Existence of the Wiener process

There exists a probability space (2, F,P) on which one can
construct a Wiener process.

Classical constructions:

@ Kolmogorov's extension theorem

@ Limit of a renormalized random walk
@ Lévy-Ciesilski's construction
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Definition 6
We define a family of functions {h, : [0,1] = R; k > 0}:

ho(t) = 1
h(t) = Lpoas(t) — Laj2a(t),

and for n > 1 and 2" < k < 2"t1;
hk(t) =2"/21 k—2n k—2041/2 (t) — 2"/2 1(k—2”+1/2 k—2”+1](t)

The functions {hy : [0,1] — R; k > 0} form
an orthonormal basis of L([0, 1]).

YTy



Haar functions: illustration 4= 4
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Haar functions: illustration
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Haar functions: illustration
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Proof

Norm: For 2" < k < 2™ we have

k—2"41

1
2 __An 2n _
/0 h(t) dt =2 /kgf" dt =1.

Orthogonality: If kK < I, we have two situations:

(i) Supp(hx) N Supp(h) = 2.
Then triviaIIy <hk, h/>L2([0,1]) =0

(i) Supp(hy) C Supp(hx).
Then if 2" < k < 2" we have:

1
(i i) 2oy = £272 /0 hi(t) dt = 0.
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Proof (2)

Complete system: Let f € L?([0,1]) s.t (f, hx) = O for all k.
— We will show that f = 0 almost everywhere.

Step 1: Analyzing the relations (f, hy) =0
< We show that [ f(u) du = 0 for dyadic r, s.

Step 2: Since [! f(u) du = 0 for dyadic r, s, we have
t
f(t) =0 (/ f(u) du) =0, almost everywhere,
0

according to Lebesgue’s derivation theorem.
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Schauder functions

We define a family of functions {s; : [0,1] — R; k > 0}:

s(t) = /Ot )

Lemma 9
Functions {sy : [0,1] — R; k > 0} satisfy for 2" < k < 2"*1:
Q Supp(sk) = Supp(hy) = [552, =2+

2] ||5k||oo = 2n/12_+1
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Schauder functions: illustration ho= ‘{c’qﬂ’ ‘[(‘z"J
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Gaussian supremum

Let {Xi; k > 1} i.i.d sequence of N'(0,1) r.v. We set:

M, =sup{|Xk|; 1 < k < n}.

M, = O (y/ln(n)) almost surely
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Proof

Gaussian tail: Let x > 0. We have:

2 o0 Z2 Z2
P(|Xk| >X) = (27‘(’)1/2/)( e 4e Tdz
2

2 [0 2
< cle’T/ e v dz< e +.
X

Application of Borel-Cantelli: Let A, = (|X| > 4(In(k))*/?).
According to previous step we have:

P(A)< — = Y P(A) <00 = P(limsupA,) =0

= 4
k k=1

Conclusion: w-a.s there exists kg = ko(w) such that
5 | Xi(w)] < 4[In(k)]Y2 for k > k.
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