
Wiener process in a filtration
Definition 14
Let

(!, F , (Ft)t→0, P) stochastic basis
{Wt ; t → 0} stochastic process with values in Rn

We say that W is a Wiener process
with respect to (!, F , (Ft)t→0, P) if:

1 W0 = 0 almost surely, and Wt ↑ Ft
2 Let 0 ↓ s < t. Then ωWst ↔↔ Fs .
3 For 0 ↓ s < t we have ωWst ↗ N (0, (t ↘ s)IdRn)
4 W has continuous paths almost surely

Remark: A Wiener process according to Definition 13
is a Wiener process in its natural filtration.

Samy T. Brownian motion Stochastics & ML 32 / 90



2mk : If X v. v X : (2,5) (4 ,8)

9 r- algebra

we say that x1G if

r(x) 19

otherwise stated : ForLi

P( (EB ) NG ) : PXEB ) IP(G )



Brown

Some facts about Brown:
Scottish, Lived 1773-1858
Pioneer in the use of microscope
Detailed description of cell nucleus
Observed 2-d Brownian motion
ω→ Pollen particles in water
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Outline

1 Stochastic processes

2 Definition and construction of the Wiener process

3 First properties

4 Martingale property

5 Markov property

6 Pathwise properties
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3 desirable properties for stock process
Gaussian

Martingale
Markov

BM is all 3 !



Gaussian processes

Definition 15
Let

(!, F , P) probability space
{Xt ; t → 0} stochastic process, with values in R

We say that X is a Gaussian process if
for all 0 ↑ t1 < · · · < tn we have:

(Xt1 , . . . , Xtn) Gaussian vector.
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Bmk cer ン: (ン ! . シ
^ ) be

a random vector . we Jay
that X is a Gaussian rector
if
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Facts about Gauss. Vectors

(1) It is easy to construct

X= X ; x4

with "'vN10
,
1)

,

Y~Wo
,
1)

our
√ not Gauss . Vector

P(E=出 ) 一先Take
7

Y'vW(0
,1) E ~ Rademacher

check that
E I1.TherVPEEV 'eri) uot

Gauss. rect



(2) Basic example of Gaussian rector :

withJo vid N10,1.ン ← 荒
Then Gaussian rector inInMany
can be written (in distributions
a)

z = My + 6

with MEMM
,
GERM

- Gausion vectors are good friends
f knear algebra



(3) A Gauss . Vector X is
characterized (in distributon (
by

m = E[X]

P
-
E[ 《m) 《m) t 了

or pit - cor ( Ii
,
√2 )

↳ Xv((m ,
T)



4) Characteristic function of
V W(m

,
T)

is given by (JEM"(

E[e
: <, x> ]

=
ei(, m> exp -zj

+ N)



Gaussian property

Theorem 16
Let W be a real valued Brownian motion.
Then W is a Gaussian process, with covariance

E [WsWt ] = s → t, for all s, t ↑ 0.

ω↓ Brownian motion in the sense of Definition 4.
ω↓ Gaussian process in the sense of Definition 15.
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Step 1 We have to prove, for

OSt, < t.. . < tr

that

Y= (WE
, ,

. . . Wen) is a Gauss
,
rector

Nore

we already know that Y 1 ...
are all Gaussian r-V.



Easy to check : Gicus + 1

2 = =( Wed, UWER , ... SWEnnta

is a Gauss . Vector

Then one can write

Y= Mz
Ex: find proper M
λ

for a matrix ME
M.

Thus Y is also a Gaus, Vector .

Ex : WE = We, SWEE



conclusion ofCrep 1 : W is a
Gauss , process. Wow W(0, 5

Step 2 . Mean & curariance function.

Mean : E[W= ] = 0 =Mt

cor funchion : for 5Jt

It = Cr (W ,
Wz) = EIW, WE]

= E[W(Ws + OWst1]
#

= ETW< 7 + E[W, dWst] = 1 +0



we have obtained : If s t

Sot - 5 - Snt

Thus

Ist = set



Proof
Notation: For 0 = t0 → t1 < · · · < tn we set

Xn = (Wt1 , . . . , Wtn)
Yn = (ωWt0t1 , . . . , ωWtn→1tn)

Vector Yn: Thanks to independence of increments of W
ε↑ Yn is a Gaussian vector.

Vector Xn: There exists M ↓ Rn,n such that Xn = MYn
ε↑ Xn Gaussian vector

Covariance matrix: We have E[WsWt ] = s ↔ t. Thus

(Wt1 , . . . , Wtn) ↗ N (0, !n), with !ij
n = ti ↔ tj .
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Consequence of Gaussian property

Characterization of a Gaussian process:
Let X Gaussian process. The law of X is characterized by:

µt = E[Xt ], and ϑs,t = Cov(Xs , Xt).

Another characterization of Brownian motion:
Let W real-valued Gaussian process with

µt = 0, and ϑs,t = s ↔ t.

Then W is a Brownian motion.
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Brownian scaling

Proposition 17
Let

W real-valued Brownian motion.
A constant a > 0.

We define a process W a by:

W a
t = a→1/2 Wat , for t ↘ 0.

Then W a is a Brownian motion.

Proof:
Gaussian characterization of Brownian motion.
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Wa= a- Wat
Consider the process wa.

.

Then

(i Wa is a Gaussian process :

(WE
, ,
. .

, Win) Gauss
.
Vector

scheck !

(ii) Mt = E[ WE]

= E[a- Wat]

- a E [Nai]

- ①



(iii Jst = El at Was-atWat]
s ≤t

= E[ Was Was]
azo

= a min (as
, at )

⇌ as

a

= s - snt

=> SWE itLob is a Wiener

process



Canonical space

Lemma 18
Let E = C([0, →);Rn). We set:

d(f , g) =
∑

k→1

↑f ↓ g↑↑,k
2k (1 + ↑f ↓ g↑↑,k)

where
↑f ↓ g↑↑,k = sup {|ft ↓ gt |; t ↔ [0, k]} .

Then E is a separable complete metric space.
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Aim : define the 2 (w)

as a prob measure on a

functional space

11 f110 = * for
fiw

Rmk : This distance quantifies "convergence on
compact intervals (



Question :
Can we consider

J= tt itEty at

XE BT ?

Then question 2 :

(1) t-algebra ?

(2) Is 11X110 a vr ?

(3) Convergence of stock processes ?


