
Concrete construction on [0, 1]

Proposition 11
Let

{sk ; k → 0} Schauder functions family
{Xk ; k → 0} i.i.d sequence of N (0, 1) random variables.

We set:
Wt =

∑

k→0
Xk sk(t).

Then W is a Wiener process on [0, 1]
ω↑ In the sense of Definition 4.
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Step 1 : Prove that

. Xe Sa (←) (a- s )

is a convergent series in ((0,1)

For this : Let

같 ← 찮다는 Su (t )

-

Ethisa Cauchy requenceis



We thus consider differences : for
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Conclusion :

tk SE E WE

is a convergent (a .) series

in C ( TO
,
D )

Next question : is the limit a
Brownian motion

For free : (1) Wo = 0

(4) W continuous



Step 2 : Take r<t .
Do we

have

dWot ~ N(O
,
t-r) ?

Fact : Gaussian r. r . are good
friends of characteristic
functions . We have

z ~W (m ,
02)

Et eidz] gismE



Reduced aim : prove JEM ,

E[ eiSdurE] = e-5 (t-r)2

We have WE= EX Sp(t)

E[eiSdUrt]
ㅛ
^

= E[exp(ed X(Sa(t) - ((r)))]
= E) exp(i) xn (Su(t) -(a(r)))]

# E[ explid (su(t)-(m(r))X)]



E[ eiddWrt]
~ W(0,1)

= E[explid (sult)-(m(r))x)]

- 템 xp (
- 를 (Sn (←)-* (r) )

2 )

= exp( 一些 (ε ) - )a (r) プ )

= xp ( 一程吾 ( S( t)- 25k(6)52(r )+(' ) )
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compute , for It ha ond of ((E,17)
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Conclusion FJ E
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= xp ( 一些 ( E - 2r tr ) )
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In the came way ,

we can

prove that if r <uct,

Guru 1 Wut
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to STEW 320

Nikos Zygouras (ICM speaker(

Talk at 3 pm

Bonus + 5 pts for attendance



Proof: uniform convergence

Step 1: Show that ∑
k→0 Xk sk(t) converges

ω→ Uniformly in [0, 1], almost surely.
ω→ This also implies that W is continuous a.s

Problem reduction: See that for all ε > 0
ω→ there exists n0 = n0(ϑ) such that for all n0 ↑ m < n we have:

∥∥∥∥∥

2n↑1∑

k=2m
Xk sk

∥∥∥∥∥
↓

↑ ε.
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Proof: uniform convergence (2)

Useful bounds:
1 Let ϖ > 0. We have (Lemma 10):

|Xk | ↑ c kω, with c = c(ϑ)

2 For 2p ↑ k < 2p+1, functions sk have disjoint support. Thus
∥∥∥∥∥∥

2p+1↑1∑

k=2p
sk

∥∥∥∥∥∥
↓

↑ 1
2 p

2 +1 .
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Proof: uniform convergence (3)

Uniform convergence: for all t ↓ [0, 1] we have:
∣∣∣∣∣

2n∑

k=2m
Xk sk(t)

∣∣∣∣∣ ↑
∑

p→m

2p+1↑1∑

k=2p
|Xk | sk(t)

↑
∑

p→m

(

sup
2p↔ε↔2p+1↑1

|Xε|
) ∣∣∣∣∣∣

2p+1↑1∑

k=2p
sk(t)

∣∣∣∣∣∣

↑ c1
∑

p→m

1
2p( 1

2 ↑ω)

↑ c2

2m( 1
2 ↑ω) ,

which shows uniform convergence.
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Proof: law of ϱWrt
Step 2: Show that ϱWrt ↔ N (0, t ↗ s) for 0 ↑ r < t.

Problem reduction: See that for all ς ↓ R,

E
[
eıϑ ϖWrt

]
= e↑ (t→r)ω2

2 .

Recall: ϱWrt = ∑
k→0 Xk(sk(t) ↗ sk(r))

Computation of a characteristic function:
Invoking independence of Xk ’s and dominated convergence,

E
[
eıϑ ϖWrt

]
=

∏

k→0
E

[
eıϑ Xk(sk(t)↑sk(r))

]

=
∏

k→0
e↑ ω2(sk (t)→sk (r))2

2 = e↑ ω2
2

∑
k↑0(sk(t)↑sk(r))2
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Proof: law of ϱWrt (2)

Inner product computation: For 0 ↑ r < t we have
∑

k→0
sk(r) sk(t) =

∑

k→0

〈
hk , 1[0,r ]

〉 〈
hk , 1[0,t]

〉
=

〈
1[0,r ], 1[0,t]

〉
= r .

Thus: ∑

k→0
[sk(t) ↗ sk(r)]2 = t ↗ r .

Computation of a characteristic function (2): We get

E
[
eıϑ ϖWrt

]
= e↑ ω2

2
∑

k↑0(sk(t)↑sk(r))2
= e↑ (t→r)ω2

2 .

Samy T. Brownian motion Stochastics & ML 26 / 89



Proof: increment independence

Simple case: For 0 ↑ r < t, we show that Wr ↘↘ ϱWrt

Computation of a characteristic function: for ς1, ς2 ↓ R,

E
[
eı(ϑ1Wr +ϑ2 ϖWrt)

]
=

∏

k→0
E

[
eı Xk [ϑ1sk(r)+ϑ2(sk(t)↑sk(r))]

]

= e↑ 1
2

∑
k↑0[ϑ1sk(r)+ϑ2(sk(t)↑sk(r))]2 = e↑ 1

2 [ϑ2
1r+ϑ2

2(t↑r)]

Conclusion: We have, for all ς1, ς2 ↓ R,

E
[
eı(ϑ1Wr +ϑ2 ϖWrt)

]
= E

[
eıϑ1Wr

]
E

[
eıϑ2 ϖWrt

]
,

and thus Wr ↘↘ ϱWrt .
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E!ective construction on [0, ≃)

Proposition 12
Let:

For k ⇐ 1, a space (!k , Fk , Pk)
ω→ On which a Wiener process W k on [0, 1] is defined
!̄ = ∏

k→1 !k , F̄ = ⇒k→1Fk , P̄ = ⇒k→1Pk

We set W0 = 0 and recursively:

Wt = Wn + W n+1
t↑n , if t ↓ [n, n + 1].

Then W is a Wiener process on R+
ω→ Defined on (!̄, F̄ , P̄).
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}

imee!

Used : If X,N(0, 05) X *
Xz ~No, )

=> X, +x v W(0, ri +82 (



Partial proof
Aim: See that ωWst → N (0, t ↑ s)
ε↓ with m ↔ s < m + 1 ↔ n ↔ t < n + 1

Decomposition of ωWst : We have

ωWst =
n∑

k=1
W k

1 + W n+1
t→n ↑

( m∑

k=1
W k

1 + W m+1
s→m

)

= Z1 + Z2 + Z3,

with

Z1 =
n∑

k=m+2
W k

1 , Z2 = W m+1
1 ↑ W m+1

s→m , Z3 = W n+1
t→n .

Law of ωWst : The Zj ’s are independent centered Gaussian.
Thus ωWst → N (0, ϑ2), with:

ϑ2 = n ↑ (m + 1) + 1 ↑ (s ↑ m) + t ↑ n = t ↑ s.
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Wiener process in Rn

Definition 13
Let

(!, F , P) probability space
{Wt ; t ↗ 0} Rn-valued stochastic process

We say that W is a Wiener process if:
1 W0 = 0 almost surely
2 Let n ↗ 1 and 0 = t0 < t1 < · · · < tn. The increments

ωWt0t1 , ωWt1t2 , . . . , ωWtn→1tn are independent
3 For 0 ↔ s < t we have ωWst → N (0, (t ↑ s)IdRn)
4 W continuous paths, almost surely

Remark: One can construct W
ε↓ from n independent real valued Brownian motions.
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Rank Consider W! Wan」

in dep - Brownian motions

삔
Define WE 뢸 EIRn

홅

Then W is a M" - valued

Wiener process



Illustration: 2-d Brownian motion
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