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Stochastic processes

Definition 1
Let:

(!, F , P) probability space.
I → R+ interval.
{Xt ; t ↑ I} family of random variables, Rn-valued

Then:
1 If ω ↓↔ Xt(ω) measurable, X is a stochastic process
2 t ↓↔ Xt(ω) is called a path
3 X is continuous if its paths are continuous a.s.
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Rink & is an abstract set

More concrete examples :

(i) Roll a dice

2 = - 31 ,2 .

.
ッ6

F = P(R) (every subset of2)

(ii) Gaussian in I

Then 2 : I

F- BLIB )



(ivi1 Brownian mokon

& = C(+ ) (continuous functions)
F ← ?

(2) I is a probability measure on

2,F) :

(a)P(r) = 1 (6) P : F > [0,17

(c ) PCAn) - ☆ P (An)
if the Anc are disjoint
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Modifications of processes

Definition 2
Let X and Y be two processes on (!, F , P).

1 X is a modification of Y if

P (Xt = Yt) = 1, for all t → I

2 X and Y are non-distinguishable if

P (Xt = Yt for all t → I) = 1

Remarks:
(i) Relation (2) implicitly means that (Xt = Yt for all t → I) → F
(ii) (2) is much stronger than (1)
(iii) If X and Y are continuous, (2) ↑↓ (1)
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Rmk For tE I, set

At - ( Xt = ンβ )
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Non distinguishable : When

P ( GIAE ) !

P6 : At Ef = Aen e

However
, for the uncountable

Et At ,
we are not cure

Rmk2 If we know that both X& X
are continuous
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Filtrations

Filtration: Increasing sequence of ω-algebras, i.e
ε→ If s < t, then Fs ↑ Ft ↑ F .

Interpretation: Ft summarizes an information obtained at time t

Negligible sets: N = {F ↓ F ; P(F ) = 0}

Complete filtration: Whenever N ↑ Ft for all t ↓ I

Stochastic basis: (!, F , (Ft)t→I , P) with a complete (Ft)t→I

Remark: Filtration (Ft)t→I can always be thought of as complete
ε→ One replaces Ft by F̂t = ω(Ft , N )
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Adaptation

Definition 3
Let

(!, F , (Ft)t→I , P) stochastic basis
{Xt ; t ↓ I} stochastic process

We say that X is Ft-adapted if for all t ↓ I :

Xt : (!, Ft) ↔→ (Rm, B(Rm)) is measurable

Remarks:
(i) Let FX

t = ω{Xs ; s ↗ t} the natural filtration of X .
ε→ Process X is always FX

t -adapted.
(ii) A process X is Ft-adapted i! FX

t ↑ Ft
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auful notatioe
Recall : X E-adapted if
* is E-measurable (XtEE)

Finance interpretation :

If Xt = strategy for a portfolio
then it is natural to assume

that Xt depends only on your

information up to live t

2 E



In discrete time
,
for a strategy,

we impose

Xn E Fn-1 (predictable(

In continuous time we might impose

XEE E- 二 品 B



Another remark : If

E = + (x ; skt) ,

then ↳ natural filtration

XE EE

More generally

Xt adapted if FCEEl
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Definition of the Wiener process
Notation: For a function f , ωfst → ft ↑ fs
Definition 4
Let

(!, F , P) probability space
{Wt ; t ↓ 0} stochastic process, R-valued

We say that W is a Wiener process if:
1 W0 = 0 almost surely
2 Let n ↓ 1 and 0 = t0 < t1 < · · · < tn. The increments

ωWt0t1 , ωWt1t2 , . . . , ωWtn→1tn are independent
3 For 0 ↔ s < t we have ωWst ↗ N (0, t ↑ s)
4 W has continuous paths almost surely
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In particular , if W is a WP,

W - W(0
,6)

If z-w(M,) , its density

flxtt ace -
x
µ

"

Density for We : Pell=-



Illustration: chaotic path
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Illustration: random path
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Existence of the Wiener process

Theorem 5
There exists a probability space (!, F , P) on which one can
construct a Wiener process.

Classical constructions:
Kolmogorov’s extension theorem
Limit of a renormalized random walk
Lévy-Ciesilski’s construction
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Kolmogorov's approach

If we are given "compatible"

finite dimensional distributions 7...

for any random rector

(WE , WE , ..., Win (

for any t<t ... /th,

when = a chochastic process w

with those f . d . d



Here we know the f.d . D's

(WE , WE , ..., Win (

↳ (WE
,, GWEE, .., OWEnrEn

are #
, CWEetje W10, tiri-tj)

Thus we can apply Kolmogorov
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