
Canonical space

Lemma 18
Let E = C([0, →);Rn). We set:

d(f , g) =
∑

k→1

↑f ↓ g↑↑,k
2k (1 + ↑f ↓ g↑↑,k)

where
↑f ↓ g↑↑,k = sup {|ft ↓ gt |; t ↔ [0, k]} .

Then E is a separable complete metric space.
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Question : We might want to
consider CW random function (

-> Borel
W : (2

,
F) ( , B)

as a r. V. However, what we
know i measurability of

SW ; We (w) EA, .., WERLwEAR]
for A,..., Ap E BCRV

t, < E2.- . < tk

Question : is this compatible ?



Borel ω-algebra on E

Proposition 19
Let E = C([0, →);Rn). For m ↑ 1 we consider:

0 ↓ t1 < · · · < tm

A1, . . . , Am ↔ B(Rn)
Let A be the ω-algebra generated by rectangles:

Rt1,...,tm(A1, . . . , Am) = {x ↔ E ; xt1 ↔ A1, . . . , xtm ↔ Am} .

Then A = B(E ), Borel ω-algebra on E.
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Wiener measure

Theorem 20
Let

W Rn-valued Wiener process, defined on (!, F , P).
T : (!, F) ↗ (E , A), such that T (ε) = {Wt(ε); t ↑ 0}.

Then:
1 The application T is measurable
2 Let P0 = P ↘ T →1, measure on (E , A).

P0 is called Wiener measure.
3 Under P0, the canonical process ε can be written as:

εt = Wt , where W Brownian motion.
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Proof

Inverse image of rectangles: We have

T →1 (Rt1,...,tm(A1, . . . , Am)) = (Wt1 ↔ A1, . . . , Wtm ↔ Am) ↔ F .

Conclusion: T measurable, since A generated by rectangles.
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Einstein

Einstein and Brownian motion:
In 1905, 4 revolutionary papers
ϑ↗ While Einstein was employee

at Patent O!ce in Zurich
One of the 4 papers explains BM
ϑ↗ Action of water molecules on pollen
Lead to evidence for atoms
First elements about
transition kernel of Brownian motion
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Outline

1 Stochastic processes

2 Definition and construction of the Wiener process

3 First properties

4 Martingale property

5 Markov property

6 Pathwise properties
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Martingale prop. X is a martingale
다

( ¿ ) Xx E L'(2)

(ii XE EFE

(iii [IXE 1 Es ] = Xs

α
Best guess for X, in the future after

S ij constant (= xs



Martingales

Definition 21
Let

(!, F , (Ft)t→0, P) stochastic basis
{Xt ; t → 0} stochastic process, with values in Rn

We say that X is a Ft-martingale if
1 Xt ↑ L1(!) for all t → 0.
2 X is Ft-adapted.
3 E[ωXst | Fs ] = 0 for all 0 ↓ s < t.
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Martingale property

Proposition 22
Let W a Ft-Brownian motion.
Then W is a Ft-martingale.

ε↔ Brownian motion in the sense of Definition 14.
ε↔ Martingale in the sense of Definition 21.
Remark: If W is real valued, then Mt = W 2

t ↗ t
is also a Ft-martingale.
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Proof that W is a EE-MG

(i NEL'(2) for allt z0

E[IWEI] <0

Possible strategy

WI 2 C )Cx EIWEL 1D

Other argument W
=
~ NCO

,
t) (t>0

Thus E IWI - Ix ) e
- ht dro

Ipn (2TE)M2
<x (convy. integral)(



(ii) We E FE

( part of the def of Ex-BM
IF

(iii) EI JNst 1Fs]

= E[ JWst]

= O(Wz, Ws centered)

Thus W is a martingale



Ex : Prove that

MEE Wi
2
- τ

is a martingale



Let T : (2,5 .(E)
v
10
,
07

Then T stopping time if

CT _ 5) E FE

Interpretation:

TE time when an investor decides to sell

↳ If you decide to sell before E,
it i based on your information before t



Proof
We check the three items of Definition 21.
Integrability: Items (1) and (3) in Definition 14 give
Wt = ωW0t → N (0, t IdRn). Therefore

E [|Wt |] < ↑, that is Wt ↓ L1(!).

Adaptation: The process W is Ft-adapted
ε↔ Assumed in Definition 14.
Increments: Let 0 ↗ s < t. Item (2) in Definition 14 states that
ωWst ↘↘ Fs . Hence

E [ωWst | Fs ] = E [ωWst ] = 0,

where the last identity stems from ωWst → N (0, (t ≃ s)IdRn).
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Stopping time

Definition 23
Let

(!, F , (Ft)t→0, P) stochastic basis.
S random variable, with values in [0, ↑].

We say that S is a stopping time if for all t ⇐ 0 we have:

(S ↗ t) ↓ Ft

Interpretation 1: If we know X[0,t]
ε↔ One also knows if S ↗ t or S > t
Interpretation 2: S ⇒ instant for which one stops playing
ε↔ Only depends on information up to current time.
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Typical examples of stopping time

Theorem 24
Let:

X process with values in Rd , Ft-adapted and continuous.
G open set in Rd .
F closed set in Rd .

We set:

TG = inf {t ⇐ 0; Xt ↓ G} , TF = inf {t ⇐ 0; Xt ↓ F} .

Then:
TF is a stopping time.
TG is a stopping time when X is a Brownian motion.
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Proof for TG

First aim: prove that for t > 0 we have

(TG < t) ↓ Ft (1)

Problem reduction for (1): We show that

(TG < t) =
⋃

s↑Q↓[0,t)
(Xs ↓ G) . (2)

Since ⇑s↑Q↓[0,t)(Xs ↓ G) ↓ Ft , this proves our claim.

First inclusion for (2):
⋃

s↑Q↓[0,t)
(Xs ↓ G) ⇓ (TG < t) : trivial.
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Proof for TG (2)

Second inclusion for (2): If TG < t, then
There exist s < t such that Xs ↓ G . We set Xs ⇒ x .
Let ϑ > 0 such that B(x , ϑ) ↓ G

Then:
There exists ω > 0 such that Xr ↓ B(x , ϑ) for all
r ↓ (s ≃ ω, s + ω).
In particular, there exists q ↓ Q ⇔ (s ≃ ω, s] such that Xq ↓ G .

Since
(Q ⇔ (s ≃ ω, s]) ⇓ (Q ⇔ [0, t)) ,

we have the second inclusion.
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Proof for TG (3)
Optional times: We say that T : ! ↔ [0, ↑] is an optional time if

(T < t) ↓ Ft .

Remark: Relation (1) proves that TG is optional.

Optional times and stopping times:
A stopping time is an optional time.
An optional time satisfies (T ↗ t) ↓ Ft+ ⇒

⋂
ω>0 Ft+ω.

When X is a Brownian motion, Ft+ = Ft (by Markov prop.).
When X is a Brownian motion, optional time = stopping time.

Conclusion: When X is a Brownian motion, TG is a stopping time.
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Sup-Inf of stopping times

Proposition 25
Let S and T two stopping times. Then

1 S ↖ T
2 S ↙ T

are stopping times.
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Applications : 2 constant
↑ stopping time

=> Te ping time



Constant stopping times

Proposition 26
Let T be a deterministic time, that is there exists t0 ⇐ 0 such that

T = t0, almost surely.

Then T is a stopping time.

Samy T. Brownian motion Stochastics & ML 55 / 91

Proof-t) is either 2 or 0

This isalway Ex-meas.



Information at time S

Definition 27
Let

(!, F , (Ft)t→0, P) stochastic basis.
S stopping time.

The ϖ-algebra FS is defined by:

FS = {A ↓ F ; [A ⇔ (S ↗ t)] ↓ Ft for all t ⇐ 0} .

Interpretation:
FS ⇒ Information up to time S.
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Alm of optional campling

If X is a martingale , then

EI FE 1 号了 -

γ s

Q : Can we extend this to random
rimes

A : Yes
, if - >T stoppinglime

and (x) slightly more than 4



Optional sampling theorem

Theorem 28
Let

(!, F , (Ft)t→0, P) stochastic basis.
S, T two stopping times, with S → T.
X continuous martingale.

Hypothesis:
{Xt↑T ; t ↑ 0} uniformly integrable martingale.

Then:
E [XT | FS ] = XS .

In particular:
E [XT ] = E [XS ] = E [X0] .
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(Xxit =0) uniformly integrable :

,
FE

,
7K s. . r.

OEILFEI IC12 K ) } ≤ E

Main example of UI :
When

sup E[NEIP] < &
t20

with P 21



Remarks

Strategy of proof:
One starts from known discrete time result.
X is approximated by a discrete time martingale

Ym → Xtm , with tm = m
2n .

Checking the assumption: Set Yt = Xt→T .
{Yt ; t ↑ 0} uniformly integrable martingale in following cases:

|Yt | ↓ M with M deterministic constant independent of t.
supt↑0 E[|Yt |

2] ↓ M.
supt↑0 E[|Yt |

p] ↓ M with p > 1.
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Example of stopping time computation

Proposition 29
Let:

B standard Brownian motion, with B0 = 0.
↔a < 0 < b
Ta = inf{t ↑ 0 : Bt = ↔a} and Tb = inf{t ↑ 0 : Bt = b}.
T = Ta ↗ Tb.

Then:
P (Ta < Tb) = b

b + a , and E [T ] = ab.
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