
QUIZ 5

Solve the following initial value problem

y′′ + 4y = g(t), y(0) = 0, y′(0) = 0.

where

g(t) =

{
t if 0 ≤ t < 2

2 if t ≥ 2.

Solutions:

First g(t) = t + u2(t)(2 − t) = t − u2(t)(t − 2). Applying Laplace
transform to the question and set Y (s) = L(y), we get

(s2 + 4)Y (s) = L(t)− L(u2(t)(t− 2)).

By the formula that L(uc(t)f(t− c)) = e−csF (s) with F (s) = L(f(t)),
we get

(s2 + 4)Y (s) =
1

s2
− e−2s

s2
.

So

Y (s) =
1

s2(s2 + 4)
− e−2s

s2(s2 + 4)
.

Since 1
s2(s2+4)

= 1
4
( 1
s2
− 1

s2+4
), we see

L−1(
1

s2(s2 + 4)
) =

1

4
(t− 1

2
sin(2t)).

Finally, using the formula L−1(e−csF (s)) = uc(t)f(t− c), we find

y = L−1(Y (s)) =
1

4

(
t− 1

2
sin(2t)

)
−1

4
u2(t)

(
t− 2− 1

2
sin(2(t− 2))

)
.
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