Math 266, Practice Midterm Exam 2

March 11 2016

Name:

Ground Rules

1. Calculator is allowed.

2. Show your work for every problem unless otherwise stated (partial credits
are available).

3. You may use one 4-by-6 index card, both sides.



Part I: Multiple Choice (5 points) each. For each of the following questions
circle the letter of the correct answer from among the choices given. (No partial
credit.)

1. Find the general solution of the equation y” — 2y’ + 2y = 0.

2. To use the method of undetermined coefficients to find a particular solution
of the differential equation

y® — 3y + 3y —y = 4¢',

which of the following forms of Y (¢) should we try?

(a) Y(t) = Ae

(b) Y(t) = Ate!

(c) Y(t) = At%e!

(d) Y(t) = At3e!

(e) Y(t) = (Agt® + At*)et

3. A mass weighting 4 1b stretches a spring 1 ft. the mass is attached to viscous
damper with a damping constant 2 lb-sec/ft. The mass is pulled down an
additional 3 in, and then released. Let u = u(t) denote the displacement of
the mass from the equilibrium. (The gravity constant is g = 32ft/sec?. )
Then u satisfies the differential equation and initial conditions:

(a) v+ 16w 4+ 32u = 0, u(0) =0, v/(0) = 0.
(b) u” + 16w’ + 32u = 0, u(0) = 0.25, v/(0) = 0.
(¢) 4u” +u' + 32u =0, u(0) = 0.25, v/(0) = 0.
(d) 4u” + o' +2u =0, u(0) =0, «'(0) = 0.
(e) 4u” +2u' +2u = 0, u(0) = 0.25, v'(0) = 0.
4. Which of the following forms a fundamental set of solutions to the homoge-
neous differential equation y* + 2y” +y = 0.

a) {cost,sint, et et
(a) {cost,sint, e,



(b) {e’ tel, et te '}
(c) {cost,tsint,tcost,sint}
(d) {e',e”}

)

{e' cost, e sint, et cost,e " sint}

(e

5. Suppose the following the initial value problem describes the motion of a
certain spring-mass system:

4" (t) + o' (t) + 2u(t) = 3cos(t), u(0) =1, «'(0) =0.

Then what we can conclude for ) liin u(t)?
— 400

lim wu(t) does not exists.

Answer Key: (e), (d), (b), (c), (a).

Part II: Written answer questions

6. Verify that y;(x) = z is a solution to

22y +xy —y=0, x>0

Then find the general solution of the above equation. (15 points)

Solution:

Since yj(z) = 2/ = 1, we see that 2%y + 2y —y =2 —2=0. So y;(x) ==

is a solution of given equation.

To find the second solution, we use the method of reduction of order. Assume
that y(z) = y1(z)v(z) is a solution of the equation. Then we found that v(x)
satisfies the equation

y10" + (2y; + p(x)y)v' =0

where p(z) = z/2* = 1/z here.



Since y; () = @, we have the differential equation zv” + (2 + L2)v’ = 0, that
is zv" + 3v" = 0. Hence we solve v/ = C'z™3. So we find that v = Cx=2 + C}.
In particular, we can choose v(z) = 2. So y(z) = yi(z)v(z) = 27 ' is a
solution of the equation. It is easy to check that the Wronskian

-1
Wi(x,z™t) = f _xx =-227"#0

-2

Hence z and z~! forms a fundamental set of solutions. Thus the general
solution is given by

1
y(x) = Ciz + 6’2;.

7. Consider the differential equation
t*y — 2y =3t"—1, t > 0. (1)

(a) Show that y;(t) = t? and y(t) = ¢! forms a fundamental set of solu-
tions for the homogeneous equation t?y” — 2y = 0. (10 points)

Solutions: It is standard to check y(¢) and y,(¢) are solutions of (1)
(Well, you have to show me the details of computations in the exam.)

To check that y;(t) and yo(t) forms a fundamental set of solutions, it
suffices to check the Wronskian is nonzero. We have

2t

WY1, y2) = of -2 =—-1-2=-3#0

(b) Find a particular solution of equation (1).(10 points)

Solutions: Let us find the particular solution by variation of parameters:

) = —u(
! /Wyl,yz /Wyl,yz

2
where g = 34 = 3 — 72

W(y1,y2) = —3. Now we get

From the above, we have known that

1
y(t) = —g(—tQ/t_l(S —t ) ! /t2(3 —t72))
1 t?
= +£?Int — —.
p Tt — g



8. A mass weighting 4 lb stretches a spring 1.5 in. The mass is displaced 2
in. in the positive direction from its equilibrium position and released with
no initial velocity. Assuming that there is no damping and that the mass is
acted on by an external force of 2 cos 3t 1b.

(a) Formulate the initial value problem describing the motion of the mass.(10
points)

Solution: We have mg =4 and L = 1.5/12 = 1/8. Hence k = mg/L =
32 and m = 4/32 = 1/8. Note the u(0) should be 2 in = 1/6 ft. Now
we get the initial value problem:

1 1
gu” + 32u = 2cos 3t, u(0) = & u'(0) = 0.

(b) Find the solution of the initial value problem.(10 points)

Solution: The above equation is equivalent to w” 4+ 16%u = 16 cos 3t. It
is easy to see the characteristic polynomial of the homogenous equation
is r2 + 162. Then the general solution for the homogenous equation is
C1 cos 16t 4+ Csysin 16t. To find a particular solution, we assume that
Y (t) = Acos3t + Bsin3t with A, B undetermined coefficients. Then

we have B =0 and A = %. So the general solution is
u(t) = Cy cos 16t + Cy sin 16t + 162 g o8 3t.
Now by the initial value condition, we get
16 1
Ci+———=- d Cy=0.
e g g M
Then we find the solution of this initial value problem.
1 16 16
u(t) = (6 T 9)008 16t + 62— 9 cos 3t.

(c) If the given external force is replaced by a force 4 sinwt of frequency w,
find the value of w for which resonance occurs.(10 points)

Solution: By the formula, we know resonance occurs when w = wpax
satisfies the following equation

2

2 2 i
= w2l — =),
Whax wO( ka,)

But we know 7 = 0 in this case. So wpax = wy = 16.



9. Find the Laplace transform of the following function. (10 points)
ft)y=te™, a>0

Solutions:

The Laplace transform

[ee] —+o00
L(te™)(s) = / e tedt = / tela=o)t,
0 0

By integral by parts, we have.

+o00 (a—s)t t (a—s)t 1 +oo
L(te™)(s) = / td< = T — / ettt
0 0

a—S a—S a— S

For a < s, we see that lim tel*®* =0. So
t—+o00

1 +oo 1 1
ﬁ(t@at)(5> [ / e(afs)tdt — e(afs)t (Too _
0

a—S



