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FILTRATION ASSOCIATED TO TORSION
SEMI-STABLE REPRESENTATIONS

by Tong LIU (*)

Abstract. — Let p be an odd prime, K a finite extension of Qp and G :=
Gal(Qp/K) the Galois group. We construct and study filtration structures asso-
ciated torsion semi-stable representations of G. In particular, we prove that two
semi-stable representations share the same p-adic Hodge-Tate type if they are con-
gruent modulo pn with n > c′, where c′ is a constant only depending on K and the
differences between the maximal and minimal Hodge-Tate weights of two represen-
tations. As an application, we reprove a part of Kisin’s result: the existence of a
quotient of the universal Galois deformation ring which parameterizes semi-stable
representations with a fixed p-adic Hodge-Tate type.
Résumé. — Soient p un nombre premier impair, K une extension finie de Qp

et G := Gal(Qp/K) son groupe de Galois absolu. Nous construisons et étudions
différentes filtrations associées aux représentations semi-stables de G. Nous démon-
trons en particulier que deux représentations semi-stables de G ont le même type de
Hodge–Tate si elles sont congrues modulo pn avec n > c′, où c′ est une constante
dépendant uniquement de K et des différences entre les plus grands et les plus
petits poids de Hodge-Tate des deux représentations. Comme application, nous
redémontrons une partie d’un résultat de Kisin portant sur l’existence d’un quo-
tient de l’anneau des déformations universelles paramétrisant les représentations
semi-stables dont le type de Hodge-Tate est fixé.

1. Introduction

Let k be a perfect field of characteristic p > 3, W (k) its ring of Witt
vectors, K0 = W (k)[1/p], K/K0 a finite totally ramified extension, G :=
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Gal(K/K). The aim of this paper to study filtration structure attached to
torsion semi-stable representations.
If V is a semi-stable representation of G then V can be naturally attached

to filtration structure because semi-stable representations are classified by
filtered (ϕ,N)-modules via classical p-adic Hodge theory. Since V always
admits integral structures and torsion structures, i.e., G-stable Zp-lattices
and torsion representation obtained by quotients of such lattices, it is natu-
ral to ask if we can associate similar filtration to those integral and torsion
structures. If K is unramified and V is crystalline with Hodge-Tate weights
in {0, . . . , p−2} then one can attach such integral and torsion structure via
Fontaine-Laffaille theory [7]. The aim of this paper is to construct and study
such structures in a more general setting, in particular, without restriction
of ramification and Hodge-Tate weights.
More precisely, fix an integer r > 0. Let Repst,r

Qp denote the category
of semi-stable representations of G with Hodge-Tate weights in {0, . . . , r},
Repst,r

Zp denote the category of G-stable Zp-lattices inside representations
which are objects in Repst,r

Qp and Repst,r
tor denote the category of p-power

torsion representations T such that there exist lattices Λ1,Λ2 ∈ Repst,r
Zp

satisfying Λ1 ⊂ Λ2 and T ' Λ2/Λ1. The objects in Repst,r
tor are also called

torsion semi-stable representations with Hodge-Tate weights in {0, . . . , r}.
In [13], for any Λ ∈ Repst,r

Zp with V := Qp ⊗Zp Λ, one can construct a
W (k)-lattice Mst(Λ) ⊂ Dst(V ) = (Bst ⊗Qp V

∨)G which is ϕ-stable and
N -stable, where V ∨ is the Qp-dual of V (our convention is always slightly
different from the traditional convention up to duals, see Convention 2.1 for
details). Note that DK := K ⊗K0 Dst(V ) has a natural filtration structure
FiliDK induced from (BdR ⊗Qp V

∨)G. Now set MK := OK ⊗W (k) Mst(Λ).
It is natural to define that FiliMK := MK ∩ FiliDK . For any T ∈ Repst,r

tor ,
let j : Λ1 ⊂ Λ2 ∈ Repst,r

Zp be the inclusion of two lattices such that T '
Λ2/Λ1. Since Mst is a contravariant functor, there exists a W (k)-linear
map Mst(j) : Mst(Λ2) → Mst(Λ1). In fact, Mst(j) is an injection (see
Corollary 3.2.4 in [13]). So we define Mst,j(T ) := Mst(Λ1)/Mst(Λ2) and
associate a filtration structure on Mst,j(T )K := OK ⊗W (k) Mst,j(T ) via
FiliMst,j(T )K = qK(FiliMst(Λ1)K), where qK is the natural projection
qK : Mst(Λ1)K �Mst,j(T )K . Note the above construction does depend on
the choice of pair of lattices j : Λ1 ⊂ Λ2 such that T ' Λ2/Λ1. However we
prove that there exists a constant c only depending on r and K such that
the construction of FiliMst,j(T )K is “independent on" the choice of j up to
a pc-power (see Theorem 2.3 for the precise statement).
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FILTRATION ASSOCIATED TO TORSION SEMI-STABLE REPRESENTATIONS 3

In the last section, we use our theory to understand p-adic Hodge-Tate
type. It turns out that the p-adic Hodge-Tate type can be read from pc

′ -
torsion level of the representation with c′ a constant only depending on K
and r. More precisely, we proved the following theorem.

Theorem 1.1. — Assume that K is a finite extension over Qp. Let E
be a finite extension of Qp and ρi : G → GLd(OE) for i = 1, 2 two Galois
representations such that Vi := E ⊗OE ρi is semi-stable with Hodge-Tate
weights in {0, . . . , r}. There exists a constant c′ only depending on K and
r such that if ρ1 ≡ ρ2 mod pn with n > c′ then V1 and V2 has the same
p-adic Hodge-Tate type.

In fact, we proved a more general result Theorem 4.18, which allows us
to recover a part of the main theorem in [9]. Let E be a finite extension
of Qp with the residue field F, VF : G→ GLd(F) the Galois representation
such that the universal deformation ring RVF of VF exists. It turns out that
RVF is a complete noetherian local OE-algebra and any ring homomorphism
x : RVF → A with A an OE-algebra defines a Galois representation x : G→
GLd(A).

Theorem 1.2. — Fix a p-adic Hodge-Tate type v. There exists a quo-
tient Rv

VF
of RVF such that for a finite E-algebra B, a map x : RVF [ 1

p ]→ B

factors though Rv
VF

if and only if x is semi-stable with p-adic Hodge-Tate
type v.

We remark that our construction is different from that of Kisin: We
construct a sub-functor Dv of the Galois deformation functor D whose
deformation admits a lift which is a semi-stable Galois representation with
the p-adic Hodge-Tate type v. We prove that Dv is pro-representable by
Rv
VF

if D is pro-representable by RVF and then the above theorem follows
Theorem 4.18. It seems that we can fully recover Kisin’s result at least for
p > 2 if we also consider Galois type in Dv. But we decide not to consider
the refined result because we do not see any further advantage (except it
looks more natural) of our construction comparing with that of Kisin.

2. Filtration encoded in p-adic Hodge data

2.1. Preliminary and definitions

Recall k is a perfect field of characteristic p > 2, W (k) its ring of Witt
vectors, K0 = W (k)[ 1

p ], K/K0 a finite totally ramified extension with de-
gree e and G := Gal(K/K). Throughout this paper, we fix a uniformiser
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4 Tong LIU

π ∈ K with the Eisenstein polynomial E(u) ∈W (k)[u] and a non-negative
integer r > 0.
We denote by Repst,r

Qp the category of semi-stable representations of G
whose Hodge-Tate weights are in {0, . . . , r}, and by Repst,r

Zp the category of
G-stable Zp-lattices in representations which are in Repst,r

Qp . By definition,
a filtered (ϕ,N)-module is a W (k)-module M endowed with:

• a ϕW (k)-semilinear map: ϕ : M →M ;
• a W (k)-linear map N : M →M such that Nϕ = pϕN ;
• a decreasing filtration (FiliMK)i∈Z onMK := OK⊗W (k)M by OK-
submodules such that FiliMK = MK for i � 0 and FiliMK = {0}
for i� 0.

This definition is slightly different from that traditionally used in [6]
because we need treat torsion representations. Morphisms between filtered
(ϕ,N)-modules are W (k)-linear maps preserving all structures. We denote
by M(ϕ,N,Fil) the category of filtered (ϕ,N)-modules. A filtered (ϕ,N)-
module over K0 is a filtered (ϕ,N)-module D such that

• D is a finite dimensional K0-vector space;
• ϕD is an injection (hence a bijection);
• FiliDK are K-vector subspaces of DK := K ⊗K0 D.

By [3] and [5], the functor

D∗st(V ) : V 7→ (Bst ⊗Qp V )G

induces an equivalence between the category Repst,r
Qp and the category of

weakly admissible filtered (ϕ,N)-modules overK0 satisfying Fil−(r+1)DK =
DK and Fil0DK = 0. See [3] for the definition of weak admissibility.

In the sequel, we will instead use the contravariant functor Dst(V ) :=
D∗st(V ∨), where V ∨ is the dual representation of V , because contravariant
functors are more convenient in the integral theory. So let us remind the
readers the problem of notations.

Convention 2.1. — Here we use slightly different conventions from those
in [3], where Dst defined here is denoted by D∗st. Since contravariant func-
tors instead of covariant functors dominate this paper, use Dst to denote
the contravariant functor will be more convenient. For any finite Zp-module
(Qp-module) V , we use V ∨ to denote its Zp-dual (Qp-dual). In particular,
if V is killed by some p-power, V ∨ = HomZp(V,Qp/Zp). We will define
p-adic Hodge structures such as Frobenius, monodromy on many different
rings and modules. To distinguish them, we sometime add subscripts to
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FILTRATION ASSOCIATED TO TORSION SEMI-STABLE REPRESENTATIONS 5

indicate where those structures are defined. For example, ϕM is the Frobe-
nius defined on M. We always drop these subscripts if no confusions arise.
Throughout this paper, we reserve ϕ and N for various types of Frobe-
nius and monodromy respectively. We denote γi(x), Md(A) and Id for the
standard divided power xi

i! , the ring of d × d-matrices with coefficients in
ring A and the identity map respectively. Let A be a finite Zp-algebra
and M an A-module. We always denote MK := OK ⊗Zp M , which is an
AK := OK ⊗Zp A-module.

Let D be a filtered (ϕ,N)-module over K0. Following [13], a lattice M
in D is a W (k)-submodule M of D such that

• M is W (k)-finite free and M [ 1
p ] ∼→ D

• M is stable under ϕ, N , i.e., ϕ(M) ⊂M , N(M) ⊂M .
There is a natural filtration structure on MK := OK ⊗W (k) M defined
by FiliMK := MK ∩ FiliDK . Hence M is an object in M(ϕ,N,Fil). We
use Lr(ϕ,N,Fil) to denote the full subcategory of M(ϕ,N,Fil) whose ob-
jects are lattices in filtered (ϕ,N)-modules over K0 satisfying Fil0DK =
DK and Filr+1

K DK = 0, and Mr(ϕ,N,Fil) to denote the full subcate-
gory of M(ϕ,N,Fil) whose objects are finite W (k)-modules M such that
Fil0MK = MK and Filr+1MK = 0. Apparently, Lr(ϕ,N,Fil) is a full
subcategory of Mr(ϕ,N,Fil). Let Mr

tor(ϕ,N,Fil) denote the full category
of Mr(ϕ,N,Fil) whose objects is killed by some p-power. For any OK-
module L with decreasing filtration FiliL, we define the graded module
griL := FiliL/Fili+1L.
Now recall Theorem 2.1.3 in [13], we have

Theorem 2.2. — There exists a faithful functor Mst from the category
Repst,r

Zp to the category Lr(ϕ,N,Fil). Moreover, let Mst ⊗Zp Qp denote the
functor Mst associated to the isogeny categories. Then there is a natural
isomorphism between Mst ⊗Zp Qp and Dst. If er < p− 1 then Mst is exact
and fully faithful.

Now let us construct a torsion version of Mst via the above theorem as
in §3 in [13]. We denote Repst,r

tor the category whose objects are torsion
semi-stable representations with Hodge-Tate weights in {0, . . . , r}, in the
sense that, for any T ∈ Repst,r

tor , there exist G-stable Zp-lattices Λ ⊂ Λ′ in a
V ∈ Repst,r

Qp such that T ' Λ′/Λ as Zp[G]-modules. We call the pair Λ ⊂ Λ′

a lift of T . Obviously, for any T ∈ Repst,r
tor , the lift is always not unique. A

morphism between two lifts j : L ⊂ L′ (lifting T ) and j̃ : L̃ ⊂ L̃′ (lifting
T̃ ) is a morphism f̂ : L′ → L̃′ in Repst,r

Zp such that f̂(L) ⊂ L̃. f̂ induces a
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6 Tong LIU

morphism f : T → T̃ in Repst,r
tor . We call f̂ a lift of f (with respect to lifts

j and j̃).
Let j : Λ ↪→ Λ′ be a lift of T . By Theorem 2.2, we get a morphism

Mst(j) : Mst(Λ′)→Mst(Λ) in Lr(ϕ,N,Fil). Corollary 3.2.4 in [13] showed
that Mst(j) is injective. Now write j̃ := Mst(j) and set Mst,j(T ) :=
Mst(Λ)/j̃(Mst(Λ′)). ThenM := Mst,j(T ) has Frobenius ϕ and monodromy
N induced from Mst(Λ). Now let us define filtration structure on MK :=
OK ⊗W (k) M . Let qK : Mst(Λ)K → MK be the natural projection where
Mst(Λ)K := OK ⊗W (k) Mst(Λ). We define

(2.1.1) FiliMK := qK(Fili(Mst(Λ)K)) ⊂MK , for any i ∈ Z.

Now Mst,j(T ) is an object in Mr
tor(ϕ,N,Fil). As usual, one can define

griMK := FiliMK/Fili+1MK . One can prove that qK(gri(Mst(Λ)K)) =
griMK for any i ∈ Z (see Corollary 3.1). Now we can state one of the main
results:

Theorem 2.3. — There exists a positive integer constant c only de-
pending on E(u) and r such that the following statement holds: for any
morphism f : T ′ → T in Repst,r

tor and any lift j′, j of T ′, T respectively,
there exists a morphism g̃ : Mst,j(T ) → Mst,j′(T ′) in Mr

tor(ϕ,N,Fil) such
that

(1) if there exists a morphism of lifts f̂ : j′ → j which lifts f then
g̃ = pcMst,f̂ (f).

(2) let f ′ : T ′′ → T ′ be a morphism in Repst,r
tor with j′′ a lift of T ′′

and g̃′ : Mst,j′(T ′) → Mst,j′′(T ′′) the morphism in Mr
tor(ϕ,N,Fil)

attached to f ′, j′ and j′′. If there exists a morphism of lifts ĥ : j′′ →
j which lifts f ◦ f ′ then g̃′ ◦ g̃ = p2cMst,ĥ(f ◦ f ′).

Corollary 2.4. — Notations as above, assume that f : T ′ → T is
an isomorphism and f ′ = f−1 : T → T ′ is the inverse map. Then g̃′ ◦
g̃|Mst,j(T ) = p2cId|Mst,j(T ) and g̃ ◦ g̃′|Mst,j′ (T ′) = p2cId|Mst,j′ (T ′). More-
over, for any i ∈ Z, g̃′ ◦ g̃|gri(Mst,j(T )K) = p2cId|gri(Mst,j(T )K) and g̃ ◦
g̃′|gri(Mst,j′ (T ′)K) = p2cId|gri(Mst,j′ (T ′)K).

Remark 2.5. — There are two differences between Theorem 3.1.1 in [13]
and the above theorem expect p > 2 here. First, the maps g̃ and g̃′ here
not only preserve (ϕ,N)-structures (we ignore GK-structures because we
only discuss semi-stable representations here, not potentially semi-stable
representations as in [13]) but also filtration. In fact, we will see that g̃ =
pαg and g̃′ = pαg′ for g and g′ in Theorem 3.1.1 in [13] with α a constant
only depending on E(u) and r. That is, to preserve filtration, we need to
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FILTRATION ASSOCIATED TO TORSION SEMI-STABLE REPRESENTATIONS 7

multiply pα to original g and g′. Consequently, the second difference, our
constant c is always larger than c in Theorem 3.1.1 in [13], and c is more
complicated, depending on not only e and r but also E(u) and r.

We use very similar strategy to prove the above theorem. The only diffi-
culty is to deal with filtration which is much involved than other structures
for torsion representations. Our main tool is Breuil modules. The next sub-
section is devoted to study various different filtration structures attached
to Breuil modules.

2.2. Filtration on Breuil modules

Recall the fixed uniformiser π ∈ K with Eisenstein polynomial E(u). Put
S := W (k)[[u]].S is equipped with a Frobenius endomorphism ϕ via u 7→ up

and the natural Frobenius on W (k). A ϕ-module (over S) is an S-module
M equipped with a ϕ-semi-linear map ϕM : M→M. A morphism between
two objects (M1, ϕ1), (M2, ϕ2) is an S-linear morphism compatible with
the ϕi. We denote by S the p-adic completion of the divided power envelope
ofW (k)[u] with respect to the ideal generated by E(u). Write SK0 := S[ 1

p ].
There is a unique map (Frobenius) ϕ : S → S which extends the Frobenius
on S. We write NS for the W (k)-linear derivation on S such that NS(u) =
−u. Let FiliS denote the ideal which is the p-adic completion of the ideal
generated by E(u)j

j! for j > i. Both S and S can be regarded as subrings of
K0[[u]]. Set I+S = S ∩ uK0[[u]].

Let M be an S-module of finite type and recall that r is a fixed non-
negative integer. In this subsection, filtration FiliM of M for i ∈ Z are
submodules ofM satisfying the following filtration conditions:

• Fil0M =M and Filr+1M⊂ Fil1SM.
• Fili+1M⊂ FiliM and FiliSFiljM⊂ Fili+jM.

An operator N on M is called a monodromy operator on M if N is
a W (k)-linear map N : M → M satisfying N(sx) = NS(s)x + sN(x)
for all s ∈ S and x ∈ M. N is said to satisfy Griffiths Transversality if
N(Fili+1M) ⊂ FiliM for all i ∈ Z.
Using operator N and FiliM, one can define another two filtration on

M. Set FiM = FiliM for i > r and FiM = M for i 6 0; For 1 6 i < r,
we inductively (start from i = r − 1) define FiM to be the S-submodule
generated by N(Fi+1M), Fi+1M and FiliSM. Let MK be M/Fil1SM.
Then MK is a finite OK-module. Let fπ be the natural projection fπ :
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M�MK . Then FiliMK := fπ(FiliM) defines a natural filtration on MK .
Define F̃iM =M for i 6 0 and F̃i inductively by the following formula:

F̃i+1M := {x ∈M|fπ(x) ∈ Fili+1MK , N(x) ∈ F̃iM}.

Since N satisfies Griffiths Transversality, we have FiM ⊂ FiliM ⊂ F̃iM
for all i ∈ Z.

Lemma 2.6. — FiM and F̃iM satisfy the filtration condition.

Proof. — It is easy to check by induction that F̃iM satisfy the filtra-
tion condition. For FiM, it is easy to check that the proof reduces to the
statement FiliSN(FjM) ⊂ Fi+j−1M, which we will prove by reverse in-
duction on j. It is clear the statement holds for j 6 0 or j > r because
FiliM satisfies Griffiths Transversality. Now suppose that the statement
holds for j = l + 1 6 r. Consider the case j = l. By the construc-
tion of Fi, it suffices to check that FiliSN2(Fl+1M) ⊂ Fi+l−1M. Let
s ∈ FiliS and x ∈ Fl+1M. By induction, sN(x) is in Fi+lM. Therefore
then N(sN(x)) = N(s)N(x) + sN2(x) is in Fi+l−1M by the construction
of Fi. Note that N(s) ∈ Fili−1S (set Fil0S = S here), then the induction
implies that N(s)N(x) is in Fi+l−1M. Hence sN2(x) is in Fi+l−1M . �
The following proposition shows that these three different filtration are

not very different.

Proposition 2.7. — There exist constants c1 and c2 only depending
on E(u) and r, such that pc1FiliM ⊂ FiM and pc2 F̃iM ⊂ FiliM for
0 6 i 6 r.

Proof. — It is easy to see that NS(E(u)) and E(u) are relatively prime in
K0[u]. So there exists a constant γ such that pγS is contained in the ideal
generated by NS(E(u)) and E(u). Set β(i)

0 = 0 for all i and α0 = 0. Define
recursively β(i)

l = vp(r− i− l+1)+γ+max{β(i)
l−1, αi−1} with 1 6 l 6 r− i.

Finally set αi = β
(i)
r−i.

We will prove by induction on i that pαiFilr−iM⊂ Fr−iM for 0 6 i 6 r.
By definition, the statement is trivial when i = 0. Now assume that i = j−1
the statement is true, that is, pαj−1Filr−j+1M⊂ Fr−j+1M. Set s = r− j.
For any x ∈ FilsM, by Griffiths Transversality, E(u)s−lNs−l(x) ∈ FilsM
for 0 6 l 6 r − j. We show by induction on l that pβ

(j)
l E(u)s−lNs−l(x) ∈

FsM. If l = 0 then E(u)sNs(x) ∈ E(u)sM⊂ FsM by definition. Now as-
sume that the statement is valid for l−1, that is, pβ

(j)
l−1E(u)s−l+1Ns−l+1(x)∈

FsM. Write y = E(u)E(u)s−lNs−l(x) ∈ Fils+1M and then note that
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FILTRATION ASSOCIATED TO TORSION SEMI-STABLE REPRESENTATIONS 9

pαj−1N(E(u)s−l+1Ns−l(x)) = N(pαj−1y) is in FsM by the induction on i.
On the other hand,

N(E(u)s−l+1Ns−l(x)) = (s− l + 1)N(E(u))E(u)s−lNs−l(x)

+ E(u)s−l+1Ns−l+1(x).

By induction on l, we conclude that pλ(s−l+1)N(E(u))E(u)s−lNs−l(x) ∈
FsM where λ = max{αj−1, β

(j)
l−1}. Note that pαj−1E(u)E(u)s−lNs−l(x) ∈

FsM. So pλ+γ+vp(s−l+1)E(u)s−lNs−l(x) ∈ FsM. Thus we prove that
pβ

(j)
l E(u)s−lNs−l(x) ∈ FsM. So pβ

(j)
r−jx ∈ FsM, and then pαjFiljM ⊂

FjM. Now it suffices to set c1 := max{α0, . . . , αr}.
Now let us prove by induction on i that there exists constant µi depend-

ing on E(u) and r such that pµi F̃iM ⊂ FiliM. By definition, F̃0M =
Fil0M. So µ0 can be assigned to 0. Now assume that statement is valid for
i = j−1. That is, there exists µj−1 such that pµj−1 F̃j−1M⊂ Filj−1M. Now
let us consider the case i = j. For any x ∈ F̃jM, we have fπ(x) ∈ FiljMK .
Hence there exists a y′ ∈ FiljM, g ∈ Fil1S and z′ ∈ M such that
x = y′ + gz′. Note that there exists a constant λ only depending on r

such that for any g ∈ S pλg = g0 + g1 with g0 ∈ W (k)[u] and g1 ∈ FilrS.
So there exists a y ∈ FilrM, z ∈ M such that pλx = y + E(u)z. Now we
claim that there exist constants νl such that pνlfπ(N l(z)) ∈ Filj−1−lMK

for 0 6 l 6 j − 1. Accept the claim for a while and set ν = Maxl{νl}.
We see that fπ(N l(pνz)) ∈ Filj−1−lMK for 0 6 l 6 j − 1. By def-
inition of F̃iM, we easily see (by reverse induction on l starting from
l = j − 1) that N l(pνz) ∈ F̃j−1−lM. In particular, pνz ∈ F̃j−1M. By
induction, we have pν+µj−1z ∈ Filj−1M. So set µj = µj−1 +ν+λ, we have
pµjx = pν+µj−1y + E(u)pν+µj−1z ∈ FiljM.

Now it suffices to show that there exist νl such that pνlfπ(N l(z)) ∈
Filj−1−lMK for 0 6 l 6 j − 1. We prove by induction on l. Let l = 0.
Note that N(pλx) = N(y) +E(u)N(z) +N(E(u))z is in F̃ j−1M. Also, by
Griffiths Transversality, we see that N(y) is in Filj−1M (note that j 6 r).
Note that fπ(E(u)N(z)) = 0. So we have fπ(N(E(u))z) ∈ Filj−1MK . Let
δ be the least integer not less than vp(N(E(u))(π)). We see that pδfπ(z) ∈
Filj−1MK . For a general l, we have

N l+1(pλx) = N l+1(y) +
l+1∑
m=0

(
l + 1
m

)
N l+1−m(E(u))Nm(z).

By definition of F̃ iM and Griffiths Transversality, we have N l+1(pλx) ∈
F̃ j−1−lM andN l+1(y) ∈ Filj−1−lM. So applying fπ to the above equation,
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noting that fπ(E(u)) = 0, we have
l∑

m=0

(
l + 1
m

)
fπ(N l+1−m(E(u)))fπ(Nm(z)) ∈ Filj−1−lMK .

By induction, form = 0, . . . , l−1, we have pνmfπ(Nm(z)) ∈ Filj−1−mMK ⊂
Filj−1−lMK . Let ν̃ = max{νm|m = 0, . . . , l − 1.}. We conclude that

pν̃(l + 1)fπ(N(E(u)))fπ(N l(z)) ∈ Filj−1−lMK .

By setting νl = ν̃+ vp(l+ 1) + δ we have pνlfπ(N l(z)) ∈ Filj−1−lMK . This
completes the induction and proves the claim. �

2.3. Filtration from Kisin modules

Now let us study how the Frobenius on Breuil modules interacts with
filtration. In particular, we discuss filtration built from Frobenius of Kisin
modules. For this, we define the following:

A filtered ϕ-moduleM over S is an S-moduleM with
(1) a ϕS-semi-linear morphism ϕM :M→M.
(2) a decreasing filtration FiliM ⊂ M satisfying the filtration condi-

tions.
A filtered ϕ-module D over SK0 or a Breuil module D is a filtered ϕ-

module over S such that
(1) D is finite SK0 -free and the determinant of ϕD is invertible in SK0

(2) There exists a monodromy operator N : D → D satisfying Griffiths
Transversality and NDϕD = pϕDND.

LetD be a filtered (ϕ,N)-module overK0. Following [1], we can associate
a Breuil module as following: D = S ⊗K0 D, ϕD := ϕS ⊗ ϕD, ND =
NS ⊗ Id + Id⊗ND, Fil0D := D and by induction

Fili+1D := {x ∈ D|N(x) ∈ FiliD and fπ(x) ∈ Fili+1DK},

where fπ : D → DK is the natural projection defined by D → D/Fil1SD '
DK . Conversely, given a Breuil module D, one can recover D via D :=
D/I+SD; ϕD := ϕD mod I+SD; ND := ND mod I+SD and FiliDK :=
fπ(FiliD). The main theorem in [1] showed that the functor D 7→ D(D) is
an equivalence of categories between the category of filtered (ϕ,N)-modules
over K0 with Fil0DK = DK and the category of Breuil modules.
Now let us recall Kisin module and its basic properties as in [10] and

[12]. Recall S := W (k)[[u]] with a Frobenius endomorphism ϕ via u 7→ up
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and the natural Frobenius onW (k), and the category of ϕ-modules over S.
Denote by ′Modϕ,r/S the category of ϕ-modules of height r, in the sense that
M is S-finite type and the cokernel of ϕ∗ is killed by E(u)r, where ϕ∗ is
the S-linear map 1⊗ϕ : S⊗ϕ,S M→M. By definition, a finite free Kisin
module (of height r) is a ϕ-module (of height r) M such that M is finite
S-free. A torsion Kisin module (of height r) is a ϕ-module M such that M
is killed by some p-power and there exists an injective morphism L ⊂ L′

of two finite free Kisin modules of height r satisfying M ' L′/L. When we
mention Kisin module (of height r) in the remaining of the paper, we mean
either finite free Kisin module of height r or torsion Kisin module of height
r.

Let K∞ :=
∞⋃
n=0

K( pn
√
π) and G∞ = Gal(K/K∞). There exists a functor

TS from the category of Kisin modules to the category of Zp[G∞]-modules:
If M is finite free then TS(M) := HomS,ϕ(M,W (R)) and if M is p-power
torsion then TS(M) := Homϕ,S(M,Qp/Zp ⊗Zp W (R)), where W (R) is an
S-algebra with a natural Frobenius and a natural G-action. Though TS has
many nice properties, we do not need them in this paper. The readers are
refereed to [10] and [4] for the construction of W (R) and more discussion
of TS.
Let (M, ϕ) be a Kisin module. Following §5.3 in [10], we can define a

functor MS from the category of Kisin modules to the category of fil-
tered ϕ-modules over S as the following: DefineMS(M) = S ⊗ϕ,S M and
ϕMS(M) := ϕS ⊗ ϕM; Note that 1⊗ ϕ :MS(M)→ S ⊗S M is an S-linear
map. Set

(2.3.1) F iMS(M) := {m ∈MS(M)|(1⊗ ϕ)(m) ∈ FiliS ⊗S M}.

Lemma 2.8. — Assume thatM is finiteS-free and writeM =MS(M).
Then F iM satisfies the filtration condition defined in the previous subsec-
tion.

Proof. — All other requirements are easily to verified by the definition
except that Fr+1M ⊂ Fil1SM. Let {e1, . . . , ed} be an S-basis of M. As-
sume that x =

∑
i ai ⊗ ei is in Fr+1M with ai ∈ S. We have to show that

ai ∈ Fil1S. Let A be a matrix in Md(S) such that (ϕ(e1), . . . , ϕ(ed)) =
(e1, . . . , ed)A. Since (1 ⊗ ϕ)(x) =

∑
i aiϕ(ei) is in Filr+1S ⊗S M, we con-

clude that Aα = β where α, β are n×1 matrices, coefficients of α are ai, and
coefficients of β are in Filr+1S. The fact that M has E(u)-height r means
that there exists a matrix B ∈ Md(S) such that AB = BA = E(u)rId.
Hence Bβ = BAα = E(u)rα still has coefficients in Filr+1S, and then α

has all its coefficients in Fil1S. �
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2.4. Lattices in DdR(V )

Let V be a de Rham representation ofG. We denoteDdR(V ) := (BdR⊗Qp
V ∨)G. Now let us summarize results from [12] and [13] to manipulate lat-
tices in semi-stable representations. Let V be a semi-stable representation
in Repst,r

Qp , Λ ⊂ V a G-stable Zp-lattice. The main result of [12] is that there
exists an anti-equivalence T̂ of categories between Repst,r

Zp and the category
of (ϕ, Ĝ)-modules of height r. Let M̂ = (M, ϕM, Ĝ) be the (ϕ, Ĝ)-module
such that T̂ (M̂) ' Λ with (M, ϕM) the ambient finite free Kisin mod-
ule of height r. In particular, this means that M is the unique finite free
Kisin module such that TS(M) ' Λ|G∞ (see Theorem 2.3.1 in [12]). Let
D = Dst(V ) the filtered (ϕ,N)-module attached to V . Set D := D(D)
the Breuil module associated to D and M := MS(M) the filtered ϕ-
modules over S. There exists a natural isomorphism of ϕ-modules over
S between Qp ⊗Zp M and D (see §3 in [11] for full details). In particu-
lar, Qp ⊗ZpM has the structure of monodromy N . We easily check that
M/uM ' M/I+SM as ϕ-modules and fπ(M) = M/Fil1SM is an OK-
lattice in D/Fil1SD. By Proposition 2.4.1 in [13], we have N(M) ⊂ M if
p > 2 (1) . Let MS(ϕ,N,Fil) the full subcategory of filtered ϕ-modulesM
over S such that

• There exists a finite free Kisin module M such thatM'MS(M).
• Qp ⊗ZpM has a structure of Breuil module and N(M) ⊂M.

Hence we obtain a contravariant functor T−1
st from Repst,r

Zp to MS(ϕ,N,Fil).
If r < p− 1 then T−1

st is an anti-equivalence by the main result of [11]. But
T−1

st in general is not a full functor if r > p− 1.
Now let us recall a little more details on the construction ofMst(Λ) from

§2.2 and §2.3 from [13], let D̃ := D/I+SD, which is a ϕ-module over K0.
ThenM := M/uM 'M/I+SM is a ϕ-stableW (k)-lattice in D̃. Note that
D̃ is canonically isomorphic to D = Dst(V ) via the unique ϕ-compatible
section s : D̃ ↪→ D (see Proposition 6.2.1.1 in [1]). Then Mst(Λ) is just the
image s(M).
Now identify D/Fil1SD with DK = DdR(V ) via D ' S ⊗W (k) D. We

obtain two OK-lattices: Mst(Λ)K := OK ⊗W (k) s(M) and fπ(M).

Proposition 2.9. — There exists a constant c3 only depending on e

and r such that pc3(Mst(Λ)K) ⊂ fπ(M) and pc3(fπ(M)) ⊂Mst(Λ)K .

Proof. — Note thatM = S⊗ϕ,SM with a Kisin moduleM of height r. If
{ẽ1, . . . , ẽd} is an S-basis of M. Then {êi := 1⊗ ẽi} forms an S-basis ofM.

(1)Here is the only place that we need p to be an odd prime.
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Let ei be the image of êi of the natural mapM→M/I+SM = M . Since
M/I+SM has a unique ϕ-equivariant section s : M → D, we just denote
ei for s(ei). Note that e1, . . . , ed forms a basis of s(M). Let A ∈ Md(S)
be the matrix such that ϕ(ê1, . . . , êd) = (ê1, . . . , êd)A and A0 := A mod u

the matrix in Md(W (k)). Then we have ϕ(e1, . . . , ed) = (e1, . . . , ed)A0. Let
X ∈ Md(SK0) be the matrix such that (ê1, . . . , êd) = (e1, . . . , ed)X inside
D. It suffices to show that there exists a constant c3 such that pc3X and
pc3X−1 are in Md(S). To proceed the proof, note that we have the relation
A0ϕ(X) = XA. Set

Xn := A0ϕ(A0) · · ·ϕn(A0)ϕn(A−1) · · ·ϕ(A−1)A−1.

Following the same idea of the proof of Proposition 6.2.1.1 in [1], we show
that Xn converges to X and there exists a constant c3 such that pc3Xn ∈
Md(S) and hence pc3X ∈ Md(S). To prove this, we first claim that prA−1 ∈
Md(S) and A0A

−1 = Id + up

pr Y with Y ∈ Md(S). We accept this claim and
postpone the proof in the end. Set c3 = maxi>0(ri − vp(q(pi)!)) where
q(pi) satisfies the relation pi = eq(pi) + r(pi) with 0 6 r(pi) < e. Now

Xn = X0 +
n−1∑
i=0

(Xi+1 −Xi) = X0 +
n−1∑
i=0

up
i+2

pr Zi where

Zi = A0ϕ(A0) · · ·ϕi(A0)ϕi+1(Y )ϕi(A−1) · · ·ϕ(A−1)A−1.

Since prA−1 ∈ Md(S), we see that up
i+2

pr Zi = up
i+2

pr(i+2) p
r(i+1)Zi is in

up
i+2

pr(i+2)Md(S). As any a ∈ S can be (uniquely) written as
∞∑
i=0

ai
ui

q(i)! with

ai ∈W (k), we conclude that pc3 up
i+2

pr(i+2) is in S. Hence pc3Xn and then pc3X
are in Md(S).
Now let us prove the claim. SinceM = S⊗ϕ,SM with a Kisin module M

of height r, we have A = ϕ(Ã) with Ã ∈ Md(S) and there exists a matrix
B̃ ∈ Md(S) such that ÃB̃ = B̃Ã = E(u)rId. Hence A−1 = ϕ(Ã−1) =
(ϕ(E(u)r)−1ϕ(B̃). Note that ϕ(E(u))/p is a unit in S. Hence prA−1 is
in Md(S). Now A0A

−1 = A0ϕ(Ã−1B̃−1)ϕ(B̃) = (ϕ(E(u)r))−1A0ϕ(B̃). Let
pa0 be the constant term of E(u). It is easy to see that A0ϕ(B̃) = (a0p)rId+
upY ′ with Y ′ ∈ Md(S). Now we have A0A

−1 = Id+(br−1)Id+ up

pr (a0b)rY ′

with b = (ϕ(E(u))/c0p)−1 ∈ S×. We easily compute that b = 1 + b′ with
b′ ∈ uep

p S. Hence A0A
−1 = Id + up

pr Y with Y ∈ Md(S).
Finally, it remains to show that pc3X−1 is in Md(S). In fact, we can

use the same strategy to X−1
n . In this situation, we need to show that

prA−1
0 ∈ Md(W (k)) and AA−1

0 = Id + up

pr Y with Y ∈ Md(S) and this is
easy to show by a similar argument as the above. �
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The following example shows that c3 6= 0 in general.

Example 2.10. — Let M be a finite free rank-2 Kisin module of height
1 given by

ϕ(e1, e2) = (e1, e2)
(

1 u

0 E(u)

)
where e1, ed forms an S-basis of M. By Theorem (0.4) in [8], M corre-
sponds to a Zp-lattice of crystalline representation with Hodge-Tate weight

in {0, 1}. Using notations in the above proof we have A =
(

1 up

0 ϕ(E(u))

)
and A0 =

(
1 0
0 p

)
. The above proof showed we may write X =

(
1 x

0 α

)
.

Then the relation A0ϕ(X) = XA yields two equations: pϕ(α) = αϕ(E(u))
and ϕ(x) = up + xϕ(E(u)). Since ϕ(E(u)) = pµ with µ a unit in S, we
easily solve that α is a unit of S and x = −u

p

p µ
−1+ higher degree term. If

e > 1, we see that up/p is not in S. And if e > p then x mod Fil1S is not
in OK . So Mst(Λ)K and fπ(M) are different OK-lattices.

By Corollary 3.2.3 in [11] and the construction of F iMS(M), we conclude
that F iMS(M) = M ∩ FiliD. So we may just denote F iM by FiliM.
Consider the natural projection fπ : D � DK . Write M̃K = fπ(M) and
define FiliM̃K := M̃K ∩ FiliDK . Obviously, fπ(FiliM) ⊂ FiliM̃K .

Lemma 2.11. — There exists a constant c4 only depending on E(u) and
r such that pc4FiliM̃K ⊂ fπ(FiliM).

Proof. — Here we modify the idea used in the proof of Proposition 6.2.2.3
in [1]. We prove by induction on i that there exists a constant µi depending
on E(u) and i such that pµiFiliM̃K ⊂ fπ(FiliM). If i = 0 the case is
trivial. Now assume the statement is valid for any i 6 j. Without loss
of generality, we may assume that µi−1 6 µi for any 1 6 i 6 j. Now
consider the case i = j + 1. Let x ∈ Filj+1M̃K then x ∈ FiljM̃K . By
induction, pµjx ∈ fπ(FiljM). That is, there exists a x̂ ∈ FiljM such that
fπ(x̂) = pµjx. Write N(E(u)) = R(u). Note that R(π) 6= 0. So there exists
Q(u) ∈ K0[u] such that Q(π)R(π) = −1. Let H(u) = Q(u)E(u). Note that
1 +N(H(u)) ∈ Fil1SK . Now set

ŷ := x̂+H(u)N(x̂) + 1
2H

2(u)N2(x̂) + · · ·+ 1
j!H

j(u)N j(x̂).

It is obvious that fπ(ŷ) = fπ(x̂). Write m(u) = 1 +N(H(u)), we have

N(ŷ) = m(u)N(x̂) +
j−1∑
i=1

1
i!m(u)(H(u))iN i+1(x̂) + 1

j! (H(u)j)N j+1(x̂).
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Since N i(x̂) ∈ Filj−iM for 1 6 i 6 j, m(u) ∈ Fil1SK0 and H(u) ∈
Fil1SK0 , we see that N(ŷ) ∈ FiljD. Hence ŷ ∈ Filj+1D. Let λ be the
minimal constant such that pλQ(u) ∈W (k)[u]. Apparently λ only depends
on E(u). Now pλj(H(u))j ∈ E(u)jW (k)[u] and then pλj ŷ ∈ M. Hence
pλj ŷ ∈ Filj+1M. So set µj+1 = µj+λj. We see that fπ(pλj ŷ) = pλjfπ(x̂) =
pµj+1x. �

Remark 2.12. — The constant c3 and c4 are not optimal. In fact, assume
that representations are crystalline, K0 = K and 0 6 r 6 p − 2. One can
choose that c3 = c4 = 0 by using Fontaine-Laffile theory in [7]. But in
general, we do not expect c3 or c4 is zero.

2.5. A lemma that needs all constants

The aim of this subsection is to prepare a lemma to prove Theorem 2.3.
Let TS(h) : Λ′ → Λ be a map in Repst,r

Zp and h : L → L′ the correspond-
ing map of Kisin modules. Assume that h is surjective. Then we have a
surjective map of OK-modules hK : LK � L′K where LK = Mst(Λ)K and
L′K = Mst(Λ′)K . Obviously we have that hK(FiliLK) ⊂ FiliL′K .

Lemma 2.13. — There exists a constant c5 only depending on E(u) and
r such that pc5FiliL′K ⊂ hK(FiliLK).

We need some preparations for the above lemma. Apply the functor
MS to h, we obtain a surjection hS : L � L′ where L := MS(L) and
L′ = MS(L′) respectively. By the definition in Formula (2.3.1), it is easy
to see that hS(F iL) ⊂ F iL′.

Lemma 2.14. — Notations as the above. There exists a constant α only
depending on r such that pαFrL′ ⊂ hS(FrL).

Proof. — Let K be the kernel of h. It is not hard to show that K is a
ϕ-module of E(u)-height r (see Proposition 1.3.5 in [4]). In fact K can be
shown to be S-free but we do not need this here. Now we have the following
commutative diagram:

0 // S⊗ϕ,S K //

1⊗ϕ
��

S⊗ϕ,S L

1⊗ϕ
��

S⊗ϕ,Sh // S⊗ϕ,S L′

1⊗ϕ
��

// 0

0 // K // L
h // L′ // 0.
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It is easy to see both rows are exact as L′ is finite S-free. Denote S⊗ϕ,SL,
S⊗ϕ,S L′ and S⊗ϕ,S h by L?, L′? and h? respectively. Set

FrL? = {x ∈ L?|(1⊗ ϕ)(x) ∈ E(u)rL}

and define FrL′? similarly. We first prove that h? : FrL? → FrL′? is
surjective.
To see this, for any y = h?(x) ∈ FrL′? with x ∈ L?, we have (1⊗ϕ)(y) ∈

E(u)rL′. So there exists a z ∈ K such that (1⊗ϕ)(x)+z is in E(u)rL. Then
the fact that L has height r implies that (1 ⊗ ϕ)(x) + z = (1 ⊗ ϕ)(w′) for
w′ ∈ L?. So there exists w ∈ L? such that (1⊗ ϕ)(w) = z. As 1⊗ ϕ in the
last two columns are easily to see to be injective, w is in the kernel of h?. So
h?(x− w) = y and x− w is in FrL?. This proves that h? : FrL? → FrL′?

is surjective.
Now set α = vp((r − 1)!). For any s ∈ S, note that s =

∑
i ai

E(u)i
i! . So

s = s0 +s1 with s1 ∈ FilrS and pαs0 ∈W (k)[u]. Now pick any y = hS(x) ∈
FrL′ with x ∈ L. Then we can write y = y0+y1 such that y1 ∈ FilrSL′ and
pαy0 ∈ L′

? ⊂ L′. As hS is surjective, there exists x1 ∈ FilrSL ⊂ FrL such
that hS(x1) = y1. It is easy to see that pαy0 ∈ FrL′?. Hence there exists
x0 ∈ FrL? ⊂ FrL such that hS(x0) = pαy0. This proves the lemma. �

Proof of Lemma 2.13. — Note that both hS(F iL) and F iL′ satisfy Grif-
fith Transversality. We denote Fi(hS(L)) and Fi(L′) for Fi constructed from
hS(F iL) and F iL′ above Proposition 2.7 respectively. Note that the con-
struction of Fi only depends on Filr and N on L′. So pαFiL′ ⊂ Fi(hS(L)) ⊂
FiL′ by Lemma 2.14. Then by Lemma 2.7, we get pc1+αF iL′ ⊂ pαFiL′ ⊂
Fi(hS(L)) ⊂ hS(F i(L)). Applying functor fπ to hS , we have a surjec-
tive map h̃K : L̃K � L̃′K where L̃K = fπ(L) and L̃′K = fπ(L′). Hence
pc1+αfπ(F iL′) ⊂ fπ(hS(F iL)). By Lemma 2.11 , we have

pc3+c1+αFiliL̃′K ⊂ pc1+αfπ(F iL′) ⊂ fπ(hS(F iL)) ⊂ h̃K(FiliL̃K).

Finally, by Proposition 2.9 and set c5 = 2c4 + c3 + c1 + α, we have

pc5FiliL′K ⊂ pc4+c3+c1+αFiliL̃′K ⊂ h̃K(pc4FiliL̃K) ⊂ hK(FiliLK).

�
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3. Filtration Attached to Torsion Semi-stable
Representations

3.1. Construction of filtration to torsion representations

Now let us first discuss more details on filtration associated to torsion
semi-stable representations. Let T ∈ Repst,r

tor be a torsion semi-stable rep-
resentation and j : Λ ↪→ Λ? is a lift of T . That is, j : Λ ⊂ Λ? are
G-stable Zp-lattices inside a semi-stable representation with Hodge-Tate
weights in {0, . . . , r} and we have the exact sequence of Zp[G]-modules
0 → Λ j→ Λ? q→ T → 0. Recall that T̂ is an anti-equivalence between the
category of (ϕ, Ĝ)-modules of height r and Repst,r

Zp . Let L and L? be the
ambient Kisin modules of (ϕ, Ĝ)-modules correspond to Λ and Λ? respec-
tively, we obtain the injective morphism of Kisin modules j : L? ↪→ L. Write
M := L/j(L?) which is a torsion Kisin module of height r. By Proposition
3.2.3 in [13], we have TS(M) ' T |G∞ .
Now consider the exact sequence of Kisin modules to correspond the

above exact sequence of Galois representations:

(3.1.1) 0 // L?
j // L

q // M // 0.

Now modulo u, we have an exact sequence

(3.1.2) 0 // L?
j̄ // L

q̄ // M // 0 ,

By the construction of Mst, the exact sequence (3.1.2) is canonically iso-
morphic to the exact sequence

0 // Mst(Λ?)
Mst(j) // Mst(Λ) // Mst,j(T ) // 0 .

By tensoring OK to the above exact sequence, we obtain an exact sequence
of OK-modules

(3.1.3) 0 // L?K
j̄K // LK

q̄K // MK
// 0 ,

Recall that FiliLK = LK ∩ FiliDK where DK := DdR(Qp ⊗Zp Λ). For
any i ∈ Z, by the construction in §2.1, we have FiliMK := q̄K(FiliLK) and
the following exact sequence

(3.1.4) 0 // FiliL?K
j̄K // FiliLK

q̄K // FiliMK
// 0.

Using Snake Lemma, the above exact sequence induces the following exact
sequence:
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Corollary 3.1. — The following sequence is exact

0 // griL?K
j̄K // griLK

q̄K // griMK
// 0.

3.2. The proof of Theorem 2.3

Now we need to recall a part of Theorem 3.1.1 in [13] and its proof
to complete the proof of Theorem 2.3. Let Mtor(ϕ,N) whose objects are
finite length W (k)-modules with only ϕ and N -structures satisfying the
properties required in the definition of filtered (ϕ,N)-modules.

Theorem 3.2. — There exists a constant c only depending on e and
r such that the following statement holds: for any morphism f : T ′ → T

in Repst,r
tor and any lift j′, j of T ′, T respectively, there exists a morphism

g : Mst,j(T )→Mst,j′(T ′) in Mtor(ϕ,N) such that

(1) if there exists a morphism of lifts f̂ : j′ → j which lifts f then
g = pcMst,f̂ (f).

(2) let f ′ : T ′′ → T ′ be a morphism in Repst,r
tor with j′′ the lift of f ′ and

g′ : Mst,j′(T ′)→Mst,j′′(T ′′) the morphism in Mtor(ϕ,N) attached
to f ′, j′ and j′′. If there exists a morphism of lifts ĥ : j′′ → j which
lifts f ◦ f ′ then g′ ◦ g = p2cMst,ĥ(f ◦ f ′).

The above theorem is a part of Theorem 3.1.1 in [13]. To prove Theo-
rem 2.3, it suffices to show that there exists a constant c5 only depending
on E(u) and r such that g̃ := pc5(OK ⊗W (k) g) and g̃′ := pc5(OK ⊗W (k) g

′)
preserve filtration defined in the previous subsection.
Now let us recall the construction of g. LetM be the torsion Kisin module

obtained by the exact sequence (3.1.1). Proposition 3.2.3 in [13] explains
that TS(M) ' T |G∞ . Similarly, the lift j′ : Λ′ ↪→ Λ′? of T ′ induces a
torsion Kisin module M′ such that TS(M′) ' T ′|G∞ . By Theorem 2.4.2 in
[10], there exists a unique morphism f : M → M′ of Kisin modules such
that TS(f) = pcf . Then g is constructed as g := f mod uS.

Define a map iL : L → L ⊕ L′ via iL(x) = (x, 0) and define iL′ : L′ →
L ⊕ L′ via iL′(y) = (0, y). Set q̃ : L ⊕ L′ → M′ via (f ◦ q)(x) + q′(y) for
(x, y) ∈ L ⊕ L′ and N := Kerq̃. By Corollary 2.3.8 in [10], N is a finite
free Kisin module of height r. Then we have the following commutative
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diagram of Kisin modules.

0 // L′? //� _

��

L′
q′ //� _

iL′

��

M′ //

o
��

0

0 // N // L⊕ L′
q̃ // M′ // 0

0 // L?
� ?

OO

// L
� ?

iL

OO

q // M //

f

OO

0

(3.2.1)

It is easy to check that by functor TS or T̂ , the above commutative diagram
corresponds the following commutative diagram of Galois representations

0 // Λ′ // Λ′?
q′ // T ′ // 0

0 // Λ⊕ Λ′

OO

��

j̃ // N
q̃ //

��

OO

T ′

o

OO

pcf

��

// 0

0 // Λ // Λ?
q // T // 0

(3.2.2)

The above diagram can be constructed without using the previous diagram
as the following: Taking dual of the first row and the last row of the above
diagram, we obtain two exact sequences:

0→ (Λ′?)∨ → (Λ′)∨ q′∨−→ (T ′)∨ → 0 and 0→ (Λ?)∨ → Λ∨ q∨−→ T∨ → 0.

We can construct q̃∨ : Λ∨ ⊕ (Λ′)∨ → (T ′)∨ by q̃∨((x, y)) = pcf∨ ◦ q∨(x) +
q′
∨(y) and let N∨ := Ker(q̃∨). We embed Λ∨ and Λ′∨ to Λ∨ ⊕ (Λ′)∨ to

the first factor and the second factor respectively, In this way, we obtain a
commutative diagram as Diagram (3.2.1)

0 // Λ′?∨ //� _

��

Λ′∨
q′∨ //� _

��

(T ′)∨ //

o
��

0

0 // N∨ // Λ∨ ⊕ Λ′∨
q̃∨ // (T ′)∨ // 0

0 // (Λ?)∨
� ?

OO

// Λ∨
� ?

OO

q∨ // T∨ //

pcf∨

OO

0

(3.2.3)

Then Diagram (3.2.2) is obtained by taking dual of the above diagram.
In summary, we obtain another lift j̃ of T ′. It is obviously that the map
g : Mst,j(T ) → Mst,j̃(T ′) preserves filtration. We also have a map α :
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Mst,j′(T ′)→Mst,j̃(T ′) by modulo u of the upper block of Diagram (3.2.1),
which is a Frobenius, monodromy compatible isomorphism of W (k)-mo-
dules. It is clear that αK(FiliM ′K,j′) ⊂ FiliM ′

K,j̃
where αK := OK⊗W (k)α,

FiliM ′K,j′ and FiliM ′
K,j̃

are filtration of OK⊗W (k)Mst,j′(T ′) and OK⊗W (k)

Mst,j̃(T ′) via the construction in the last subsection. Now to prove Theo-
rem 2.3, it suffices to prove that there exists a constant c5 only depending
on E(u) and r such that pc5FiliM ′

K,j̃
⊂ αK(FiliM ′K,j′).

To prove this statement, consider the following commutative diagram

0

��

0

��

0

��
0 // L′? //� _

��

L′
q′ //� _

iL′

��

M′ //

o
��

0

0 // N //

����

L⊕ L′
q̃ //

����

M′ //

����

0

0 // L̃

��

// L

��

// 0

��

// 0

0 0 0

(3.2.4)

The upper block of the above diagram is the upper block of Diagram (3.2.1)
and L̃ := N/L′

?. We easily check that all rows and columns are short exact
and then the map L̃→ L is indeed an isomorphism. One easily checks that
the above commutative diagram corresponds to the following commutative
diagram of Galois representations

0 0 0

0 // Λ′

OO

// Λ′?

OO

q′ // T ′

OO

// 0

0 // Λ⊕ Λ′

OO

j̃ // N
q̃ //

OO

T ′

o

OO

// 0

0 // Λ

OO

// Λ̃

OO

// 0

OO

// 0

0

OO

0

OO

0

OO

(3.2.5)
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where Λ̃ is the kernel of map N → Λ′?. We easily see that all rows and all
columns are exact and the map Λ→ Λ̃ is an isomorphism of Zp[G]-modules.
By the construction of filtration in the previous subsection, Diagram (3.2.4)
yields a new commutative diagram

0

��

0

��

0

��
0 // FiliL′?K //

� _

��

FiliL′K
q′K //

� _

��

FiliM ′K,j′ //

αK

��

0

0 // FiliN̄K
//

����

FiliLK ⊕ FiliL′K
q̃K //

����

FiliM ′
K,j̃

//

����

0

0 // FiliL̂K

��

// FiliLK

��

// Qi

��

// 0

0 0 0

(3.2.6)

where FiliL̂K := FiliN̄K/FiliL′?K and Qi := FiliLK/FiliL̂K , which can
easily be checked to be FiliM ′

K,j̃
/FiliM ′K,j′ . We need to show that pc5Qi =

0 for a constant c5. Note that FiliL̂K can be regarded as hK(FiliN̄K) where
hK : N̄K → LK is a surjective map induced by the surjective map of Kisin
modules N→ L̃ ' L. By Lemma 2.13 there exists a constant c5 such that
pc5 kills Qi. This finishes the proof of Theorem 2.3 which is stated again
in the following.

Theorem 3.3 (Theorem 2.3). — There exists a constant c only de-
pending on E(u) and r such that the following statement holds: for any
morphism f : T ′ → T in Repst,r

tor and any lift j′, j of T ′, T respectively,
there exists a morphism g̃ : Mst,j(T ) → Mst,j′(T ′) in Mr

tor(ϕ,N,Fil) such
that

(1) if there exists a morphism of lifts f̂ : j′ → j which lifts f then
g̃ = pcMst,f̂ (f).

(2) let f ′ : T ′′ → T ′ be a morphism in Repst,r
tor with j′′ the lift of T ′′

and g̃′ : Mst,j′(T ′) → Mst,j′′(T ′′) the morphism in Mr
tor(ϕ,N,Fil)

attached to f ′, j′ and j′′. If there exists a morphism of lifts ĥ : j′′ →
j which lifts f ◦ f ′ then g̃′ ◦ g̃ = p2cMst,ĥ(f ◦ f ′).
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4. Application to Galois deformation ring

The aim of this section is to reprove a part of Theorem (2.6.7) in [9] via
a different approach. Throughout this section, we assume that K is a finite
extension of Qp.

4.1. p-adic Hodge-Tate type

We first recall the definition of p-adic Hodge-Tate type from [9] and
prove several technical results on p-adic Hodge-Tate type. Let E be a fi-
nite extension of Qp. Suppose that we are given a finite dimensional E-
vector space DE and a filtration (FiliDE,K)i∈Z of DE,K := K ⊗Qp DE

by E ⊗Qp K-modules such that the associated graded is concentrated in
degree in [0, r], namely the set {i|griDE,K 6= 0} ⊂ {0, 1, . . . , r}. We set
v = {DE ,FiliDE,K , i = 0, 1, . . . , r}. If B is a finite E-algebra and VB a fi-
nite free B-module with a continuous G-action, which makes VB a de Rham
representation, then we say that VB has p-adic Hodge-Tate type v if VB
has all its Hodge-Tate weights in {0, . . . , r} and there is an isomorphism of
B ⊗Qp K-modules

gri(DdR(VB)) ' gri(DE,K)⊗E B.

Recall that DdR(VB) := (BdR ⊗Qp V
∨
B )G.

Lemma 4.1. — Notations as the above. Assume that B′ is a B-algebra
and finite over E. Then VB′ := B′ ⊗B VB has p-adic Hodge-Tate type v.

The above lemma is an easy consequence of the following fact. For any
E-algebra A, write AK := K ⊗Qp A.

Lemma 4.2.
(1) We have DdR(VB′) ' B′ ⊗B DdR(VB) and gri(DdR(VB′)) ' B′ ⊗B

gri(DdR(VB)) for all i ∈ Z.
(2) DdR(VB) is a finite free BK-module.

Proof.
(1) We first show thatDdR(VB′) ' B′⊗BDdR(VB). Consider the canon-

ical isomorphism V ∨B ⊗Qp BdR ' DdR(VB)⊗K BdR. After tensoring
B′, we get an isomorphism

V ∨B′ ⊗Qp BdR ' B′ ⊗B DdR(VB)⊗K BdR.
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So dimK(B′ ⊗B DdR(VB)) = dimQp(VB′). But it is obvious that
B′ ⊗B DdR(VB′) ⊂ (V ∨B′ ⊗Qp BdR)G. Therefore we conclude that

B′ ⊗B DdR(VB) = DdR(VB′) = (V ∨B′ ⊗Qp BdR)G.

Similarly, we can show that B′ ⊗B DHT(VB) = DHT(VB′), where
DHT(V ) := (BHT ⊗Qp V

∨)G for a Hodge-Tate representation V .
To show gri(DdR(VB′)) ' B′ ⊗B gri(DdR(VB)) as B′ ⊗Qp K-

modules, note that for a de Rham representation V of G, we have
gri(DdR(V )) ' (griBdR⊗Qp V

∨)G for each i and
⊕
i∈Z

gri(DdR(V )) '

DHT(V ). It is clear that B′ ⊗B gri(DdR(VB)) ⊂ gri(DdR(VB′)).
Then
B′ ⊗B DHT(VB) '

⊕
i∈Z

B′ ⊗B gri(DdR(VB)) ⊂
⊕
i∈Z

gri(DdR(VB′))

' DHT(VB′).

Hence the fact that B′ ⊗B DHT(VB) = DHT(VB′) implies that
gri(DdR(VB′)) = B′ ⊗B gri(DdR(VB)).

(2) We have known that if B is a finite extension of E then DdR(VB)
is a finite free BK-module (see Lemma 2.1 in [16]). Write Bred :=
B/N(B) where N(B) is the nilpotent ideal of B. Since Bred is a
reduced Artinian E-algebra, it is a direct product of finite exten-
sion Ej over E for j = 1, . . . ,m. Hence DdR(VBred) is a finite free
K ⊗Qp Bred-module where VBred = Bred ⊗B VB . By (1), we have
DdR(VBred) = Bred⊗BDdR(VB). Let e1, . . . , ed be aK⊗QpBred-basis
of DdR(VBred) with êi ∈ DdR(VB) a lift of ei and d = dimB(VB).
Then by Nakayama’s lemma, êi generates DdR(V ) as a BK-module.
Hence there exists a finite free BK-module M with rank d and a
surjection map f : M � DdR(VB). On the other hand, it is easy to
compute that dimK(DdR(VB)) = d · dimQp B = rankKM . Hence f
is an isomorphism and DdR(VB) is finite BK-free. �

Remark 4.3. — By Remarque 3.1.1.4 in [2], griDdR(VB) is not neces-
sarily BK-free even for B = E being a finite extension of Qp.

Since EK := E ⊗Qp K is a reduced E-algebra, we have EK '
∏
ι∈J′ F(ι)

of EK-algebras with F(ι) a finite extension of E. Here ι : K ↪→ F(ι) is an
embedding of K to Qp such that F(ι) = E · ι(K) in Qp, and J ′ is a set of
such embeddings ι. So F(ι) is an EK-algebra via ι : K ↪→ F(ι) and E ⊂ F(ι).
Hence for any EK-module M , we get a decomposition M '

⊕
ι∈J′

M(ι) with

M(ι) := F(ι) ⊗EK M. For a filtered EK-module DK , we also use Fili(ι)DK
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and gri(ι)DK to denote (FiliDK)(ι) and (griDK)(ι) respectively. It is easy
to check gri(ι)DK ' Fili(ι)DK/Fili+1

(ι) DK . Write BF(ι) := F(ι) ⊗E B. The
following is a useful result:

Lemma 4.4. — VB has type v if and only if gri(ι)(DdR(VB)) is BF(ι)-free
and rankBF(ι)

(gri(ι)(DdR(VB))) = dimF(ι)(gri(ι)(DE,K)) for all ι ∈ J ′ and
i ∈ Z.

Proof. — One direction is clear by definition. Now suppose that
gri(ι)(DdR(VB)) isBF(ι) -free. Select aBF(ι)-basis e1, . . . , ed of gri(ι)(DdR(VB))
and set M(ι) be F(ι)-module generated by ei inside gri(ι)(DdR(VB)). It is
obvious that M(ι) is finite F(ι)-free and gri(ι)(DdR(VB)) ' BF(ι) ⊗F(ι) M(ι).
Then dimF(ι) M(ι) = dimF(ι) gri(ι)DE,K . Set M =

⊕
ι∈J′M(ι). Then M '

griDE,K as EK-modules and B ⊗E M ' griDdR(VB) as BK-modules. �

As the proof of Lemma 4.2, write Bred := B/N(B) where N(B) is the
nilradical of B. Since Bred is a reduced Artinian E-algebra, it is a direct
product of finite extension Ej over E for j = 1, . . . ,m. Write VEj := VB⊗B
Ej for j = 1, . . . ,m.

Proposition 4.5. — VB has type v if and only if VEj has type v for
each j = 1, . . . ,m.

Proof. — The “only if" part is the consequence of Lemma 4.1. To prove
“if" part, note that the fact VEj has type v for each j = 1, . . . ,m implies that
VBred has type v where VBred := Bred ⊗B VB . So griDdR(VBred) ' Bred ⊗E
griDE,K as K ⊗Qp Bred-modules. In particular, gri(ι)DdR(VBred) is finite
F(ι) ⊗E Bred-free with the rank di = dimF(ι) gri(ι)DE,K . By Lemma 4.4, we
have to show that gri(ι)(DdR(VB)) is BF(ι) -free with rank dimF(ι) gri(ι)DE,K .
By Lemma 4.2 (1), it is easy to check that gri(ι)DdR(VBred) = Bred ⊗B
gri(ι)DdR(VB). Select e1, . . . , edi ∈ gri(ι)(DdR(VB)) such that the image of
{el} in gri(ι)(DdR(VBred)) forms a F(ι) ⊗E Bred-basis of gri(ι)(DdR(VBred)).
By Nakayama’s lemma, we know {el} generates gri(ι)(DdR(VB)). Hence we
have a finite free BF(ι) -module with rank di projects gri(ι)(DdR(VB)). So
dimF(ι) gri(ι)(DdR(VB)) 6 di · dimE B and gri(ι)(DdR(VB)) is finite BF(ι)-
free with rank di = dimF(ι) gri(ι)DE,K if only if the equality holds. On the
other hand, by Lemma 4.2 (2), DdR(VB) is a finite free BK-module with
rank d = rankB(VB) = rankBred(VBred), we have dimF(ι)(DdR(VB)(ι)) =
ddimE B. Note that dimF(ι)(DE,K,(ι)) = d because VBred has type v. Now
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we have

d · dimE B = dimF(ι)(DdR(VB)(ι)) =
∑
i

dimF(ι)(gr
i
(ι)(DdR(VB)))

6
∑
i

di dimE B =
∑
i

dimF(ι)(gr
i
(ι)DE,K) dimE B

= dimF(ι) DE,K,(ι) dimE B = d · dimE B.

Therefore dimF(ι) gri(ι)(DdR(VB)) = di ·dimE B and gri(ι)(DdR(VB)) is finite
BF(ι)-free with rank di. This proves the lemma. �

It will be technically easier to deal with p-adic Hodge-Tate type if E
contains the Galois closure of K (see the discussion of the next subsection).
So we would like to consider the base change VB to a larger coefficient field.
Now let L be a finite extension of E such that L contains the Galois closure
of K. We write BL := L ⊗E B. Obviously, BL is a finite over L as an L-
module. Set v′ = {DL := L⊗E DE ,FiliDL,K := L⊗E FiliDE,K , i ∈ Z}.

Lemma 4.6. — Notations as the above. Then VB has type v if and only
if VBL := BL ⊗B VB has type v′.

Proof. — By Lemma 4.2, it suffices to show that if VBL has type v′ then
VB has type v. As Bred is a product of finite extension of E. L⊗E Bred is
reduced and then BL,red = L⊗EBred. By Lemma 4.5, we can assume that B
is a field. Since VBL has type v′ and gri(DdR(VBL)) = L⊗Egri(DdR(VB)) by
Lemma 4.2, we get L⊗Egri(DdR(VB)) ' BL⊗LgriDL,K = BL⊗EgriDE,K .
Then for each ι ∈ J ′, we have L ⊗E gri(ι)(DdR(VB)) ' BL ⊗E gri(ι)DE,K .
By Lemma 4.4, we have to show that gri(ι)(DdR(VB)) is finite BF(ι) -free
with the rank = dimF(ι)(gri(ι)DE,K). Note that BL ⊗E gri(ι)DE,K is finite
BL ⊗E F(ι)-free with the rank = dimF(ι)(gri(ι)DE,K). So it suffices to show
that gri(ι)(DdR(VB)) is finite BF(ι)-free which is the consequence of the next
lemma. �

Lemma 4.7. — Assume that A,E′ are finite extensions of E and B,C
are finite extensions of E′. A B ⊗E A-module M is finite B ⊗E A-free if
and only if C ⊗E′ M is finite C ⊗E′ B ⊗E A-free.

Proof. — An easy exercise of counting dimensions. �

4.2. Filtration of torsion representations with coefficients

In this subsection, let us assume that E contains the Galois closure of
K. Let J := {ι : K → E} be the set of all embeddings of K to E and A be
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a finite flat OE-algebra. Write AOK := OK ⊗Zp A and AK := K⊗Zp A. For
any ι ∈ J , we have a natural surjection qι : AOK → A(ι) := OK ⊗OK ,ι A
via

∑
i ai ⊗ bi 7→

∑
i aiι(bi). Write q :=

⊕
ι∈J

qι : AOK →
⊕
ι∈J

A(ι) and

c∆ = vp(∆K/Qp) where ∆K/Qp is the discriminant of K over Qp.

Lemma 4.8. — The OK-algebra map q is injective. Furthermore

pc∆(
⊕
ι∈J

A(ι)) ⊂ q(AOK ).

Proof. — As a finite free Zp-moduleOK , select a Zp-basis {1,α, . . . ,αd−1}
with d = [K : Qp]. In particular, for any x ∈ AOK , x can be written as
d−1∑
i=0

ai ⊗ αi with ai ∈ A. Then

q(x) =
(
d−1∑
i=0

aiι0(αi), · · · ,
d−1∑
i=0

aiιd−1(αi)
)

with ι0, . . . , ιd−1 running through J . The statement of the lemma fol-
lows the fact that the determinant of the matrix (ιm(αn))m,n=0,...,d−1 is
∆K/Qp 6= 0. �

For any AOK -module M , we write M(ι) := M ⊗AOK ,qι A(ι).

Corollary 4.9. — There existsAOK -modules maps qM :M →
⊕
ι∈J

M(ι)

and sM :
⊕
ι∈J

M(ι) → M such that sM ◦ qM = pc∆IdM and qM ◦ sM =

pc∆IdM ′ where M ′ =
⊕
ι∈J

M(ι).

In particular, we have the canonical isomorphism AK '
∏
ι∈J

A(ι)[ 1
p ] as

in the previous subsection. If M is an AK-module then we have a natural
decomposition M =

⊕
ι∈J

M(ι).

Let Repst,r
Zp,A denote the category whose objects are A[G]-modules and

also objects in Repst,r
Zp . The morphisms in Repst,r

Zp,A are morphisms of A[G]-
modules. Let L be an object in Repst,r

Zp,A. Then by the construction of Mst,
it is easy to see that M := Mst(L) is a natural A ⊗Zp W (k)-module.
Consequently, MK := OK ⊗Zp Mst(L) ⊂ DdR(Qp ⊗Zp L) is an AOK -
module. For each i = 1, . . . , r, FiliMK is also AOK -module. We write
Fili(ι)MK := A(ι) ⊗qι,AOK FiliMK and gri(ι)MK := A(ι) ⊗qι,AOK griMK .
Note we have the right exact sequence

(4.2.1) Fili+1
(ι) MK → Fili(ι)MK → gri(ι)MK → 0.
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After tensoring Qp, we obtain an exact sequence:

0→ Fili(ι)DK → Fili(ι)DK → gri(ι)DK → 0.

where DK := DdR(Qp⊗Zp L). So in particular, we have Qp⊗Zp gri(ι)MK '
gri(ι)DK . We do not know in general if the sequence (4.2.1) is left exact
(we guess not), or equivalently, Fili(ι)MK is torsion-free (note that FiliMK

in general is not AK-free, see Remark 4.3). However, we can control the
torsion part as the following lemma.

Lemma 4.10. — Suppose that M is torsion free. Then torsion part of
M(ι) is killed by pc∆ for any ι ∈ J .

Proof. — Suppose that x is a torsion element in
⊕
ι∈J

M(ι). Then sM (x) is

a torsion point in M , which is a torsion free module. So sM (x) = 0. Then
by Corollary 4.9, pc∆x = qM ◦ sM (x) = 0. �

Now let us consider the situation of torsion representations. Let Repst,r
tor,A

denote the category whose objects are p-power torsion A[G]-modules T such
that there exists an injective morphism j : Λ1 ↪→ Λ2 in Repst,r

Zp,A such that
T ' Λ2/j(Λ1) as A[G]-modules. For a T ∈ Repst,r

tor,A, by the construction
of previous section, the exact sequence 0→ Λ1 → Λ2 → T → 0 induced by
j induces the following exact sequence of AOK -modules (cf. Corollary 3.1)

0→ FiliMst(Λ2)K → FiliMst(Λ1)K → FiliMst,j(T )K → 0

and
0→ griMst(Λ2)K → griMst(Λ1)K → griMst,j(T )K → 0.

By tensoring A(ι) via qι : AOK → A(ι), we obtain right exact sequences

Fili(ι)Mst(Λ2)K → Fili(ι)Mst(Λ1)K → Fili(ι)Mst,j(T )K → 0

and

(4.2.2) gri(ι)Mst(Λ2)K → gri(ι)Mst(Λ1)K → gri(ι)Mst,j(T )K → 0.

We do not know in general if the sequences are left exact. Suppose that j′ :
Λ′1 ↪→ Λ′2 inside Repst,r

Zp,A is another lift of T then we obtain FiliMst,j′(T )K ,
griMst,j′(T )K , Fili(ι)Mst,j′(T )K and gri(ι)Mst,j′(T )K . By Corollary 2.4, there
exist morphisms g̃ : Mst,j(T )→Mst,j′(T ) and g̃′ : Mst,j′(T )→Mst,j(T ) in
Mr

tor(ϕ,N,Fil) such that g̃ ◦ g̃′ = pcId|Mst,j′ (T ) and g̃′ ◦ g̃ = pcId|Mst,j(T ).

Lemma 4.11. — g̃ and g̃′ are morphisms of A⊗Zp W (k)-modules.
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Proof. — Note that g̃ = pβg and g̃′ = pβg′ with a constant β = c5 from
the last section, where g and g′ are morphisms constructed in Corollary
3.1.2 in [13]. It suffices to show that g and g′ are morphisms of A⊗ZpW (k)-
modules, and this has been proved in Proposition 3.4.1 in [13]. �

In particular, g̃ and g̃′ induces morphismsAOK -modules g̃i : griMst,j(T )K →
griMst,j′(T )K and g̃′i : griMst,j′(T )K → griMst,j(T )K . By tensoring A(ι)

via qι : AOK → A(ι) to g̃i and g̃′i, we obtain the following result by Corol-
lary 2.4.

Corollary 4.12. — The maps g̃i(ι) : gri(ι)Mst,j(T )K → gri(ι)Mst,j′(T )K
and g̃′i(ι) : gri(ι)Mst,j′(T )K → gri(ι)Mst,j(T )K are morphisms of A(ι)-modules
and satisfy the following relations:

g̃i(ι) ◦ g̃
′i
(ι) = pcId|gri(ι)Mst,j′ (T )K and g̃

′i
(ι) ◦ g̃

i
(ι) = pcId|gri(ι)Mst,j(T )K .

We need more preparations to reach the main theorem (Theorem 4.18).
Let Λ ∈ Repst,r

Zp,A such that Λ is a finite free A-module with rank d. Suppose
that there exists an ideal I ⊂ A such that A/I ' OE/pnOE and V :=
Qp⊗ZpΛ has Hodge type v. Set d(ι) := rankB(ι)(gr0(ι)DdR(V )). WriteMK :=
Mst(Λ)K as the above.

Lemma 4.13. — Assume that A is a local ring and A has a prime ideal
p such that A/p ' OF with F a finite extension of Qp. Then Fil0(ι)MK is
finite A(ι)-free with rank d.

Proof. — Let M be the Kisin module attached to Λ and SA = S⊗Zp A.
It suffices to show that M is a finite free SA-module with rank d. Write
A′ := A/p = OF and let MA, MA′ be the Kisin modules corresponding
to Λ and Λ′ respectively. In fact, note that Kisin module is stable under
basis change (see the proof of Proposition (1.3) in [9]), we have MA′ '
A′ ⊗A M which is indeed a finite free SOF := OF ⊗Zp S-module (see
the proof of Proposition (1.6.4) in [9]). Then by Nakayama’s lemma, we
see that MA is generated by at most d-elements as SA-modules where
d = rankSOF (MA′) = rankA′(Λ′) = rankAΛ. On the other hand, since
Λ is a finite free Zp-module with rank [A : Zp]d, we see that MA is a
finite free S-module with rank [A : Zp]d. Hence MA must be a finite free
SA-module. �

Lemma 4.14. — Assumptions as Lemma 4.13. Suppose that d(ι) 6= 0. If
n > md+ 1 then there exists a x ∈ gr0(ι)MK/Igr0(ι)MK satisfying pmx 6= 0.

Proof. — For simplicity, we denote M/IM by M/I for any A-module
M in the following. Let F̃il1(ι)MK be the image of Fil1(ι)MK inside Fil0(ι)MK
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in Equation (4.2.1). By modulo I to the sequence in Equation (4.2.1), we
have sequence

F̃il1(ι)MK/I → Fil0(ι)MK/I → gr0(ι)MK/I → 0,

which is right exact. Write M̄ := Fil0(ι)MK/I and N̄ ⊂ M̄ the submodule
of the image of F̃il1(ι)MK/I. We have M̄/N̄ ' gr0(ι)MK/I. Now suppose
that pm kills M̄/N̄ . We would like to derive a contradiction. Since M̄ is
a finite free OE/pnOE-module with rank d by the previous lemma, there
exists an OE/pnOE-basis ē1, . . . , ēd of M̄ such that

N̄ ' OE/pnOE($a1 ē1)⊕ · · · ⊕ OE/pnOE($ad ēd),

where $ is a uniformizer of OE . The statement pm kills M̄/N̄ implies that
$ai |pm for all i = 1, . . . , d. Let e1, . . . , ed be a basis of Fil0(ι)MK which lifts
ē1, . . . , ēd and y1, . . . , yd ∈ F̃il1(ι)MK such that yi lift $ai ēi. then we have

yi = $a
i ei +

d∑
j=1

bijej with bij ∈ I. Let X be the d × d-matrix such that

(y1, . . . , yd) = (e1, . . . , ed)X. So det(X) = $a+ b with a =
∑
ai and b ∈ I.

If n > md+1 then $a|pmd is not 0 in A(ι)/I. Hence det(X) 6= 0 in A(ι). On
the other hand, since gr0(ι)DdR(V ) is a finite free B(ι)-module, we can lift
a basis z̃1, . . . , z̃d(ι) of gr0(ι)DdR(V ) to z1, . . . , zd(ι) in Fil0(ι)DdR(V ). Since
det(X)(e1, . . . , ed) ⊂ Fil1(ι)DdR(V ), det(X)z̃i = 0. This contradicts that z̃i
forms a B(ι)-basis of gr0(ι)DdR(V ). �

4.3. Compare Hodge types via torsion representations

We prove our main technical results in this subsection. In the following,
we do not insist that E contains the Galois closure of K.

Proposition 4.15. — There exists a constant c′ only depending on K
and r such that the following statement holds:

Let A′ be a finite flat OE-algebra, ρ′ : G→ GLd(A′) a Galois representa-
tion such that ρ′ ∈ Repst,r

Zp,A′ and ρ : G→ GLd(OE) be a Galois representa-
tion such that ρ ∈ Repst,r

Zp,OE . Suppose that there exists I ′ ⊂ A′ an ideal of
A′ such that A′/I ′ ' OE/pc

′OE such that A′/I ′⊗A′ ρ′ ' OE/pc
′OE⊗OE ρ

as OE [G]-modules. Then

dimE gri(ι)(DdR(E ⊗OE ρ)) 6 dimE gri(ι)DdR(E ⊗OE ρ′).
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Proof. — Let L be a finite Galois extension which contains E and K. It
is easy to see that we may replace ρ, ρ′ and A′ by OL⊗OE ρ, OL⊗OE ρ′ and
OL ⊗OE A′. So without loss of generality, we may assume that E contains
the Galois closure of K in the following.
Let T denote the torsion representationOE/pc

′OE⊗OEρ ' A′/I ′⊗A′ρ′ ∈
Repst,r

tor,OE . Two lifts ρ and ρ′ of T are denoted by j and j′ respectively. We
write LK := Mst(ρ)K , L′K := Mst(ρ′)K , MK := Mst,j(T )K and M ′K :=
Mst,j′(T )K . By the right exact sequence (4.2.2) (and the discussion above
(4.2.2)), for each ι ∈ J, i ∈ Z we have gri(ι)MK ' gri(ι)LK/pc

′gri(ι)LK and
gri(ι)M ′K ' gri(ι)L′K/I ′gri(ι)L′K . Now Corollary 4.12 claims that there exist
morphisms of OE(ι)-modules g̃i(ι) : gri(ι)MK → gri(ι)M ′K , g̃′i(ι) : gri(ι)M ′K →
gri(ι)MK such that g̃i(ι) ◦ g̃

′i
(ι) = pcId|gri(ι)M

′
K

and g̃′i(ι) ◦ g̃i(ι) = pcId|gri(ι)MK
.

Set c′ := c∆+c+1 with c as in Theorem 2.3, d := dimE(ι)(gri(ι)DdR(E⊗OE
ρ)) and d′ := dimE(ι)(gri(ι)DdR(E ⊗OE ρ′)). It suffices to show that d 6 d′.
As an OE-module, gri(ι)LK ' Ntor + N with Ntor the torsion part of
gri(ι)LK and N a finite OE-free module with rank d. By Lemma 4.10,

gri(ι)MK = gri(ι)LK/pc
′gri(ι)LK ' Ntor ⊕

d⊕
i=1
OE/pc

′OE . Let N̄ denote

pc∆
d⊕
i=1
OE/pc

′OE . By lemma 4.10, we get pc∆gri(ι)MK = N̄ . It is clear that

g̃i(ι)(N̄) ⊂ pc∆gri(ι)M ′K and g̃′i(ι)(pc∆gri(ι)M ′K) ⊂ N̄ . Since g̃′i(ι) ◦ g̃i(ι) = pcId|N̄

by Corollary 4.12, we see that g̃′i(ι)(g̃i(ι)(N̄)) '
d⊕
i=1

pc+c∆OE/pc
′OE , which is

a rank d finite freeOE/pOE-module, is a submodule inside g̃′i(ι)(pc∆gri(ι)M ′K).
Therefore pc∆gri(ι)L′K has a surjection to g̃′i(ι)(pc∆gri(ι)M ′K), which has the
following shape

g̃
′i
(ι)(pc∆gri(ι)M ′K) ' OE/($m1)⊕OE/($m2)⊕ · · · ⊕ OE/($md̃)

with $ a uniformizer of OE , mi > 1 and d̃ > d . So the OE-rank of
pc∆gri(ι)L′K is at least d. Finally, by Lemma 4.10, we see that the OE-rank
of gri(ι)L′K is just d′ and we prove that d 6 d′. �

The above proposition immediately implies Theorem 1.1, which is re-
stated in the following:

Theorem 4.16 (Theorem 1.1). — Assume that K is a finite extension
of Qp. Let E be a finite extension of Qp and ρi : G→ GLd(OE) for i = 1, 2
two Galois representations such that Vi := E ⊗OE ρi is semi-stable with
Hodge-Tate weights in {0, . . . , r}. There exists a constant c′ only depending
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on K and r such that if ρ1 ≡ ρ2 mod pn with n > c′ then V1 and V2 has
the same p-adic Hodge-Tate type.

Remark 4.17. — Let ρ : G → GLd(E) be a de Rham representation.
For each ι ∈ J , we can define the set HTι(ρ) of ι-Hodge-Tate weights
which contains the integer i such that gri(ι)DdR(ρ) 6= 0 with multiplicity
dimE(gri(ι)DdR(ρ)). The above theorem implies that HTι(ρ) is “known" by
some pn-torsion level if n is large enough.

Unfortunately Proposition 4.15 is not strong enough to prove Theo-
rem 1.2. So we prove the following stronger result but with a worse constant
c∗.

Theorem 4.18. — There exists a constant c∗ only depending on K, r
and d such that the following statement holds:
Let A,A′ be finite flat OE-algebras and ρ : G → GLd(A), ρ′ : G →

GLd(A′) the Galois representations such that ρ ∈ Repst,r
Zp,A and ρ′ ∈ Repst,r

Zp,A′

respectively. Suppose that there exist I ⊂ A an ideal of A such that A/I is
killed by a power of p, a surjective map β : A′ � A/I of OE-algebras such
that A/I ⊗A ρ ' β′ ◦ ρ′ as A[G]-modules where β′ : GLd(A′)� GLd(A/I)
is the natural map induced by β. If I ⊂ pc

∗
A and Qp ⊗Zp ρ

′ has p-adic
Hodge type v then Qp ⊗Zp ρ has type v.

Proof. — We first reduce the proof to the situation that A = OE , A′
is local and E contains the Galois closure of K. To see this, write B :=
Qp ⊗Zp A and Bred := B/N(B) with N(B) the nilpotent radical of B.
We know that Bred =

∏
j Ej with Ej finite extension of E. Select a Galois

extension L such that L contains all Galois closure of Ej andK. Now tensor
OL via OE to (∗) and denote OL⊗OE (∗) by (∗)OL , where (∗) is A, A′, ρ, ρ′,
I and β. Note that (AOL [ 1

p ])red = L⊗EBred = L⊗E
∏
j Ej . Since L contains

the Galois closure of all Ei. So L⊗E
∏
j Ej '

∏
l L with Ej embedding to

L differently. Let ψl : AOL → (AOL)[ 1
p ]� L be the natural map from AOL

to l-th factor L of
∏
l L. Lemma 4.6 and Lemma 4.5 imply that it suffices to

show that L⊗ψl,AOL ρ has type v (2) . Let Al = ψl(AOL) and Il = ψl(IOL).
It is easy to check that Il ⊂ pc

∗
Al. Since ψl : AOL � Al ⊂ L is a morphism

of OL-algebra, we see that Al = OL ⊂ L and obtain a natural projection
γl : AOL/IOL � Al/Il. Similarly, we can assume that A′OL also admits
a surjection to OL. Now replacing βOL by γl ◦ βOL , AOL by Al, IOL by
Il, A′ by A′OL , E by L respectively and replacing ρ, ρ′ accordingly, we can

(2)Strictly speaking, it should be v′ as we has extended the basis field. But it does not
matter here by Lemma 4.6.
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assume that A = OE , E contains the Galois closure of K and A′ admits a
surjection to OE . After localizing A′ and β by the maximal ideal containing
Ker(β), we can assume that A′ is local.
We copy some notations and results from the proof of Proposition 4.15:

Let T denote the torsion representation A/I ⊗A ρ ' A′/I ′ ⊗A′ ρ′ ∈
Repst,r

tor,OE , where I
′ = Ker(β). Two lifts ρ and ρ′ of T are denoted by

j and j′ respectively. We write LK := Mst(ρ)K , L′K := Mst(ρ′)K , MK :=
Mst,j(T )K and M ′K := Mst,j′(T )K . We have gri(ι)MK ' gri(ι)LK/Igri(ι)LK
and gri(ι)M ′K ' gri(ι)L′K/I ′gri(ι)L′K . There exist morphisms ofOE(ι) -modules
g̃i(ι) : gri(ι)MK → gri(ι)M ′K , g̃′i(ι) : gri(ι)M ′K → gri(ι)MK such that g̃i(ι) ◦ g̃

′i
(ι) =

pcId|gri(ι)M
′
K

and g̃′i(ι) ◦ g̃i(ι) = pcId|gri(ι)MK
.

Now we show that there exists a constant c̃ = c̃(K, r, d) only depend-
ing on K, r and d such that if I ⊂ pc̃A and gr0(ι)DdR(V ′) 6= {0} then
gr0(ι)DdR(V ) 6= {0}. In fact, suppose that gr0(ι)(DdR(V )) = {0}. Then the
construction of gr0(ι)MK and Lemma 4.8 implies that gr0(ι)MK is killed by
pc∆ . Set c̃ := max{c′, (c∆ + c)d + 1}. By the construction of gr0(ι)M ′K and
Lemma 4.14, we see that there exists a x ∈ gr0(ι)M ′K such that pc∆+cx 6= 0.
However, pcx = g̃0

(ι)(g̃
′0
(ι)(x)) implies that pc∆+cx = g̃0

(ι)(pc∆ g̃
′0
(ι)(x)) = 0.

Contradiction! Therefore by Proposition 4.15 gr0(ι)(DdR(V )) 6= 0 if and
only if gr0(ι)(DdR(V ′)) 6= 0.
Finally, we set c∗ = c̃(K, dr, d) and suppose that I ⊂ pc

∗OE . It suffices
to show that for each i,

dimE(ι) gr
i
(ι)(DdR(V )) = rankB′(ι)gr

i
(ι)(DdR(V ′)),

where B′(ι) = K ⊗ι,K A′[ 1
p ]. Let i∗ be the least number (could be zero) so

that the above equation fails. For each i write di = dimE(ι) gri(ι)(DdR(V ))
and d′i = rankB′(ι)gr

i
(ι)(DdR(V ′)). Suppose that di∗ > d′i∗ . Set s =

∑
i6i∗

di,
t =

∑
i6i∗

idi. Let ĩ := max{i|
∑
j6i d

′
j 6 s} and s′ :=

∑
i6ĩ d

′
i. Obviously

i∗ 6 ĩ and s′ 6 s. Set t′ := (
∑
i6ĩ id

′
i) + (s − s′)(̃i + 1). It is not hard

to see that t < t′. Consider
∧s

ρ and
∧s

ρ′. We see that t (resp. t′) is
the smallest number so that gri(ι)(DdR(

∧s
V )) (resp. gri(ι)(DdR(

∧s
V ′))) is

nontrivial. We can select a crystalline character χ (see the remark below) so
that gri(ι)χ 6= 0 only when i = −t. Then gr0(ι)(χ

∧s
V ) is nontrivial. Apply

the the argument from the last paragraph to χ
∧s

V and χ
∧s

V ′. Then we
see that gr0(ι)(χ

∧s
V ′) is also nontrivial. But this contradicts to the fact

that t′ is the least number so that gri(ι)(DdR(
∧s

V ′) is nontrivial and that
t′ > t. Hence di∗ > d′i∗ is not possible.
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If di∗ < d′i∗ then we can totally repeat the above argument but switch the
role of V and V ′. Set s =

∑
i6i∗

d′i, t =
∑
i6i∗

id′i, ĩ := max{i|
∑
j6i dj 6

s}, s′ :=
∑
i6ĩ di and t′ = (

∑
i6ĩ idi) + (s− s′)(̃i+ 1). We still have t′ > t.

Select a crystalline character χ so that gri(ι)χ 6= 0 only when i = −t. Then
we see that t′ (resp. t) is the smallest number so that gri(ι)(DdR(

∧s
V )

(resp. gri(ι)(DdR(
∧s

V ′)) is nontrivial. Then we still arrive a contradiction
and this forces that di∗ = d′i∗ . �

Remark 4.19.
(1) It is well known that given a set {mι}ι∈J of integers there always

exists a crystalline character χ such that HTι(χ) = {mι}.
(2) It is natural to ask if c∗ can be chosen such that c∗ is independent

on d as c′ in Proposition 4.15. But we do not know the answer.

4.4. Construction of a certain Galois deformation ring

Throughout this subsection we fix a p-adic Hodge-Tate type v as the
previous subsections. Fix F a finite extension of Fp := Z/pZ and a resid-
ual representation VF : G → GLn(F). Let C 0 be the category whose ob-
jects are complete Artinian local rings with residue field F. Morphisms in
C 0 are local homomorphisms that are identity on the residue field. Let A
be in C 0, mA the maximal ideal and Γn(A) the kernel of reduction map
qA : GLn(A) → GLn(F). A homomorphism VA : G → GLn(A) is called a
lift (of VF) to A if qA ◦ VA = VF. We call VA and V ′A are strictly equiv-
alent if VA = Y V ′AY

−1 for some Y ∈ Γn(A). The strict equivalent class
of lifts of VF to A is called a deformation of VF to A. Define a functor
D : C 0 → Sets by D(A) := {deformations of VF to A}. It is a classical
result of Mazur that D is pro-representable by the universal deformation
ring RVF under some suitable hypotheses on VF. In this subsection, we con-
cern the pro-representability of subfunctors of D whose deformations comes
from representations satisfying some p-adic Hodge conditions. A lift VA is
called has type v if

• there exists a finite flat OE-algebra B, a surjective morphism f :
B → A of OE-algebras and a continuous G-representation on a
finite free B-module VB such that Qp ⊗Zp VB is semi-stable with
p-adic Hodge-Tate type v and VB ⊗f A is strictly equivalent to VA.

Now we consider the following assignment Dv : C 0 → Sets via Dv(A) =
{deformations of VF to A such that a lift of the deformation has type v}.
One has to show that Dv is a functor before to show it is pro-representable.
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Lemma 4.20. — Notations as the above, Dv is a functor.

Proof. — Let R and S be objects in C 0 and φ : R → S be a morphism
in C 0. Then it suffices to show that ρ ∈ Dv(R) implies φ◦ρ ∈ Dv(S). Note
that S is a finite R-module (via homomorphism). So there exist a surjective
ring homomorphism φ′ : R[x1, . . . , xn]� S which extends φ and the image
of xi are in the maximal ideal of S. Let Im denotes the ideal generated bym-
th degree homogeneous polynomials. As S is an Artinian ring, φ′(Im) = {0}
for a sufficient large m. So we get a surjection R[x1, . . . , xn]/Im � S. Since
ρ has type v, there exists a finite flat OE-algebra B and homomorphism
f : B → R required in the definition. Then f induces a ring homomorphism
B′ = B[x1, . . . , xn]/Im → R[x1, . . . , xn]/Im which we still denote by f . Let
VB′ = VB ⊗B B[x1, . . . , xn]/Im. It suffices to show that Qp ⊗Zp VB′ has
type v but this easily follows Lemma 4.1. �

We are going to show that Dv is pro-representable. For this, we need to
recall Schlessinger’s criteria from [17].
Let F[ε] = F[T ]/(T 2) with ε the image of T . A morphism R→ S in C 0 is

called small if it is surjective with the kernel a principal ideal which is killed
by the maximal ideal of R. Obviously, the natural projection F[ε] → F is
small.
Suppose D : C 0 → Sets is a functor satisfying |D(F)| = 1. Let the rings

R0, R1, R2 and the morphisms f : R1 → R0 and g : R2 → R0 be in C 0.
Consider the natural map

(∗) D(R1 ×R0 R2) −→ D(R1)×D(R0) D(R2),

where R1 ×R0 R2 := {(a, b) ∈ R1 × R2|f(a) = g(b)} and D(R1) ×D(R0)
D(R2) := {(a, b) ∈D(R1)×D(R2)|D(f)(a) =D(g)(b)}. Then Schlessinger’s
criteria are as follows:

H1 R2 → R0 small implies (∗) surjective.
H2 If R0 = F, R2 = F[ε], and R2 → R0 is the natural projection then

(∗) is bijective.
H3 D(F[ε]) a finite-dimensional F-vector space.
H4 If R1 = R2 and Ri → R0 (i = 1, 2) are the same small map, then

(∗) is bijective.
The following results are well-known (see [17] and [14]):
Theorem 4.21 (Schlessinger, Mazur).
(1) H1, H2, H3, H4 hold if and only if D is pro-representable.
(2) Let D be the deformation functor of Galois representations of VF

defined in the beginning of this subsection. If EndF[G](VF) = F then
D is pro-representable.
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In the following, we always assume that D is the deformation functor
of Galois representations of VF defined in the beginning of this subsection.
The following is a useful fact, which has been essentially used in [15].

Lemma 4.22. — Suppose that D is pro-representable and let D′ be a
subfunctor of D. Then D′ is pro-representable if and only H1 holds for D′.

Proof. — It is easy to check that D′(R1×R0 R2), D′(R1)×D′(R0)D
′(R2)

are subsets of D(R1 ×R0 R2), D(R1)×D(R0) D(R2) respectively. We easily
check that H1 implies H2, H3 and H4. �

Proposition 4.23. — Suppose that D is pro-representable. Then the
deformation functor Dv is pro-representable.

Proof. — By Lemma 4.22, we need to prove H1 holds for Dv. Since D
is pro-representable, for any ρ̃ ∈ Dv(R1) ×Dv(R0) D

v(R2). There exists
a representation ρ ∈ D(R1 ⊗R0 R2) such that the image ρ of (∗) is ρ̃.
Note that there exist ρ̃i ∈ Dv(Ri) for i = 1, 2 such that ρ̃ = (ρ̃1, ρ̃2)
is in Dv(R1) ×Dv(R0) D

v(R2). Write R3 := R1 ×R0 R2. Note that the
injection R3 ↪→ R1 × R2 induces an injection of Galois representations
ρ ↪→ ρ̃1 × ρ̃2. Since the strictly equivalent class of ρ̃i is in ∈ Dv(Ri) for
each i = 1, 2, there exists Bi finite flat OE-algebras which lift Ri and
finite free Bi-representations VBi which lifts of ρ̃i such that Qp ⊗Zp VBi
has type v. Let π be the projection of B1 × B2 to R1 × R2. Set B =
{a ∈ B1 × B2|π(a) ∈ R3} ⊂ B1 × B2. It is easy to see that π : B → R3
is a surjective morphism of OE-algebra and then the continuous group
homomorphism G→ GLd(B2 ×B2) induced by VB1 ⊕ VB2 factors through
GLd(B). So we obtain a Galois representation VB : G→ GLd(B) such that
R3 ⊗B VB ' ρ. It remains to show that Qp ⊗Zp VB has Hodge-Tate type
v. Write C := B[ 1

p ] and C ′ := (B1 ×B2)[ 1
p ]. Note that C injects in C ′ and

Qp ⊗Qp (VB1 ⊕ VB2) ' C ′ ⊗C (Qp ⊗Zp VB). We prove that Qp ⊗Zp VB has
type v via the following lemma. �

Lemma 4.24. — Let C ′ be a finite E-algebra, C ⊂ C ′ the E-subalgebra
and VC is a finite free C-module with a continuous G-action which makes
VC a de Rham representation. Then VC has type v if and only of C ′⊗C VC
has type v.

Proof. — Write VC′ := C ′ ⊗C VC . By Lemma 4.1, we only need to show
that VC has type v if VC′ has type v. It is obvious that Cred injects C ′red. By
Lemma 4.5 and Lemma 4.1, we may assume that both C and C ′ are fields.
By Lemma 4.4, we need to show that gri(ι)(DdR(VC)) is F(ι)⊗E C-free with
rank = dimF(ι) gri(ι)(DE,K) for each ι ∈ J ′. On the other hand, the fact that
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VC′ has type v implies that gri(ι)(DdR(VC′)) ' C ′ ⊗E gri(ι)(DE,K) which is
finite F(ι) ⊗E C ′-free with the correct rank. As gri(ι)(DdR(VC′)) ' C ′ ⊗C
(gri(ι)(DdR(VC))). Lemma 4.7 implies that gri(ι)(DdR(VC)) is F(ι)⊗E C-free
with rank = dimF(ι) gri(ι)(DE,K). �

Here comes our main result of this paper:

Theorem 4.25. — Assume that the deformation functorD is pro-repre-
sentable by the ring RVF . Then the subfunctor Dv is pro-representable by
a quotient Rv

VF
of RVF . Let B be a finite E-algebra and x : RVF [ 1

p ] → B

be a homomorphism of E-algebras. Then x is semi-stable and has p-adic
Hodge-Tate type v if and only if x factors through Rv

VF
.

Proof. — Let A := x(RVF). Then A is a local finite flat OE-algebra. If
x is semi-stable and has p-adic Hodge-Tate type v then A/pnA ⊗A x is
in Dv(A/pnA) for all n. So x factors through Rv

VF
. Now suppose x factors

through Rv
VF
. Then A/pnA⊗Ax is in Dv(A/pnA) for all n. By the definition

of Dv, Theorem 4.18 and the main theorem in [10], we see that x is semi-
stable and has p-adic Hodge-Tate type v. �

Remark 4.26. — The above theorem recovers a part of Theorem (2.6.7)
in [9], where the quotient of the universal deformation ring also parame-
terize potentially semi-stable representation with fixed Galois type τ . Our
construction seems more natural as we construct a subfunctor of the defor-
mation functor. It also seems promising that one can fully recover Kisin’s
theorem if we further require the element in Dv(A) consisting the defor-
mation such that the lift of the deformation are potentially semi-stable and
has Galois type τ . But we decide not to study the refined result because
we can not see any further advantage of our construction.
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