Concrete construction on [0, 1]

Proposition 11

Let
@ {sx; k > 0} Schauder functions family

o {Xx; k >0} iid sequence of N'(0,1) random variables.
We set:

Wt = Z Xk Sk(t).

k>0

Then W is a Wiener process on [0, 1]
< In the sense of Definition 4.
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Proof: uniform convergence

Step 1: Show that Y7,~0 Xk sk(t) converges
< Uniformly in [0, 1], almost surely.
< This also implies that W is continuous a.s

Problem reduction: See that for all ¢ > 0
— there exists ny = ng(w) such that for all ny < m < n we have:

2n—1
E Xk Sk SE.
k=2m o
Stochastics & ML 22/80



Proof: uniform convergence (2)

Useful bounds:
Q Let n > 0. We have (Lemma 10):

| Xi| < ck”, with ¢ =c(w)

@ For 27 < k < 2P*1 functions s, have disjoint support. Thus
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Proof: uniform convergence (3)

Uniform convergence: for all t € [0, 1] we have:

Z Xk Sk(t)

k=2m

<

IN

IN

IN

2P+l
Yo D IXids(t)
p>m k=2°P
2P+l
Z( sup |Xe|> > s(t)
p>m \2P<4<2pt1-1 k—2p
1
c
L2 )
(0]
om(3-n)’

which shows uniform convergence.

Samy T. Brownian motion
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Proof: law of 6 W,;
Step 2: Show that 0W,; ~ N(0,t —s) for 0 < r < t.

Problem reduction: See that for all A € R,

(t—r)A?
E [ W] = 2

Recall: 6W,e = > k>0 X(sk(t) — s(r))

Computation of a characteristic function:
Invoking independence of X's and dominated convergence,

E[eiMW’f} _ HE[ o\ Xk (sk(t) sk(r)):|

k>0
2
_ H o A2(s, (t) s.(1)2 . e,% Zkzo(sk(t)fsk(r))Q
k>0
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Proof: law of dW,; (2)

Inner product computation: For 0 < r < t we have

dos(r)se(t) = <hk, 1[0,r]> <hk, 1[o,t]> = <1[0,r]7 1[0,t]> =r.

k>0 k>0

Thus:
Z[sk(t) —s(NP=t—r.

k>0

Computation of a characteristic function (2): We get

E {ezmwﬂ] _ e_A_22 S0k —sc(r)? _ e_(t_ém_
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Proof: increment independence

Simple case: For 0 < r < t, we show that W, 1L 6 W,,
Computation of a characteristic function: for A1, \» € R,

E [ez()qW,-i-)\g 6W,t)] _ H E [elXk[)\lsk(r)+)\2(Sk(t)_sk(r))]]
k>0

— e_%Ekzo[>\15k(r)+>\2(5k(t)_5k(r))]2 _ e—%[/\fr—&-/\g(t—r)]

Conclusion: We have, for all A, A\ € R,
E [ez()qW,-i-)\z 5Wrt)] —E {ezMW,] E [ez)\g JWn»} ,

and thus W, 1L 6 W,,.
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Effective construction on [0, c0)

Proposition 12

Let:
@ For k > 1, a space (Q, Fx, Pk)
< On which a Wiener process W* on [0,1] is defined
° 0= [Tk>1 Qk, = Qk>1Fk, P= ®k>1Px
We set Wy = 0 and recursively:

W, = W, + W if t€[nn+1].

t—n

Then W is a Wiener process on R
— Defined on (22, F,P).
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Partial proof
Aim: See that §W,, ~ N(0,t — s)
—Swithm<s<m+1<n<t<n+l1

Decomposition of d W;: We have

SWee =" W+ WL — (Z Wi+ wmt
k=1

) =21+ 2, + Zs,
k=1

with

Z= Y W Z=wrt-wrtl Zs= W)

s—m> t—n *
k=m+2

Law of 0 W, The Z;'s are independent centered Gaussian.
Thus 6 Wy ~ N(0,02), with:

o’=n—(m+1)+1—(s—m)+t—n=t—s.

Samy T. Brownian motion
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Wiener process in R”

Definition 13

Let
e (Q, F,P) probability space
o {W;; t > 0} R"-valued stochastic process
We say that W is a Wiener process if:
Q@ Wy = 0 almost surely
Q@ letn>1and 0=ty < t; <---<t, Theincrements

Wiy, Wety, ..., 0Ws, ., are independent

© For 0 <s <t we have §W,, ~ N (0, (t — s)Idgn)
© W continuous paths, almost surely

Remark: One can construct W

— from n independent real valued Brownian motions.
Stochastics & ML 30/89
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[[lustration: 2-d Brownian motion
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