
Existence of the Wiener process

Theorem 5
There exists a probability space (!, F , P) on which one can
construct a Wiener process.

Classical constructions:
Kolmogorov’s extension theorem
Limit of a renormalized random walk
Lévy-Ciesilski’s construction
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Haar functions

Definition 6
We define a family of functions {hk : [0, 1] → R; k ↑ 0}:

h0(t) = 1
h1(t) = 1[0,1/2](t) ↓ 1(1/2,1](t),

and for n ↑ 1 and 2n ↔ k < 2n+1:

hk(t) = 2n/2 1[ k→2n
2n , k→2n+1/2

2n ](t) ↓ 2n/2 1( k→2n+1/2
2n , k→2n+1

2n ](t)

Lemma 7
The functions {hk : [0, 1] → R; k ↑ 0} form
an orthonormal basis of L2([0, 1]).
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Rmb : Hair functions are waveled type functions
- rabe I shape , then scale & shift



Haar functions: illustration
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Haar functions: illustration
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Haar functions: illustration
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Claim 2 : Jha
,
he ><0, 11)

= Chelt) helt) dE = 1el

Hyp: I. Then we have
only 2 possibilities

) Supp(he) a Supp(ha)
(ii) Supp(he)1 Jupp(hal = 0

If f : t0,17 -+ M
. Supp(f) = (x Et0,R; flaItO]



kk
) Supp(he) a Supp(ha) ne(2 ...er

=> <hr, he) = =[* Jhe(t)dt = 0

(ii) Supp(he)1 Jupp(hal = 0
=> C: hwltl he (t) dt =

0

- ∅

Conclusion : If k<1 , <ha ,he=0

If Kil , Chn , Ua> - IKa '= 1



Claim 3 The system is complete.
I.

e
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We have foundthat
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In thecame way , we

find that
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Conclusion

FItE 67f(s)ds = 0 feli

=> f =
0 a . e on To,

(Lebesgue's differentiation thm (

d ({ xE [o,); fial to} ) - 0



Proof
Norm: For 2n → k < 2n+1, we have

∫ 1

0
h2

k(t) dt = 2n
∫ k→2n+1

2n

k→2n
2n

dt = 1.

Orthogonality: If k < l , we have two situations:
(i) Supp(hk) ↑ Supp(hl) = ⊋.
Then trivially ↓hk , hl↔L2([0,1]) = 0
(ii) Supp(hl) ↗ Supp(hk).
Then if 2n → k < 2n+1 we have:

↓hk , hl↔L2([0,1]) = ±2n/2
∫ 1

0
hl(t) dt = 0.
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Proof (2)

Complete system: Let f ↘ L2([0, 1]) s.t ↓f , hk↔ = 0 for all k .
ω≃ We will show that f = 0 almost everywhere.

Step 1: Analyzing the relations ↓f , hk↔ = 0
ω≃ We show that

∫ t
s f (u) du = 0 for dyadic r , s.

Step 2: Since
∫ t

s f (u) du = 0 for dyadic r , s, we have

f (t) = εt

(∫ t

0
f (u) du

)
= 0, almost everywhere,

according to Lebesgue’s derivation theorem.
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Schauder functions

Definition 8
We define a family of functions {sk : [0, 1] ≃ R; k ⇐ 0}:

sk(t) =
∫ t

0
hk(u) du

Lemma 9
Functions {sk : [0, 1] ≃ R; k ⇐ 0} satisfy for 2n → k < 2n+1:

1 Supp(sk) = Supp(hk) = [ k→2n

2n , k→2n+1
2n ]

2 ⇒sk⇒↑ = 1
2n/2+1
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Schauder functions: illustration
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Spoiler : The space (F1) on

which we construct w is

any space supporting a

sequence

4 Xa; b z0

of vid standard Gaussian r. V.

indep & identically distribution



Thistype of requence might look like

Xe TK icce N(0,1)

1i1 /
" " k

Questio : What is the order of
magnitude of

cuph (Xml ; b < n}



Gaussian supremum

Lemma 10
Let {Xk ; k → 1} i.i.d sequence of N (0, 1) r.v. We set:

Mn ↑ sup {|Xk |; 1 ↓ k ↓ n} .

Then
Mn = O

(√
ln(n)

)
almost surely
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slow growth !



Xne N(0,1)

Proof-Step 1 : Gaussian tails .
Takeo
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Recall : To get information about the
behavior of randum requences,

we often use Borel-Cantelli

Borel Cantelli : Let (AnikI1) be a
requence of events. Then

많 (P(An ) <∞

=> PPC limsup An 1 = 0

↓In Ar = "An 10"



Application : Take

Ax = ( 1 2 ak )

We have seen that

IPCAKI ≤ c
e -

Choose an 1.5. [PA) <0. For
instance Kke an s .V.

IP(An ) ≤ 금리



Recall P)Am) 1c e -

Take an I.U.

ce- ≤ 금리
(

- ark - C fu(k)
π

Es dr = (rkk) )*

We get : Borel-Cantelli applies



Conclusion : If

An = ((xh) = c(nk(t)
then PC limicp An) = 0

= a . we have ,= clus

|xa | = (nk)*

On : 7 No = nowl st- for all nz no
,

1xm) < clnk)*



Proof
Gaussian tail: Let x > 0. We have:

P (|Xk | > x) = 2
(2ω)1/2

∫ →

x
e↑ z2

4 e↑ z2
4 dz

→ c1e↑ x2
4

∫ →

x
e↑ z2

4 dz → c2e↑ x2
4 .

Application of Borel-Cantelli: Let Ak = (|Xk | ↑ 4(ln(k))1/2).
According to previous step we have:

P (Ak) → c
k4 =↓

→∑

k=1
P (Ak) < ↔ =↓ P (lim sup Ak) = 0

Conclusion: ε-a.s there exists k0 = k0(ε) such that
ϑ↗ |Xk(ε)| → 4[ln(k)]1/2 for k ↑ k0.
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