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Introduction

Aim: Differential calculus with respect to W, i.e formula of the form:

d t ] d t L
SF(W)ye =3 / O F(W,) dWi = [ 0, F(W,) Wi dr
j=17s

j=17°
Problem: W nowhere defined!

Strategy:

o Define [ u, dW, for piecewise constant processes
o Take limits invoking 1L of increments of W
— Limit in L2()

Remark: for notational sake
— Computations done for real valued processes
< Generalization to RY: add indices
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Elementary processes

Definition 1
Let:

e (Q,F,P) probability space.

o u={u; t €[0,7]} process defined on (22, F,P)
Process u is called simple if it can be decomposed as:

N—-1

ue = oLy (t) + D_ & (gl (1)
i=1
with
o N>1, (t,...,ty) partition of [0, 7] with t; =0,ty =7
o e Fyand €] < cwithec>0
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Integral of a simple process

Let u simple process. Let s, t € [0, 7] such that s < t and:
tm <S<tmy1, and t,<t<t,;, m<n

We define Jo:(udW) =" [f u, dW,," as:

n—1

\751_-(11 dW) — gm 5W5tm+1 _I_ Z SI. 5Wtit;+1 + 5!7 5Wt’nt

i=m+1

Remark: For simple processes
— Stochastic integral and Riemann integral coincide.
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Integral for simple processes: properties

Consider:
@ u a simple process
o J.:(udW) its stochastic integral.
Then for a, 5 € R:
Q Ju(udW) =0
Q Ju((au+ pv)dW) = aJs(udW) + ST(v dW)
Q E[J.(udW)|Fs] =0, i.e martingale property
O E[(Ju(udW))?] = [; E[u] dT
© E[(Ju(udW))?|F] = [; E[u2|F]dT
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Proof of point 5

If i < j, then (independence of increments of B)

E [g,. Wy, & OW,

ftj]

tj+1

tjt1

= gigj 6Wtiti+l E [6 Wtjthrl]
=0

666 Wy, E [5 W,

ftj}
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Proof of point 5 (2)
Thus:

E[(Jee(u dW))?| 7]

i=m+1
i n—1
=E §r2n 5W52t,,, + Z 512 5Wt?t,-+1 + gi 5W3,t

i=m+1

n—1
=E (fm 5Wstm + Z &i 5Wt,-t,-+1 +&n 5Wt,,t Fs

= E[6|F](tn — 5) + "i E[67 7] (tisn — i) + E[G|FI(t — 1)

i=m+1

t
_ / E[w?|F.] dr
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Space L2

Definition 4
We denote by L2(]0, 7]) the set of process u such that:
© u square integrable

© u right continuous
Q ueF;
The norm on L2 is defined by:

Julyy = [ E[u2] o5

Remark: Condition u; € F; and u right continuous
— Ensures predictable property for u
— See discrete time stochastic integral
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Density of simple processes in [2

Proposition 5

Letu € L2
There exists a sequence (u"),>o of simple processes such that:

: S
Jim [[u— "]z =0.
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Concrete approximation

Generic partition: We consider
e m={sy,...,SptwWith0=s5<---<s,=1t
o || = max{[sis1 — 5 0 < j < n—1)

Let:
e u € L2 such that |u| <M < oo forallt <7 as
@ Assume u is continuous (almost surely)
o {7™, m > 1} sequence of partitions of [0, 7]
— such that limy, o |Tm| =0
0 U” =Yg enm s lig g

Then we have:

_ o
Jim_flu = a1z = 0

— v

= = - = = ==
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Proof

Expression for u™:

uf" = 3 uslisg.(t)

. m
sjem

Properties of u™:
@ Almost surely: lim,, o u" = u, for all t € [0, 7]
Q |u"| < Z, with Z, =M
Q@ Zecl?)(Qx]o,7])

Convergence of u™: by dominated convergence,
T

lim [ E[ju— o] =0

m—00 0
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Kiyosi td (1915-2008)
Birth of 1t0's integral:
@ In 1938: Working for the

— Japanese National Statistical Bureau

@ During WW2, jobless in practice — Stochastic integral!
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Stochastic integral: extended definition

Let:
euel?
@ (u")n>0 sequence of simple processes such that
limp oo ||t — "2 =0
Then fors < t:
@ The sequence (Je(u" dW)),>0 converges in L?(Q2)

@ [ts limit does not depend on the sequence (u")n>0
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Proof

Cauchy sequence u": We know that:
t
lur = umllg = [ E [(ug, — u)”] dw *2 0.

Cauchy sequence J:(u"): According to property:

(|7 (o — o) )] = [“E[Juf) — o] ow

s

we have
(Zn)nz0 = (jst(”n))nzo

is a Cauchy sequence in L?(9Q).
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Stochastic integral: extended definition (2)

Definition 8
Let u € L2. The stochastic integral of u with respect to W is the
process J(u dW) such that for all s < t,

Tet(udW) = [3(Q) — lim Jot(u” dW),

where (u™),>0 is an arbitrary sequence of simple processes
< converging to u in L2,
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Integral of a L2 process: properties

Let u a process of L2, J.:(udW) its stochastic integral.
Then for a, B € R:

Q Ju(udW)=0

Q@ Tu((au+ pv)dW) = aJu(udW) + BT(v dW)
Q E[Js(udW)|F] =0, i.e martingale property

O E[(Jue(udW))’] = [ E[uf] dw

© E[(Ju(udW))*|F] = J; E[uj | Fs] dw

Remark: For this construction, crucial use of:
@ Independence of increments for W

@ L2 convergence in probabilistic sense
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Wiener integral

Proposition 10

Let:
o W a I-dimensional Wiener process, and T > 0.
e hl, h? deterministic functions in L([0, 7]).

Then the following stochastic integrals are well defined:

W(hl):/T Bt dW,, W(hQ):/T B2 dW,.
0 0

In addition:
Q@ (W(h'), W(h?)) centered Gaussian vector.
@ Covariance of W(h'), W(h?):

E [W(h) / ht k2 dr.

= = Vol
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Proof

Approximation: For m > 1 we set 5; = s = I~ and

m—1 m—1

At = Z h;j 1[$j,5j+1)a 2 = Z h_gj l[sf’sf“)'
j=0 =0
Then:
m—1 m—1
W(hl’m) = Z hi, 5W5j5j+17 W(hz’m) = Z hgj 5stsj+l'
j=0 =0

Approximation properties: we have

o (W(h*™m), W(h*>™)) Gaussian vect. since W Gaussian process.
o E[W(h-™) W(h*>™)] = J5 h-™h>™ dr.

Then limiting procedure for Gaussian vectors.
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Functional set C12

Definition 11
Let
o7>0
o f:[0,7] xR - R
We say that f € C,i’f if:
Q@ t+ f(t,x)is CI(]0, 7]) for all x € R
Q x — f(t,x) is C3(RY) for all t € [0, 7]

© f and its derivatives are bounded
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1-d [t0's formula

Let:
o W real-valued Brownian motion
o fe C;:i

Then f(t, W,) can be decomposed as:

t
£(0,0) + /0 O,f(r, W,) dr

f(t, W) =

Remark:

t 1 rt

+/ F(r, W,) dW,+§/ F(r, W,) dr
0 0

Proof for the 1-d formula only
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Multidimensional 1td’s formula

Let:
@ W Brownian motion, d-dimensional
o fe C;:E

o A = Laplace operator on R, i.e A =37, 87

Then f(t, W;) can be decomposed as:

t
F(t, W,) = £(0,0) + /O O, F(r, W,) dr

d ¢ ] t
+Z/ O, F(r, W,) dWﬁ+%/ AF(r, W,) dr
= Jo 0

v
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[to's formula for physicists

Simplification: We consider f : R — R only.

Intuition:
e Taylor expansion of f(W) up to o(t).
e dW, can be identified with /dt.

Heuristic computation: We get

df(W,) = f(W,) th+%f”(Wt) (dWe)? + o((dWe)?)

1
= (W) dW, + 5f”(Wt) dt + o(dt).

[t6's formula is then obtained by integration.
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Proof in the real case

Simplification: We consider f : R — R only

Generic partition: We consider

o m={ty,...,taywith0=tg <---<t,=t

o [m| =max{|tj;1 —t;0<j<n—-1}
Taylor's formula: we have
n—1
(5f(W)0t - (Sf( W)tjtj+l
j=0
n—1 1

2
= f/(Wtj) 5Wtjtj+1 + Ef”(éj) (5Wtft”1> ’
=0

where ; € [W,,, W, ,].
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Proof in the real case (2)

Notation: We set

n—1

n—1 2
R =R (Wy) Wy, 7= 20 F(G) (0Wye,)
j=0 J=0

Aim: Find a sequence (7,)m>1 such that a.s

@ limy oo |mm| =0
0 limpy oo J&™ = JEF(W;) dW, with J2™ = J2™

2. Tm

o limp_oo J7™ = [EF"(W,) ds with J2™ = J;
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Proof in the real case (3)

Analysis of the term J;™: we have

t
Jpm :/ ul' dWs, with o™= )" gL 1.0)
0

ten™

Since u = /(W) € L2, continuous and bounded
— according to Proposition 6 we get:

m—00

t
12(Q) — lim J}m:/ F1(W,) dW,
0

a.s convergence: For a subsequence 7, = 7, we have

ot
as— lim J}’m:/ F1(W,) dW,.
JO

m—>00

Samy T. 1t6's formula Probability Theory 28 /43



Proof in the real case (4)

Analysis of the term J>™, strategy: We set
n—1 5 n—1
ST = Z f”(Wtj) (6ijfj+1) ,dT= Z fﬂ(ij) (ti1 — 1)

j=0 j=0

We will show that a.s, for a subsequence 7, with |7,,| — 0:

i || = 0

i 5] = o 2
t

lim Jf’“"’—/ F(W,)ds| = 0 (3)
m—>00 0

This will end the proof.
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Proof in the real case (5)

Recall: we have
n—1
S =3 (W) (81 — )
j=0

Thus J$™™ = Riemann sum for (W)

Proof relation (3): Since s — f”(W;) continuous, we have

t
lim 4 :/ F(W,) ds.

m—>00 0
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Proof in the real case (6)
Proof relation (1): we have

n—1
B 2= Y (W) — £1(6)) (W)
j=0
Additional Hyp. for sake of simplicity: f € Cj. Then for 0 <y < 1
we have:
° fj = [Wtj7 ij+1]
g |5Wtjtj+1| < CW,’Y|tj+1 - tj|7
 PA(Wy) — P(E)] < s 7"

Thus applying Theorem 27, Brownian Chapter:

n—1

< awa 7Y (W)

Jj=0

3, 2.7
[Jpm — g2

m—o

< cwy 7 Voz,t(W) = cw, |7 =0
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Proof in the real case (7)

Notation: We set
2
0= (ti—1t), Z= (W) -0t

Proof relation (2), strategy:

we have
n—1

Jpmm — S =" (W) Z.

j=0

We proceed as follows:
@ We show lim,_,o0 E[|J5™ — J2™|?] = 0.
@ For a subsequence 7, = 1, we deduce:

=0.

a.s— lim ‘Jf’”’" — Jbmm
m—o0
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Proof in the real case (8)

. 4 3
Decomposition of J;"™™ — J7™™:

we have J"™ — JPT = 5074 £(W,,) Z;. Thus:

2
E “Jf’”’" o } — KM 4 K2

with
n—1 2
Ktm,l — E[(f//(Wtj)ZJ-)}
j=0
K2 =2 > E[f'(W,)Zf"(W,)Z]
0<j<k<n—1

Lemma: Let X ~ N(0,02). Then:
E|(x2 - o?)"] = 20*
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Proof in the real case (9)

Convergence of K™
We have 6 W, ~ N(0,0t;) and W, 1L F. Therefore:

Kmt = ZE[ (F(w) 2)’]
Jj=0
n 1
_ E[ ()| E (2]
Jj=
-1
= 2 E[(r(m))"] o)
j=0
n—1
< o |77 Y0t =cr t ™) =5 0.
Jj=0
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Proof in the real case (10)

Proof relation (2): we have seen

lim K™ =0.

m—o0
In the same way, one can check that:
K™ = 0.

Thus:
Jim_ E[lJ¢7 — 277 =0.

This finishes the proof of (2) and of 1t&’s formula.
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Wolfgang Doeblin

A mysterious sealed envelope:
@ Son of Alfred Doeblin, escapes from Germany in 1933
@ Dies during WW2 on the (short lived) French front

@ In 1940, sends a sealed envelope (unsealed in 2000)
containing ... 1td's formulal!
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[to processes

Definition 14
Let:

e X :[0,7] — R" process of L2

@ a € R” initial condition
o {V;j=1,...,n} real bounded and adapted process
o {0/ j=1,....,n, k=1,...d} process of L2

We say that X is an [td process if it can be decomposed as:

. . t t
X{:a’—l—/ bgds+/ oIk AWk,
0 0

forj=1,...,n.

Remark:
An [t6 process is a particular case of semi-martingale.
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[t6's formula for [t6 processes

Let:
o X [té process, defined by a, b, 0.
o feCl
Then f(t, X;) can be decomposed as:
t n t .
F(£,X) = f(0,a) +/ 0,f(r, X,) dr+Z/ Oy F(r. X,) bl dr
0 =/
n d t i
+3° % / Dy F(r, X,) o dW
j=1k=1"0
L\ - [t Jik ok
by 2 5 [ fr X) ot ofar.
J1:2=1 k=1 )
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Infinitesimal generator of Brownian motion

Proposition 16

Let:
o W a F,-Wiener process in R,
e scRy.
o feC}
Then:
lim E [(5f(W)s,s+h| fs] _ lAf(Ws)
h—0 h 2 )
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Proof
Recasting It6's formula: Let
d t .
M, = Z/ Oy, F(W,) dW/.
j=170
Then 1t6's formula can be written as:
1 t
SF(W)ee = GMs; + 5/ AF(W,) dr.

Conditional expectation:
According to Proposition 9, M is a martingale. Thus:

E[5F(W). ol 7] = / " Elar(W,) F) dr

Samy T. 1t6's formula Probability Theory 41/43



Proof (2)

Limiting procedure:
Applying dominated convergence for conditional expectation we get:

r— E[Af(W,)| Fs] continuous.

Thus:
Iimi/s+hE[Af(W,)|]-"s] dr = LE[AF(W)| B = 1Af(W)
h—02h Js 2
an im EOF Wl ] 15
h—0 h 2
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Extension for |[t6 processes

(Theorem17 ... .
Let:
o X Ité process, defined by a, b, 0.
o feC}.
Then:

E[‘Sf(X)s,s+h|]:]
m
h—0 h
= Z 8Xj f(Xs) b,
Jj=1

1 d k _jok
5 Z: g - (X 011 012

o’
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