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Example of stopping time computation

Proposition 29
Let:

@ B standard Brownian motion, with By = 0.
e —a<0<b
o T,=inf{t>0: B, =—a} and T, =inf{t > 0: B; = b}.
e T =T,ANT,.
Then:

P(T,< Ty = bqua’ and E[T] = ab.
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Proof

Optional sampling for M; = B;: yields

b

P(T, < To)= 5.

Optional sampling for M, = B2 — t: yields, for a constant 7 > 0,
E[B7, ] =E[T A7].
Limiting procedure: by dominated and monotone convergence,
E[B2] = E[T].
Conclusion: we get

E[T] =E[B3] = a*P (T, < Tp) + b*P (T, < T,) = ab.
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Bachelier

Bachelier and Brownian motion:
@ Born 1870, son of a wine merchant
< Used to business

@ In 1900 (predates Einstein) PhD thesis
— Theory of speculation

@ Mathematical description of BM
— Application to stock pricing

@ Not well perceived by academic
establishment
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Wiener measure indexed by R W
x
> ¢
Proposition 30

Let:
o x € RY.

There exists a probability measure P, on (E, A) such that:
— Under P, the canonical process w can be written as:

wt = x + W,, where W Brownian motion.

Notations:
e We consider {P,; x € R9}.
o Expected value under P,: E,.

————



Shift on paths

Definition 31

Let
e E =C([0,00); RY), equipped with Borel A = o-algebra.
e t>0.

We set:

0;: E— E, {ws;s>0}— {ws; s >0}

Shift and future: Let Y : E — R measurable.
< Then Y o 6, depends on future after s.

Example: For n > 1, f measurable and 0 < t; < --- < t,,

Y(W):f(wtl,...,Wt") — Yoeszf(Ws-i-tl)"';WS-i-tn)'

P TT—y



Shift on paths: illustration
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(Theoem32 . .
Let: Ez, [2-]

o W Wiener process, with values in RY.
@ Y : E — R bounded measurable.
@ s>0.

Then:

E.[Y 005 F.] = Ew.[Y]~ lz‘:x_[_Y] |’f--‘“/s

v

Interpretation:
Future after s can be predicted with value of W only.
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