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E [ M+ 7 = E[Mo] under come
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Example of stopping time computation

Proposition 29
Let:

B standard Brownian motion, with B0 = 0.
→a < 0 < b
Ta = inf{t ↑ 0 : Bt = →a} and Tb = inf{t ↑ 0 : Bt = b}.
T = Ta ↓ Tb.

Then:
P (Ta < Tb) = b

b + a , and E [T ] = ab.
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We apply optimal campling to

M - w

T = Ta r To

Then we wish to exploit

EIW+ Z ? E [ W0 ] - O

This is Urue (optionalsampling) if

INE = WErT ; 520S UI



Recall

SNE ; t2OS UI whenever

*/SUp EINEIP] > N
,

with p >/
t2⑳

Here we have Nz = Went

=> INz1 < max (a
, 6)

b

=>) catisfied for P = 0 mmyuerih
=> (*) catisfied for als " > /



Admitted : Txx a . 1.

Optional campling :
b
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=> P(Ta < T6)
,
PCTa > To) solve the

system

(
- a x t 6 y - O PCTACT6 )

⇒

ㅎ
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at6



For ETT) : Apply optionalsampling to

ME WEE- E WErT

Question : Do we have

[MEnT it 2O3 UI ?

Recall : Mr = W -T

P6 : TCx a. S
.,
but we might have

EITT = 0 (ex : Cauchy distribution)



Approximation : Define T4 = Trm
for R EIN

Then T is afounded
stopping time. Therefore

EI MT]- O

=> EI Win - Th 7 = O

⇒π LWTIRZ -EI TiNJ



Taking limits

EE WTXRI - EI Tin]
n-> *dom Un

-2∞

monoroneconveryence
EIWE] = EITS convergence

LHS : ETWF]

= E[c ATa<T6 +62 1[Ta >To) ]

=>a
< P(Ta STo) + 62 IP(Ta >Tb (

- a 6 - EITJ CRHS )
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&k By monotone convergence, we
have ab

E [T0} - limanx E[Ta, 0 } = ∞



Proof
Optional sampling for Mt = Bt : yields

P (Ta < Tb) = b
b + a .

Optional sampling for Mt = B2
t → t: yields, for a constant ω > 0,

E[B2
T→ω ] = E [T ↑ ω ] .

Limiting procedure: by dominated and monotone convergence,

E[B2
T ] = E [T ] .

Conclusion: we get

E [T ] = E[B2
T ] = a2P (Ta < Tb) + b2P (Tb < Ta) = ab.
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Bachelier

Bachelier and Brownian motion:
Born 1870, son of a wine merchant
ε↓ Used to business
In 1900 (predates Einstein) PhD thesis
ε↓ Theory of speculation
Mathematical description of BM
ε↓ Application to stock pricing
Not well perceived by academic
establishment

Samy T. Brownian motion Stochastics & ML 61 / 92



Outline

1 Stochastic processes

2 Definition and construction of the Wiener process

3 First properties

4 Martingale property

5 Markov property

6 Pathwise properties
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Wiener measure indexed by Rd

Proposition 30
Let:

x ↔ Rd .
There exists a probability measure Px on (E , A) such that:
ε↓ Under Px the canonical process ϑ can be written as:

ϑt = x + Wt , where W Brownian motion.

Notations:
We consider {Px ; x ↔ Rd

}.
Expected value under Px : Ex .
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Shift on paths

Definition 31
Let

E = C([0, ↗);Rd), equipped with Borel A ↘ ϖ-algebra.
t ≃ 0.

We set:
ϱt : E ↓ E , {ϑs ; s ≃ 0} ⇐↓ {ϑt+s ; s ≃ 0}

Shift and future: Let Y : E ↓ R measurable.
ε↓ Then Y ⇒ ϱs depends on future after s.

Example: For n ≃ 1, f measurable and 0 ⇑ t1 < · · · < tn,

Y (ϑ) = f (ϑt1 , . . . , ϑtn) =⇓ Y ⇒ ϱs = f (Ws+t1 , . . . , Ws+tn) .

Samy T. Brownian motion Stochastics & ML 64 / 92



Shift on paths: illustration

t

Wt

O

ϱsW

s u = t → s

Ws

Red curve: u ⇐↓ (ϱsW )u = Ws+u, clock re-based at s
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We want to shift W inkine

(OW) . We also want to

shift functions of W.

Notation : Take t
,
20. Consider

X = f(Wz(
Them

OsY= f(Wa+ t, (



In the came way

V= f (We, .., Wen (

=>OsY= f (Watt,.., Wattn (

For mor general v. U:

Example : XSupeWe



Markov property

Theorem 32
Let:

W Wiener process, with values in Rd .
Y : E → R bounded measurable.
s ↑ 0.

Then:
Ex [Y ↓ ωs | Fs ] = EWs [Y ].

Interpretation:
Future after s can be predicted with value of Ws only.
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Interpretation : After time 1,
W is another BM with

initia clara Ws

Ea [E]

-
E
π
[√]

x-ws



Proof in simplest case :

Take Y= f(Wz) for t fixed
Then

XoOs = f (Watt(

ECXOOS IFI - EI F CWS+E ) IJ 了

= E [f (Ws + GWs
,
stt) 1 E ]

EF
.

# Fs

= E[ f(cc, OWs, sxt)] 1c= Ns



ComputationwNIO
,
tId

El f (cc+ OWs,st)]

= tpa f(z ) e
- 1 a- UE

( t )는
-
hear semigroup

= PECG ] (x )

conclusion: E[ Yo0s7= Pef (Ws)(
= Ew

,
[X]


