
Learning seminar for Mazur 's paper

I: overview
.

Setup : k a field .

1 : An elliptic curve ( E. C.) /k is a pair CI , 07 where =L is a

(smooth
, projective , connected curve 1k with genus 1 &

O E E (K) .

2 : An elliptic curve /☒ is a curve which can be described by
Weierstrass equation Y'= x>+ axtb

so that the discriminant D= - 16 (493+275)=10
.

3 There is a group low on E- ( Q) which can be described in the following

Hete 0 = cs
.

4. By Nordell- Weil's -1hm ,
E- (Q ) is a finite generated I - module .

So E (a) = E- (☒Lor ⑦ I④--y④I_
r = rank E- (a) which remains mysterious , BSD conjecture .

5
.



6 : Basic idea : Tryeo show if N > Is being prime
=L [N] = ECQ)[N] = { X E ECQ) I ✗ = 03 = do }

.

Let Yo (N) be modular curve which parametrize ( E
, G) where

G c- E is a cyclic subgp of order N.
Need to show Your)(a) = 0 .

Yo (N) e Io CN) its compactification .

Lee To CN) be

it Jacobian
.

We have to CN) → IOCN)→ Jo IN)

Now we need construe Yo 1N) → IoCN)→ A , a

"

good
"

abelian variety Your) (Q) = 4
.

Noce Hecke algebra -112 To (N)

The key point is to select a Eisenstein ideal I C- IT .

to

construct Jo (N) → A. This involves modular form into the

picture .

7 : plan of seminar: Basically follows Snowden 's course ,
but

need to be condensed
.

I Elliptic curve .

I : Basic fact :

By Riemann - Rock Thorin ICD) - lck-D) =degD - g -11 &
use 8=1 ,

,
we can prove C see Silverman chap-1, -11-1 ) .

Group law Eck) is an abelian group via isomorphism Eck>→ CECE)

via ✗ (→ Ex] - [0] .

Equation - satisfies cubic Equation .

when char Ck) 1=2,3
,

the above equation can be simplified
to Y2= set ax +b.

where D= -16 (4 as -1275 ) f- 0
.

I Elliptic carve / G
.

E 1¢ ⇐ a torus =



= CIA where A = I -lattice C- ①

i.e AG z R = ①
.

7- & :C/A → Eccl ) £ IP't) as isomorphism of complex
Z I → [pcz) , 8 'cz) , I ]

.

Lie
groups.

where § CZ) is Weierstrass g- function:( Silverman chap V1)

complex multiplication we can use ✗ = It It T E atbi
,

b > 0

to understand End (E)
.

.

since ✗ A c- A
,
it is woe

hard to show End (E) =3
.
or an order in K Ion

,
where

K is imaginary quadratic field /on .

The latter case
,
we

call E has complex multiplication

II. Isogenies :

Def An isogenyf : E,
→ Ez is a non - constant map &fco)= 0 .

An isogeny is a group homo . as Ex] -6] → [fan] - [0J.

Example : ① In] : E → E : via x1→ nx

② If dharck)=p then Fp : E → É " >
= K

a
=L

via Csc
, y) l→ ( XP

, YP) is an isogeny .

Note f- induces field extension of KCED /KCEZ) where

KCE 'D ane function field of Ei . we have KCEZ> c- L c- KED

LIKE) is Max . separable extension . & KCE , ) he is purely inseparable .

Def 1 deg (f) = [ KCED : KCE )]

② If L = KCED then f- is separable
If I = KCE

, )
- -

- - inseparable



Example :O [a ] is separable ⇒ church 1- n . degas )=nz .

② Fp is inseparable .

Dualisogeny There exists a dual isogeny f! ⇐ → E ,
sit

In £-3 Ez

If
'

[degf]
> E ,

see [Silverman
,
-1-11
,

Them 6.1 ]
.

Note f-
✓

is also defined via

Iz → Clo (E) clock ) # E
,

Q 1-3 [Q] - [0 ] → Inp [p] → I' npp
.

f-
1

Note : when E 1¢ = €1M
.

Then =L ,
→t Ez ⇒

At c- Az
.

Then dog f- = [ Az : His
. & fu is induced

by Az = degf Az c- Hi
.

IV Tate module & Weil pairing .

Pick prime l * charity ,
Eun ] :={xE Eik > I lhx=O }

It turns out there

E- [e
"] = Heinz ⑦ Heinz

.

with G-k=Gal(kTk ) - action
consider the inverse system : Ice

"" ] d- Ece"]
.

Def The l- adic Tate module Tete) : = biff Ecl
"

] = Ie ④ Ie
.

with Gk - action .
This give arise the p-adic Galois rap .

PE ? Gk → Ghz (Ip) .

Remark : Ece
" ] = Fez 0+2%1 Can be visually seen when
E = %

.

Then Ece
"

] = tenth /× .



Weil pairing : Silverman ,§ -11-1 .
8.3]

.

Consequence :O 7- a bilinear
,
alternate

, nondegenerate , Galois invariant

pairing e : Te (E) ✗ Te (E) → Ze (1)
.

Furthermore
, elfin, Y ) = ecx , f-VCY) ) for an isogeny
f- : E

, → Ez .

② For isoyeny f- : E- → E. degcf> = deglflteoe, )
.

.


