓ cK ,ω,d ε ↘Y → Z↘

2
Hω

.
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Quick contraction argument (3)

Contraction: cK ,ω,d ε ↗ 0 as ε ↗ 0
ϑ↗ ! is a contraction on Hω for ε small enough

Fixed point: Unique X ↔ Hω with X = !(X )
ϑ↗ Solution of (1) on the small interval [0, ε ]

Left aside:
Completeness of Hω , needed for the fixed point theorem
Patching small intervals to reach an arbitrary horizon
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