Wiener process in a filtration

Definition 14

Let
o (Q,F,(Ft)t0, P) stochastic basis
o {W;; t > 0} stochastic process with values in R"

We say that W is a Wiener process

with respect to (Q2, F, (Ft)e>o0, P) if:
@ Wy = 0 almost surely, and |W; € F;
Q Let0<s<t. Then oW, I F..
@ For 0 < s <t we have §Ws ~ N (0, (t — s)Idgn)
© W has continuous paths almost surely )

Remark: A Wiener process according to Definition 13
is a Wiener process in its natural filtration.
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Brown

Some facts about Brown:

@ Scottish, Lived 1773-1858

@ Pioneer in the use of microscope
@ Detailed description of cell nucleus

@ Observed 2-d Brownian motion
— Pollen particles in water
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Gaussian processes

Definition 15

Let
e (Q,F,P) probability space
e {X;; t > 0} stochastic process, with values in R

We say that X is a Gaussian process if
forall 0 <t; <--- < t, we have:

(Xey, .-, X:,) Gaussian vector.
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Gaussian property

Theorem 16

Let W be a real valued Brownian

Then W is a Gaussian process, with covariance

E[W-W:| =5sAt, foralls,t>D0.

< Brownian motion in the sense of Definition 4.
— Gaussian process in the sense of Definition 15.

[} = =
Samy T. Brownian motion
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we  have oblowed: Tf s <t

:PbL’ = S = S/\t




Proof

Notation: For 0 =ty < t; < --- < t, we set
OXn:(th,...7th)
o Yn - (5Wtot17 cee 75th—1tn)

Vector Y,: Thanks to independence of increments of W
— Y, is a Gaussian vector.

Vector X,: There exists M € R™" such that X, = MY,
— X, Gaussian vector

Covariance matrix: We have E[W;W;] = s A t. Thus

Wt;"‘7Wt NNO,rn, W|th rU:t,/\t
1 n n J
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Consequence of Gaussian property

Characterization of a Gaussian process:
Let X Gaussian process. The law of X is characterized by:

,LLI’ — E[Xt]7 and pS,t — COV(XS, XZ‘)

Another characterization of Brownian motion:
Let W real-valued Gaussian process with

e =0, and ps;=sAt.

Then W is a Brownian motion.

———



Brownian scaling

Proposition 17

Let

o W real-valued Brownian motion.

@ A constant a > 0.
We define a process W? by:

W7 = a2 W, for t>0.

Then W? is a Brownian motion.

Proof:
Gaussian characterization of Brownian motion.
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Lemma 18
Let E = C([0,00); R"). We set: u,( Uop =0 /_{oy
If gl f=w
— 8|loo,k
d(f,g) = :
2 A - gl
where
I — &llooe = sup {|fe — g:l: t € [0, K]}
Then E is a separable complete metric space.
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