
121g : proof of Mazur 's Thin & Eisenstein ideal
AIM of Today :

L

By Daniel 's talk , we need to show :

of Yifu Wang .

pÉm_

Let p : G- on → GLd( Ep ) be a residue Rep .

We call pstaisfy JHCP) if

p
"

the semi - simplification of p = ④ Xp ⑥ 1 where Xp =

oyulotomie modp .

Idea : Find an ideal I E Tt Gate algebra) so that A = JOIN)/I Joab
satisfies conditions of -1hm2 ,

in particular , JHCP ) .



I
p-Eisenstein prime & Eisenstein ideal :

Def Let p be a prime . p - Eisenstein prime A is the ideal of Tt

generated by p & Te- Ceti) .
Flt N

.

Lemma 1 - A is nontrivial then F/a = Fp .

So A is max
.

proof we have Z → Ila is surjective as Te ez in Ila

since pz c- A
, we have Fp → Tta as required .

Now let us explain why it relates to JHCP) .

Recall by shining 's talk,
we have

Vp( To CND ~ ⑦ Pyx where pyx is 2- dim p-adic
G-a - hep attached to the weight 2 eigenformf . By the construction of Pta ,
We see that the reduction of Pta corresponds to a max

.

ideal om of II

in the way that . trl Ff , , ( Fre ) ) = Te mod M
,
V-lt-P.lv

.

⇐
Lemma2 M = A ⇒ pI×

"

= Xp ④1 .

proof = A ⇐ trcp-f.nl Fret ) = 1+1

so if pj.IS = Xp ④ 1 .

then M=A is clear
.

Conversely ? This is unclear
.

( I don't think Snowden 's proof
is correct ) .

I Find p so that A is nontrivial .

prop 3 ① ] - [ as ] is nontrivial torsion in Jolly killed by N- l
.

② Te ( Co ] - (co ) = (1+1) Cfo] - [as] ) , flt N

proof ① If [o] - [oJ=o in Jo CN )
.

7- Meromorphic function f. sit
div (f) = [o ] - Cos] . ⇒ I f : JOIN) → Pt

.

i. JOIN)

has genies 0 . Not true for N >7 1=13
.

Consider Luz ) E 51211711 )
.

⇒ D(NZ ) E Sia ( TCM )
.

By definition of ocz) we see that Ott)



has no zero on upper half plane of .

so °tt%(Nz) is
a meromorphic function . on XOCN) & holomorphic at Yoav) . At

8
,
we have f- =0tt%(Nz) = G-

'N"'t - -
-

. so divf __ (N- 1) ¢0T-M)
-

'

. CN- 1)¢0] - To]) = 0 in To CN) .

② consider Hecke correspondence f. g ✗☐ (Nl) → Xo (N)

using facts a) Xo (Nl ) has 4 cusps coming from XOCN) & Xocl )

b) f- Cx , g) = gcx , Y ) ⇒C E Xo ( N) .

c) study ramification at (* ,
o )
,

(*
, a)

⇒ f-* (Cis ) = I [ix.05ft Ax, xD
-

'

a Telex ]) = g* f-
*
( Es) = 1+1 GCT

.

Coro
.

4 : pick p IN -1 so that 7- nontrivial Q C- JOIN)[p] .

Then p -

Eisenstein prime is nontrivial .

> roof since VPCJ.CM ) ~ ④ ftp.t , & semi - simplification
of reduction is independent on selection of lattices, we see that Ipa
↳ Ff ,× for at least one f. A. As deel ftp.x ) = Xp .

-

'

. (Ffa )
"

= 1- ④ Xp
. ⇒ a is nontrivial .

It construction of A .

Now set I = Mp where S={ prime p c- LT & 8 ⇐ a }
.

PES

& A = To (N) / I JOCNJ . (I actually am pretty nervous about
this quotient

This should be ok at least at ① - level)
.

Now we need to show f-(03+-1-10) where f- : Xo (N)→ Jocks → A
.

& A (a) is finite .
The second point is much harder & will

be

discussed in the end .

Let Ttp = 1-④
☒ Ip = king Ttpntt & T.la -_ king Ilan

Fact
. Ia is a direct summand of Ttp as IT is finite I- algebra

& A is max. ideal . ( following Hensel 's Lemma)
.



Lemmas : Jo CN) [ a
" ] → A [FYI is injection .

roof Let I = To (N) ( p
"] then I is Ttp - module & we

have o → II → I → A [ p•] of Ip - modules .

As Tta is a direct summand of Ttp , we have

•→ F- ☒ Ia) I → I Iq → Acpo ] Ia .

It suffices to cheek I -61T¢ -_ 0 , Jo CN)[p•] ☒ Tta = JOCN) [EP]

& Ago] ☒ I # = ALERT
.

First I④ Tta = intersection of mini primes in T.la ,

as It is reduced
,
I-0%-0 .

Touba :# (N) [ p
"] Iq is finite length Tta

'

module so it is killed by am
.

since Joab [p
"] Tta ↳ JOIN)[p

" ]
,
we see JOCNKP" ] a C- Joab Kam] .

Coro
.

6 : f- cos * f- ( as ) .

proof props , x=[0]
- [a] is nontrivial torsion & xe JOIN)[aJ

i. [0J - [A] is nontrivial in
.

ACA ] as the above .

IV Estimate ACQ)
.

If we can show ACP] satisfies HJ ( p) then we can use
Them 2

,

this

is the case when all eigenform f- has Fourier coefficient in I.

( In this case
, Ttlpf -9 I .

Tf tf c- El they 9 is the unique max

ideal above pt .
A = IT At uheue At = To "VKe+Jocm

4- EA are elliptic curve

& Afg] = A [A]
.

is admissible )
.

But for general situation, we have to use Ia - part of everything .
Recall

T.la is a direct summand of Ttp .

Lemma7 : suppose M is a finite I- module & Its - module . If

Mo
#
Tta is twice then M is fine .



Now we apply the above Lemma M = Aca)
.

Let it be the Néron model

of with b° the connected components . We aim to bound ACQ) ☒
⇒
Ia via

similar method in Yifu Wang 's talk .

Recall : Let G be admissible group scheme 12 .

( G will be Acp " ]
, Ñ[pT)

-

I
• I (G) = log p

1Gt
.

Indeed why BEP"] flat /N ?

• ✗ (G) = # of Ip/z occurring in G .
maybe use explicit description

• SCG ) = ICGa ) - l(G*µ )
* IFN

.

• hi (G) = Hifppf ( speech , G) .

Then h
'

(G) - h° (G) I SCG ) - ✗ (G)
.

Now the issue is that Acp ] may me satisfies HJCP ) .

We have to look up
Acp] a = $95s ☒

Ttp Tta
= Acp] A BEAT .

sketch the idea to bound Alda = A ②Itta .

1. Agn] a is admissible
.

We first devissge to reduced to the case Aca ]

This is generic fiber question . we look at Afa] which contains Ipa from

[0] - [A]
.

ACA] is stable under duality ,
as I is self-adjoint operator .

so Asa]
"

= 1 ④ Xp .
as required .

2 : Let D= dim
cap Iactp

]
.
Then ✗ ( A[ pn ] a) = nd -1011)

.

Use Acp " ] a is self- dual & Iim Acp "] a = Tp (A) a which is a
⇐

finite free Ttp - module of rank2 .

3 : To compute 8C Acp"] a)
,
the key is to compute IC Afp "] a / *µ)

which can be reduced to estimate VµC A)1¥ .

Where VNCA ) is N- adic Tate

module & IN is inertia gp at N. Since A has toric reduction at N
,

IN 7 Viv (A) mil potently , & indeed (g- 13=0 , tge IN .
( using VNCA)= ④ Pta)

⇒ dim ( VµCA)IN ) =L dim ( Vn CA ) ) .
similar happens to VµCA)É .

-

'

. 8C Acp" ] a) = nd + 0 (1)
,

i - h
'

cgn) - hic gu) ⇐ SIGN) - ✗ (Gr ) = 011 )
.

where Gn = A°[p " ]a
. Note A is replaced by A° has no problem

because a) ✗ is only question on genome fiber A b) S depends on A & Ñ
at N which is only different by [ A /

*µ
: A° /

*µ
]

.



4) Now consider exact sequence o→A°[pn] → A° → → 0
.

which gives ATI) ☒ Zlpnz ↳ H¥ppf ( speech , Aicp " ] )
Both sides are Ip - algebra , so it makes sense to take Ila - component ,
so ATI) ☒

* Ttp
↳ firm Htgppf (speech , Fn )

whose size is bounded by Sega ) - dcgn) = 011 )
.

since A°cz) e SCI) = A (a) as finite index sabgp ,
ACQ ) 6- IIIa is finite set as required .


