Existence and uniqueness

We assume that b and o are Lipschitz fonctions:
There exist c,,c, > 0 such that for all x,y € R" we have

|0/(x) = /() < colx —yl,  [b(x) = by)| < clx —y|.

Then on every interval [0, 7|, equation (1) admits:
@ A strong solution in L>(Q; C([0, 7])).
@ Pathwise uniqueness in L*(Q; C([0,7])).
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Outline

© Existence and uniqueness

@ A quick contraction argument
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Quick contraction argument (1)
Space: H, = L?(Q; C([0, 7];R™)), adapted processes, with norm

1215, - E [sup |zt|2] |
t<t

Picard map: T : H, — H, given by T(Y) = ¥, with

Yt—a+/ Y)ds—i—Z/af ) dWi.

— X solves (1) iff X =T(X)

Samy T. Sdes Probability Theory 31/54



Bounds on application I
iyus = L EO%4]dr

Let:
~ 2
o Y,Z e L2([0,7]). uy,g”HC
o V=r(V),2=r(2). 7
We assume that c,, c, < K/ Then:
~ = 12
EPph—L‘

t<rt

S%MEUWn—Lfﬂ.
0

with:
Ckra = (27d +8d%) K.
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Proof forn=d =1

Expression for the difference: We have

V-2, — /0 “Ib(Y.) — b(Z.)] ds + /0 o(Ys) = ()] dWs

= Jt,l + Jt’Q.
Therefore y L
Ve = 2" < 2(Jeaf + [eal)
and:
< > |2 2 2
sup|Y; — Zt’ <2 (sup |Je1|” + sup | e ) )
t<rt t<rt t<t
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Bounds for the Lebesgue integral

Application of Jensen: We have
P = | [ 10— ()] 0]

t/ b(Y,) — b zs)|2 ds
0

< T/OT Ib(Y,) — b(Z,)]? ds

IN

Lipschitz property for b: We get

sup | S < TK2/ Y, — Z,]? ds
t<rt 0

E [sup|Jt71\2] < TK? /TE 1Y, — Z?] ds
0

t<rt
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Doob’s maximal inequality

Proposition 11

Let 7 >0 and:
e W standard Brownian motion.
e u € L%([0,7]).
o M, = [y u. dW,.

Then we have:

E [ S |I\/It|2] < 4E[|M,P] = 4E U 2 dr] .
0

te[0,7]
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Bounds for the stochastic integral

Recall: Jip = Jg [0(Ys) — o(Zs)] dWs

Application of Proposition 11: We have

E [sup |Jt,2|2]
t<t

/]

E@/wy%ﬂ>

< 4| ["o(¥) ~ o(2)" o]

Conclusion: Lemma 10 is shown
— Combining inequalities for J;; and J; .
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Quick contraction argument (2)

Recall (bound on I"): For Y, Z € H.,,

E [sup

t<t

¥, - Z_ﬂ - [/0 Y, — ZP dr] .

Sup inside the integral: We have

/ |Yr_Zr‘2dr§7'SUp‘Yr_Zr|2
0

r<rt

therefore
IT(Y) = T(2)5, < ckratllY = 2|3
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Quick contraction argument (3)

Contraction: ¢k ;g7 —+0as 7 — 0
— [ is a contraction on . for 7 small enough

Fixed point: Unique X € H, with X = I'(X)
— Solution of (1) on the small interval [0, 7]

Left aside:
@ Completeness of H,, needed for the fixed point theorem

@ Patching small intervals to reach an arbitrary horizon
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