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All sets and maps are definable in a polynomially bounded o-minimal
structure over R with the field of exponents [F, e.g., semialgebraic
or subanalytic with F = Q.

A set X C R"™ inherits from R"™ two metrics:
the outer metric dist(x,y) = |y — x| and the inner metric
idist(x,y) = length of the shortest path in X connecting x and y.

The set X is Lipschitz Normally Embedded (LNE) if these two
metrics on X are equivalent.

A surface germ X is a closed two-dimensional germ at the origin.
Two surface germs X and Y are outer (inner) Lipschitz equivalent

if there is an outer (inner) bi-Lipschitz homeomorphism h: X — Y.
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A standard [g-Holder triangle, for 1 < g € F, is the set
Tg = {(=, y)€R2|:c>O O<y<w5}
The curves {y = 0} and {y = zf} are the boundary arcs of 1.
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A pB-Holder triangle T' = T'(v1,7v2) with boundary arcs ~; and ~»
IS a surface germ inner Lipschitz equivalent to TB'



A single LNE pg-Holder triangle is the simplest surface germ: given
1 < B eF, all LNE p-HOolder triangles are outer Lipschitz equivalent.

We consider the next simplest case: a pair (T,7') of LNE B-Holder
triangles T'=T'(v1,7v2) and T/ = T'(v},75).

Trivial Example: A special pair (T,7") where T is LNE B-Holder
triangle and T’ is a graph of a Lipschitz function defined on T.

The outer Lipschitz geometry of pairs of LNE Holder triangles is
surprisingly non-trivial.

Our goal: Outer Lipschitz classification of pairs of LNE HOlder
triangles, based on a discrete invariant of such pairs, such that
two pairs of LNE HOlder triangles are outer Lipschitz equivalent if,
and only if, they have the same invariant.
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Non-trivial Example: The link of a pair of LNE S-HOoOlder triangles.
Shaded disks indicate zones with the tangency order higher than 2.
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Valette link

An arc v in a surface germ X is a germ of a map ~ : [0,¢) — X such
that |[v(¢t)| =t. We write v C X identifying v with its image in X.
The Valette link V(X) is the space of all arcs in X.

The tangency order tord(~,~") of two arcs v and ~ is the exponent
k € FU{oco} in |y(t) —+/(t)| = ct®+ (higher terms), where ¢ # 0.
We define tord(~,Y) = SUP X eV/(Y) tord(v,\) for a surface germ Y.

The tangency order defines a non-archimedean metric on V(X).

An arc v C X is Lipschitz non-singular if it is an interior arc
(not a boundary arc) of a LNE Holder triangle T' C X.
There are finitely many Lipschitz singular arcs in V(X).

A HOlder triangle is non-singular if all its interior arcs are Lipschitz
non-singular.



Zones

For a surface germ X, a non-empty subset Z C V(X) is a zone if,
for any two arcs v %~/ in Z, there is a non-singular Holder triangle
T = T(v,v") such that V(T) C Z.

The order u(Z) of a zone Z is the infimum of tangency orders of
arcs in Z. A singular zone Z = {~} has order oo.

A zone Z is closed if there are arcs v and ~' in Z such that
tord(~v,~v") = n(Z) and open otherwise.

If T=T(v1,72) is a B-Holder triangle, then an arc v C T is generic
if tord(vy,~v1) = tord(~v,v) = 8. A zone Z C V(X) is perfect if, for
any arcs v %= ~' in Z, there is a Holder triangle T' C X such that
V(T) C Z and both v and ~/ are generic arcs of T.



Pizza

Let T C ng be a B-HOolder triangle, f(xz,y) a non-negative Lipschitz
function on T such that f(0,0) = 0, and let T = {z = f(x,y)} be
the graph of f.

For an arc v C T, let 4/ C T’ be the graph of f|y. The order of f
on v is the exponent ordyf = tord(vy,~’).

Let Q(T') C FU{oo} be the set of exponents ¢ = ordyf for all v C T.
The set Q(T) is a closed interval in FU {oc}.

T is elementary if Z; = {v C T, ordyf = q} is a zone for any
g € Q(T). The width function on Q(T) is defined as u(q) = u(Zy).

T is a pizza slice if either Q(T") is a point, or u(q) = ag+b is affine.
In the latter case a #= 0 and the supporting arc 4 of T is one of its
boundary arcs where p is maximal.



A pizza on T associated with a non-negative Lipschitz function f
is a decomposition of T' into pizza slices Tj with several toppings:

e exponent Bj of T},
e closed interval Q; = Q(T}) in FU {oo},

e affine width function p;(q) # const on @Q; such that u;(q) <gq
and minquj pi(q) = B; (a single exponent p; = B; if Q; is a point),

e supporting arc 7, of T; (when Q; is not a point).

A pizza is minimal if the union of any two adjacent pizza slices is
not a pizza slice.

Theorem (Birbrair et al., 2017). The minimal pizza on a Holder
triangle T associated with a non-negative Lipschitz function
f exists, and is unique, up to bi-Lipschitz equivalence, for the
Lipschitz contact equivalence class of f.



Remark: For a non-negative Lipschitz function f on a pg-Holder
triangle T C R2, the Lipschitz contact equivalence class of f is the
same as the outer Lipschitz equivalence class of the special pair
(T, T") of LNE B-Holder triangles, where T = {z = f(x,y)}.

All toppings of a minimal pizza are canonical (outer Lipschitz in-
variant) while the pizza slices Tj are not. However, the boundary
arcs of the HOlder triangles T; belong to canonical perfect pizza
zones in V(T). Two of these zones are the boundary arcs of T.

Choosing any arc in each interior pizza zone as a common boundary
arc of two adjacent pizza slices, one gets a minimal pizza for f.
Different choices define equivalent pizza decompositions of T'.

The toppings of a minimal pizza for a function f on 1" define a
discrete invariant of the outer Lipschitz geometry of a special pair
(T, T") of LNE HOolder triangles.
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Normal pairs of LNE Holder Triangles

Given two Holder triangles T and T’, a pair of arcs v C T and v’ C T,
is normal if tord(y,T") = tord(v,~") = tord(®/,T). A pair (T,T") of
LNE Holder triangles T'= T(v1,v2) and T = T'(v},v5) is normal if
both pairs (v1,77) and (v2,75) of their boundary arcs are normal.

For example, if 7" is a graph of a Lipschitz function f on T, then
any pair of arcs (v,v"), where v C T and ~' C T" is the graph of f|,,
is normal, and the special pair (T,T") of HOlder triangles is normal.

Theorem (Birbrair, AG). Let (7,7") be a normal pair of LNE
Holder triangles, such that 7 is elementary with respect to
f(x) = dist(x,T7"). Then (T,T") is outer Lipschitz equivalent to
a special pair (7,I), where I is the graph of f.

Moreover, T’ is elementary with respect to g(z') = dist(2',T),
and a minimal pizza for ¢ on T’ is equivalent to a minimal
pizza for f on T.
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If (T, T") is a normal pair of LNE HoOlder triangles such that T is not
elementary with respect to f(x) = dist(x,T"), then T UT’ may be
not equivalent to the union of 7" and a graph of a function on T.

Example: Permutation of maximum zones of a normal pair (T,7T").
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Maximum zones

Let (T,7") be a normal pair of LNE Holder triangles T = T'(y1,7v2)
and T = T'(v},75). Let {D;},_, be the pizza zones in V(T) of a
minimal pizza on T associated with f(z) = dist(x,T"), ordered from
Dg = {71} to D, = {y2}. The exponent ¢, = tord(D,,T") of the
zone Dy is defined as ord~f for v € D, (it is the same for all v € Dy).

A zone D, is a maximum zone if either 0 < ¢ < p and ¢, >
max(qy—1,q¢4+1), or £=0 and go > q1, or £ =p and qp > qp_1.

Maximum zones in V(T") are some of the pizza zones D) of a minimal
pizza on T’ associated with g(2’) = dist(2’,T). They are defined
similarly, exchanging T and T".
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Theorem (Birbrair, AG). Let (7,7') be a normal pair of LNE
Holder triangles T = T'(y1,7v2) and T’ = T'(v},~5) oriented from
v1 to v and from +] to 5, respectively.

Let {M;}]L; and {M;}7_, be the maximum zones in V(T') and
V(T"), ordered according to the orientations of 7" and 7’. Let
q; = tord(M;, T") and cz;- = tord(M'’,T).

Then m = n, and there is a canonical permutation
o:[1,...,m] = [1,...,m]

If {v1} = M; is a maximum zone, then {+}} = M; and (1) = 1.
If {y2}= My, is a maximum zone, then {+,}=M), and o(m) = m.
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Transversal Holder triangles and coherent pizza slices

Two LNE HOolder triangles T and T’ are transversal if there is
a boundary arc ¥ of T and a boundary arc 7' of T’ such that
tord(~',~) = tord(~',T) for all arcs v/ of T” and tord(~,~") = tord(~,T")
for all arcs v of T..

A pizza slice T} of a pizza decomposition of a HOlder triangle T
associated with a function f is transversal if T} and the graph of
f|Tj are transversal HOlder triangles.

Alternatively, a pizza slice T} is transversal if u;(q) = q, where p; is
the affine width function on @; associated with f.

A pizza slice T; is coherent if it is not transversal, thus u;(q) Z q.
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Theorem (Birbrair, AG). Let (7,7') be a normal pair of LNE
Holder triangles T = T(’yl,’yQ) and T = T(v},75), oriented from
71 to 2 and from ~} to ~+;, respectively. Let {T} _, and {T’

be minimal pizza decompositions of T and 7’ associated W|th
the distance functions f(z) = dist(z,T") and g(z’') = dist(z', T).

Then there is a canonical one-to-one correspondence j = 7(3)
between coherent pizza slices 7; of T' and coherent pizza slices
T’ of T’, such that each pair (TZ,T’) where j; = (i), is outer
Llpschltz equivalent to the pairs (TZ, M) and (T’ "), where I is
the graph of f|7. and I'" is the graph of g|T/

The pair (TZ,T’) where 7 = 7(4), is positive if orientations of T; and
T’ induced by the correspondence T are consistent with orientations
of T and T'. Otherwise, the pair (TZ,T’) is negative.

Thus 7 is a sighed correspondence.
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Example: A normal pair of LNE HOlder triangles with two positive
pairs (11,T1) and (T4, Ty,) of coherent pizza slices, and two negative
pairs (1»,7%) and (13,75).
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Example: A normal pair of HOlder triangles with different number
of pizza slices in the minimal pizzas on T and T’ associated with
the distance functions f = dist(x,T’) and g = dist(z', T).
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Example: A normal pair of HOlder triangles with different number
of pizza slices in the minimal pizzas on T and T’ associated with
the distance functions f = dist(x,T") and g = dist(z’, T).
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Theorem (Birbrair, AG). Two normal pairs (7,7") and (S,S’) of
LNE Holder triangles are outer Lipschitz equivalent if, and
only if, the following holds:

1. Minimal pizzas on T and 7T’ associated with the distance
functions f(z) = dist(z, T") and g(2') = dist(z’,T) are equivalent
to minimal pizzas on S and S’ associated with the distance
functions ¢(s) = dist(s, S’) and ¥ (s') = dist(s’,S), respectively.

2. The numbers of maximum zones for the pairs (7,7") and
(S,S") are equal, and the permutation ¢ of the maximum zones
for the pair (S,S’) is the same as for the pair (T7,7").

3. The numbers of coherent pizza slices for the pairs (7,7")
and (S, S") are equal, and the signed correspondence r between
coherent pizza slices for the pair (S,S’) is the same as for the
pair (T,T").
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