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Stochastic processes

Let:

e (Q, F,P) probability space.

o / C R, interval.

o {X;; t € I} family of random variables, R"-valued
Then:

Q If w — X;(w) measurable, X is a stochastic process

Q t— X;(w) is called a path

© X is continuous if its paths are continuous a.s.

N P( tr> X cothnuows) = |
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Modifications of processes

Let X and Y be two processes on (22, F, P).
@ X is a modification of Y if

@ X and Y are non-distinguishable if

P(X,= Y. foralltel)=1

Remarks:

(i) Relation (2) implicitly means that (X; = Y; forall t € ) € F
(ii) (2) is much stronger than (1)

(iii) If X and Y are continuous, (2) < (1)
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Filtrations

Filtration: Increasing sequence of o-algebras, i.e

— If s < t, then Fs C F; C F.

Interpretation: JF; summarizes an information obtained at time t
Negligible sets: N = {F € F; P(F) =0} enwgh: N &
Complete filtration: Whenever N C ft/é’ all t €/

Stochastic basis: (€2, F, (F¢)ter, P) with a complete (F¢)ie

Remark: Filtration (F¢):es can always be thought of as complete
< One replaces F; by F; = o(F:, N)
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Adaptation

Definition 3
Let
o (Q,F,(Ft)ter, P) stochastic basis
o {X;; t € I} stochastic process
We say that X is F;-adapted if for all t € [

Xi 0 (Q,F;) — (R™,B(R™)) is measurable

Remarks:
(i) Let FX = o{X,; s < t} the natural filtration of X.
< Process X is always F-adapted.

(ii) A process X is F;-adapted iff FX C F;
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© Definition and construction of the Wiener process
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Definition of the Wiener process = %ﬁmm

Notation: For a function f, 0f, = f, — f; o

Let /’Jg:" N an be deduced fron 1-2-3
e (Q, FP) probability space (4:,- o modcfcahin 4(4/)

o {W;; t > 0} stochastic process, R-valued A

We say that W is a Wiener process if:
Q@ Wy = 0 almost surely
Q@ letn>1land0=ty < t; <--- K t,. The incremgnts

Wiy, Wety, ..., 0Ws, ., are indegendent

© For 0 <s < twehave §W,;; ~N(0,t —s
@ W has continuous paths almost surely |
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[llustration: chaotic path
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[llustration: random path
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Existence of the Wiener process

There exists a probability space (2, F,P) on which one can
construct a Wiener process.

Classical constructions:

@ Kolmogorov's extension theorem

@ Limit of a renormalized random walk
@ Lévy-Ciesilski's construction
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