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Abstract

We show the existence of a Lipschitz viscosity solution u in 2 to a system of fully nonlinear equations involving Pucci-type
operators. We study the regularity of the interface d{u > 0} N €2 and we show that the viscosity inequalities of the system imply, in
the weak sense, the free boundary condition u;: =u,, ,and hence u is a solution to a two-phase free boundary problem. We show
that we can apply the classical method of sup-convolutions developed by the first author in [5,6], and generalized by Wang [20,21]
and Feldman [11] to fully nonlinear operators, to conclude that the regular points in d{z# > 0} N € form an open set of class C Lo,
A novelty in our problem is that we have different operators, 7 and F~, on each side of the free boundary. In the particular case
when these operators are the Pucci’s extremal operators M™ and M ™, our results provide an alternative approach to obtain the
stationary limit of a segregation model of populations with nonlinear diffusion in [19].
© 2018 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The work in the present paper is motivated by the study of the regularity of the free boundary for a limit problem
obtained from a segregation model with nonlinear diffusion studied by the third author in [19]. In the case of two
populations, the model takes the form
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1
M™ i) = guiug inQ

1
M~ (u5) = guiug in (1.1)
ui=f; i=1,2, ond,

where Q2 is a bounded Lipschitz domain of R"”, f; and f, are non-negative, non-zero, Holder continuous function
defined on 02, with disjoint supports, M~ denotes the negative Pucci’s extremal operator that will be described
later. The non-negative solution u{, i = 1,2 of (1.1) can be seen as a density of the population i, and the parameter
é > 0 characterizes the level of competition between species. In [19] it is proven that along a subsequence, u{ and u$
converge uniformly in €2, as € — 0T, respectively to u; and u5, non-negative locally Lipschitz functions, solutions of
the following free boundary problem, for i, j =1, 2,

M7 (u;)=0 in {u; > 0}

M7 —uj) <0 ?nQ (1.2)
uiury =0 in

u = fi on 0€2.

Letu:=u; —up,thenu; =u

*, up =u~, where ut, u~ are respectively the positive and negative parts of u, and

system (1.2) can be rewritten in terms of u as follows

M~ (w)=0 in{u >0}
MTw)=0 in{u <0}
{M () <0 inQ (1.3)
MTwu)>0 inQ
u=f on 0%2,

where f = fi — f> and M (u) = — M~ (—u) is the positive Pucci’s operator.
In the present paper we study problems likewise (1.3) in a more general setting. Precisely, we consider the following
free boundary problem,

F (u)=0 in{u > 0}
Fru)=0 1in{u <0}
1 F () <0 inQ (1.4)
Frw)>0 inQ
u=f on 9€2

in a bounded smooth domain 2 C R”, where f is a Lipschitz function defined on 92 and F~ and F + are uni-
formly elliptic operators belonging to a class of extremal operators that includes the Pucci’s operators M~ and M™.
Therefore the limit problem (1.3) can be seen as a particular case of (1.4).

We first prove the existence of a Lipschitz solution u of (1.4). Then, we study the regularity of the free boundary
set

I':=ad{u>0}NQ.

Denote u; = u™" and u; = u~, and let v; be the interior unit normal vector to {u; > 0}. At this stage we have no
information about the regularity of the free boundary I and the vectors v; may not be defined at every point of T.
However, we can prove that any Lipschitz solution of (1.4) satisfies in a weak sense (viscosity sense) the following
free boundary condition

ou;  oup

= onl’,
V] oy

that is, the normal derivative of u is continuous across the free boundary.
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This will allow us to apply the regularity theory developed by Caffarelli in the papers [4-6] for free boundary
problems associated to linear operators and then extended by Wang [20,21] to the case of fully nonlinear uniformly
elliptic concave operators, to show that the subset of regular points of the free boundary is relatively open in I and
locally of class cl* 0<a<l.

Let us describe more in details the results of the present paper and the strategies followed. Let xg € I" and assume
that I is smooth around xg, then since u is a viscosity solution of the first and second equations in (1.4), by the Hopf
Lemma we have

ouq

ouy
0< (x0), a—(xo) < +o00,

avi Vo

that is u has linear growth away from the free boundary around xg. Thus, we expect that at points where the solution
u “behaves well”, in fact both u; and u, have locally linear growth away from the free boundary. The linear behavior
of u; at a point x¢ of the free boundary without regularity assumptions on I" can be defined as follows: there exists
r=7(x9) >0and M = M(xp) > O such that forany 0 <r <7,

sup u; > Mr. (L.5)
By (x0)
A barrier argument shows that the function u; satisfies (1.5) at points of I" where there is a tangent ball to I" contained
in its support, as we will see. Points with this property are dense in I'. Thus, we define x¢ € I" to be regular if (1.5)
holds true for at least one among u and u;, see Definition 6.1. Then by using that u satisfies in the viscosity sense

F u)<0<Ft@w) inQ (1.6)

we can actually prove that both u#; and u; have linear behavior at any regular point, as expected. The viscosity
inequalities (1.6) have to be understood as a sort of free boundary conditions since they are satisfied in the whole 2
and thus across the free boundary too.

Now, solutions of (1.4) have the properties that the positive and negative parts are subharmonic in 2. Therefore, we
can perform a blow up analysis by using the monotonicity formula. In particular, we can show that if u is a Lipschitz
solution of (1.4), then around any regular point the free boundary is flat, meaning that it can be trapped in a narrow
neighborhood in between two Lipschitz graphs. If in addition there is a tangent ball from one side at xo € I', meaning
that the ball is contained either in the positivity set of u or in its negativity set, then we prove that u has the asymptotic
behavior

ux)=a <x—xp,v>" =B <x—xp,v>"4o(x — xo|), (1.7)

where o, 8 > 0 and v is the normal vector to the tangent ball at xo pointing inward {u > 0}. The viscosity inequalities
(1.6) then imply o = B, that is u is asymptotically a plane at xg. This shows that any Lipschitz viscosity solution of
(1.4) is also a viscosity solution to the following two phase free boundary problem

F (u)=0 in{u> 0}

Ftw)=0 in{u <0} (1.8)
g_g;:g% on 3{u > 0} N Q.

We refer to [3] for the theory of viscosity solutions to free boundary problems. The regularity of the free boundary for
problems of type (1.8) with same concave fully nonlinear operator in both the positivity and the negativity set of # and
with more general free boundary conditions, has been investigated, as already mentioned, in [20,21]. More general
operators have been considered in [1,10,11].

Even though in (1.8) there are different operators on each side of the free boundary, we can still apply the results
of [20,21] and prove that for any solution u of (1.8) the following holds: if the free boundary is flat around a point
xo € T, then in a neighborhood of x it is a C'% surface. Going back to the original free boundary problem (1.4),
this result implies that the set of regular points is an open subset of I' locally of class C**. In particular, u has the
asymptotic behavior (1.7) with & = § at any regular point.

To conclude, let us mention that we provide a simpler proof than in [19] of the existence of a Lipschitz solution
of (1.4) that does not involve a segregation problem. Moreover as a byproduct of our results, we prove existence of a
Lipschitz solution of (1.8). Existence of solutions to free boundary problems is in general a main issue. For (1.8), with
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F replaced by F it has been proven in [22]. We believe that our existence proofs could be generalized to a larger
class of fully nonlinear operators.

1.1. Organization of the paper

The operators 7~ and F are defined and their properties described in Section 2. Some examples are provided too.
Our main results, Theorems 3.1, 3.2 and 3.3, are contained in Section 3. In Section 4 we recall the monotonicity for-
mula and some related results. Existence of a Lipschitz solution of the free boundary problem (1.8), i.e. Theorem 3.1,
is proven in Section 5. In Section 6 we introduce the notion of regular points and we prove the non degeneracy of
both #; and u; at regular points. Section 7 is devoted to the proof of Theorem 3.2. In Section 8 we prove that for the
solution of (1.8) flat free boundaries are Lipschitz and, as a corollary, Theorem 3.3. Finally, some properties of the
fundamental solution for the operator F — are proven in the Appendix.

2. The operators F~ and F*. Notation

We will start by defining the two general fully nonlinear uniformly elliptic operators 7~ and FT. Let S, be the
set of symmetric n x n real matrices. Given 0 < A <1 < A, let us denote by A, A the set of matrices of S, with
eigenvalues in [A, A]; i.e.,

AA,A ={AeS,|M, <A< ALY,
where I, is the identity matrix. Let A}lh A and Ai A be two not empty subsets of A, A with the property that
ifAedj ,,i=1,2 and 0 € O(n), then OAO' € A} ,, (2.1)

where we denote by O(n) the set of n x n orthogonal matrices. Moreover, we assume that the identity matrix belongs
to both sets,

Iye Al \NAT . (2.2)

Let F* and F~ be the following operators defined over matrices M in S,,,

F~(M):= inf Tr(AM) (2.3)
AeAl ,
and
Ft(M):= sup Tr(AM). (2.4)
AeAi,A

We remark that when Ai A= A% A =Ax a, then F~ =M™ and Ft =M™, where M~ and M™ are the Pucci’s
extremal operators defined, for M € S, as follows

M~ (M) = AEIQEA Tr(AM) = A Z ei + A Z ei

e; >0 e; <0
and
MT(M)= sup Tr(AM)=A Z e +A Z e,
AeAs A e;>0 ;<0
where ¢;,i =1, ..., n are the eigenvalues of the matrix M.

Proposition 2.1. 7~ and F satisfy, for M, N € S,

(a) FE(eM)=tF*(M) foranyt > 0;
(b)y FY(M + N) < FH(M) + FT(N) and hence F+ is convex;
) FF(M+N)>F (M)+ F (N) and hence F~ is concave;
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(d) Forany M € S,
M= (M) < F~(M) <tr(M) < F (M) < M (M);
(e) (Uniform Ellipticity) M~ (N) < FE(M + N) — FX(M) < M*(N);

Proof. Properties (a)—(c) are clear from the definitions (2.3) and (2.4) and the properties of the sup and inf functions.
Since A}\,A, .A,ZLA C A;. A, we have that M~ (M) < F~(M) and F* (M) < Mt (M) for any M € S,,. Moreover,
(2.2) implies that

F~ (M) < (M) < FH(M).

This proves (d).
By (b) and the last inequality in (d), we have that

FH(M +N)—F"(M) < FF(N) < M*(N).

On the other hand, by the properties of the sup function,

Fr(M+N)>Ft M)+ inf Tr(AN) > FH M)+ M~ (N).

AcAy

This concludes the proof of (e) for 7. Similarly, one can prove (e) for F~. 0O

Let D be a domain of R”. With a slight abuse of notation, we define the differential operators, for u € C?(D) and
xeD,

F~w)(x) :=F(D*u(x))
and
Fra)(x) = FH(D*u(x)),

where D?u is the Hessian matrix of u. By Proposition 2.1, the differential operators F~ and F* are 1-homogeneous,
uniformly elliptic, 7~ is concave and F7 is convex. Moreover, by (d), for any u € C?(D),

M7 < F~ () < Au< FHu) < M), (2.5)
where again here we denote M™(u)(x) := M~ (D*u(x)), M) (x) := M+ (D?u(x)) and by Au the Laplacian

of u. Furthermore, the operators '~ and F are invariant under rotations, as stated in the following proposition.

Proposition 2.2. Let O be an orthogonal matrix. Let u be a C 2-ﬁmction and let v(x) =u(Ox). Then,
FE)(x) = FEu)(0x).
Proof. Since D?v(x) = O' D?u(0Ox)0, we have that

F () (x)= inf tr(AO’Dzu(Ox)0)= inf tr<0A0’1)2u(0x))
.A]

1
AeA; AGAA’A

— inf tr(ADzu(Ox))=F(u)(0x),
AeAiyA

where we have used that by (2.1),
AL, ={0A0"|Ac A} ,, 0 €Om)}.
Similarly, F*(v)(x) = F " (u)(Ox). O
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Remark 2.3. By Proposition 2.1, Harnack inequality holds true for nonnegative viscosity solutions of F~ (1) <0 <
FT(u), see [2, Theorem 4.3]. Observe also that 7~ and F* satisfy the comparison principle: if D is a bounded
domain and u is a viscosity subsolution for 7 in D, meaning F*(«) > 0 in the viscosity sense in D, v is a viscosity
supersolution for F* in D, meaning F(v) < 0 in the viscosity sense D, and u < v on 3D then u < v in D; the same
result holds for F~, see [2,9] for more details. In addition, since 7~ and F are respectively concave and convex,
interior C%“-estimates for solutions of F*+(u) = 0 hold true, see [2].

Remark 2.4. If u is solution to (1.4), then
IN'=0d{u; >0}NQ=0{uy >0}N Q.

Indeed, if there was xg € (0{u; > 0} N ) \ d{uz > 0}, then in a ball of radius r around xo we would have
F ) =F (u) <0, u; >0, u1 #0, uj(xo) =0.

This contradicts the strong maximum principle.

2.1. Some examples

Example 2.5. As discussed in the Introduction, the free boundary problem (1.3), which is the limit problem of a
population model studied in [19] that takes into account diffusion with preferential directions, is a particular case of
problem (1.4). Indeed by choosing Ai,/\ = Ai’A = A; A, we have that 7~ = M~ and F* = M.

Example 2.6. By choosing Ai’ A = U} and Ai’ A = A A, problem (1.4) becomes

Au=0 in {u > 0}

MTu)=0 1in{u <0}

Au <0 in Q (2.6)
MT@w)>0 inQ

u=f on 9€2.

Since the Bellman equations are very helpful to solve optimal stopping strategies see [16], this type of models can
eventually be used to describe situations with multiple strategies.

Example 2.7. By the uniformly ellipticity, (¢) in Proposition 2.1, the operators F+ and F~ are Lipschitz continuous
as functions in the space S(n). This regularity is optimal for the Pucci’s operators M~ and M. Indeed, consider for

example a family of matrices {M; |t € R} with eigenvaluese; ; =t and ex; =e3;=...=e¢,; =0, then
_ Ao ifr>0
M (M) = .
Ar ift <O,

which is a no more than Lipschitz function for A < A. However there are operators in the class of extremal ones that
we consider here which are more regular. Consider for example,

F~(M) =inf{tr(AM) : A € S,)
FT (M) =sup{tr(AM) : A€ S}
where for p > 0,
A =M A =8y = (A= (a;j) €Sy : llaij — 8ijllir <10 < 1)

for some L = A(rgp) < 1 < A. Since, for example, for p = 2 the balls in the [? norm are smooth, one can get a higher
than Lipschitz regularity for 7+ and F~ and thus, better than C>* estimates for the solutions u of F*(u) = 0.
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2.2. Notation

For a function u, Vu and D?u denote respectively the gradient of u and the Hessian matrix of u. The standard
Euclidean inner product is denoted by < -,- >. We define u™ := max(u, 0) and u~ := max(—u, 0) which are the
positive and negative part of u. In the rest of the paper, for the solution u of (1.4), we will use the notation

upi=ut and wupr:=u", 2.7

at our convenience. Notice that
] (x) = max(uq(x), ua(x)) = ui(x) + ua(x).
Furthermore, we denote by
Qi) := {u; > 0}
i =1, 2, the positivity set of u; and by
:=df{u>01NQ,
the free boundary set. If # has an asymptotic development around x¢ along the direction v; given by,
u(x)=a <x —xgp,v1 > =B <x —x0,v1 > 4o(lx —xo|)

we write that

a d
M _ o and Z2_gp,
0V AV
where v; = —v;. We will consider the Euclidean norm for the distance, d(x, y) = |x — y|. Furthermore, we denote
Iy (i, %) = / vul*_, 2.8)
uj, x0) ‘= — ——dx, .
r 1 0 rz |_X _ x0|”*2
By (x0)
and
Jr(u, x0) := Jy (u1, x0) Jr (u2, x0). (2.9)

When x¢ = 0 we simply write J, («) instead of J,(u, 0).
3. Main results

Theorem 3.1. Let 2 be a bounded smooth domain of R" and f be a Lipschitz continuous function on 02 such that
ft#0and f~ #0. Then there exists a viscosity solution u of (1.4) such that u; = ut %0 and up =u= #£0.
Moreover u is Lipschitz continuous in Q.

Theorem 3.2. Any Lipschitz solution u of (1.4) such that uy =u™ # 0 and uy = u™ # 0, satisfies in the viscosity sense
the free boundary condition

dur 9
M _2" T =du>0ng,
dvy vy

meaning that: if there exists a tangent ball B at xo € T, such that either B C Q2(u1) or B C Q(uz), then there exists
o > 0 such that

ux)=o <x —xg,v; > 4o(Jx —xo|) 3.1

where vy is the normal vector to OB at xy pointing inward to Qu1) (and vy = —v1). In particular, u is a viscosity
solution to the free boundary problem (1.8).
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Theorem 3.3. Let u be any Lipschitz solution of (1.4) and let R be the set of regular points of u, according to
Definition 6.1. Then R is an open subset of I" and locally a surface of class CY%, with 0 < « < 1. In particular, u has
the asymptotic behavior (3.1) at any xg € R.

The proofs of Theorems 3.1, 3.2 and 3.3 are given respectively in Sections 5, 7 and 8.
4. Backround: The monotonicity formula

In this section we recall the Alt—Caffarelli-Friedman monotonicity formula and some related results that we will
used later on in the paper. A proof can be found in [3,18]. We have:

Theorem 4.1 (Monotonicity formula). Let uy, uy € C(B1(0)) be nonnegative subharmonic functions in B1(0). Assume
uiuy =0and u1(0) =ur(0) =0. Let u = u| — up and

) 1 |Vu1|2d / |Vuy|?
= — X

rut ré |x|”_2 |x|”_2
B (0) B (0)

dx, O<r<l.

Then J.(u) is finite and is a non-decreasing function of r. Moreover,

N =

Jr@) < e llutlgag, lu2llzogp ) 0<r<

Theorem 4.1 can be applied to u = uj — u3 solution of (1.4). Indeed, by (2.5) we have Auy > F~ (u1) =0in Q2(uy)
and Aup > —F T (—uz) = 0 in Q(u,). Therefore, both 1 and u, are subharmonic functions in the viscosity sense,
and thus is in the distributional sense, in the whole €2,

Au; >0 inQ 4.1)

and

Auy >0 in Q. 4.2)

Remark 4.2. Since J, (1) is a monotone nonnegative function, there exists

Jo(u) := lirg+ Jr(u). 4.3)

The following theorem gives information on the case J, (1) constant. A proof of it can be found in [18].

Theorem 4.3. Let u1, uy € C(B1(0)) be nonnegative subharmonic functions in By (0). Assume ujur =0 and u1(0) =
u(0) =0and letu =uy —uy. If

Jr1 (Lt) = Jrz(u) =k

for some O <ry <ry <1, then, either one or the other of the following holds:

(1) u1 =0in B,,(0) or up =0 in B, (0);
(ii) there exist a unit vector v, positive constants a, B and a universal positive constant cy, such that

k= cna2ﬁ2
and for any x € B,,(0),

ux)=a<x,v>"—B<x,v>".
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5. Proof of Theorem 3.1

We consider the Heaviside function H : R — {0, 1},

1 whenx >0

H =
x) 0 when x <O,

and we let He denote a smooth approximation of H, satisfying H, > 0. Consider the fully nonlinear uniformly elliptic
operator G, defined by

Gu):=H(u) F~(u) + (1 — H(u)) F*(u) (5.1)
and its e-approximation G, defined by
Ge(u) == He(u) F~ (1) + (1 = He (u)) F* (). (5.2)

To prove existence of a Lipschitz solution of (1.4), we prove that for any € > 0, there exists u€ viscosity solution of
the problem

(5.3)

Gcu)=0 in
u¢=f on 0<2,

and that the functions u€’s are Lipschitz continuous uniformly in €. Existence of a solution of (1.4) will then follow
by using the Ascoli—Arzela Theorem and the stability of the viscosity solutions in the sets {u# > 0} and {u# < 0}.

Remark 5.1. By Proposition 2.1, in the viscosity sense
M) < F- W) < Ge(u) < Fr(u) < M* ()

We start by proving that any viscosity solution of (5.3) is Lipschitz continuous with Lipschitz norm independent
of €.

Theorem 5.2. Let € > 0, Q be a bounded smooth domain and G the operator defined in (5.2). Let f € cO1Q)
satisfy

I fllcorag) < Ko-
Then, any continuous viscosity solution u€ of problem (5.3) is Lipschitz continuous in S and

||u€||co.l(§) =<C,
where C = C(n, 2, A, A, Kp).
Proof. Before giving the precise proof, we will give an heuristic argument, just to give an idea of the main technic.
Assume that 1€ has a further regularity, for instance u¢ € C3(2). Since F~ (M) and F T (M) are Lipschitz continuous

with respect to M € A, we have that 7~ (u€) and F~ (u) are Lipschitz continuous with respect to x, therefore we
can differentiate a.e. in 2 both sides of the equation

Ge(u) =0,
in any direction o € d B1(0). Indeed, if we denote
OF*
FEM) = M),
M) = 5 ()

where M = (m;;), we obtain
0= 06 Ge(u) = He ) F;; (U3 (9u) + (1 — He ) F; ()3 (05u°)
+ H(u€) (F~ ) = FF(u)) dous.
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Then, if L denotes the linear operator, with coefficients that depend on u€,
L() = He(u®) Fi; ()05 () + (1 — He(ue))ﬂjf(ué)aij(%
we can see that d,u€ is a solution of

L(0su®) 4+ H,(u®) (F~ W) — FF(u)) 05u =0.

<0

Since H/(u€) (]-"* W) —F+ (u‘)) < 0 by the maximum principle,
sup d,u€ < supdyuc.
Q a0

Now, if ¢ is a tangential direction to d€2, then
sup dpu® =supdy f < IV fllL>@pe)-
Q 9

If o is a normal vector, then a barrier argument (as the one in Claim 1 below) shows that
sup d,u€ < C.

Q2

Thus, d,u€ is bounded in 2 and the arbitrariness of ¢ implies the result. To overcome the lack of regularity, we will
use standard techniques from the theory of viscosity solutions. In particular, we will discretize and prove that the
incremental quotient is bounded, meaning that there exists a constant C independent of € such that, for o € 3 B1(0)
and i > 0:

€ h) — u€
sup u (x +oh) u(x)<C0

5.4
x,x+hoeQ h

Then the result holds true. To prove (5.4) we first prove the following claim:
Claim 1: There exists Co > 0 independent of € such that for any x € Q and any y € 022,

|u€ (x) —u ()| < Colx — .
Proof of Claim 1: Consider the function ¥ solution to

M~()=0 inQ
v=f on 0€2.

Then, ¥ € C>*(Q) and ¥ € C*1(Q), see [2,12]. Remark 5.1 and comparison principle implies u€ > ¥ in Q. In
particular, if y € 9Q2 and x € 2, we have
ut(x) —u(y) = ¥ (x) =¥ (y) = —Colx — yl, (5.5)
for some Cq > 0 independent of €. Similarly, the inequality
u(x) —u(y) < Colx — y| (5.6)
follows by comparing u¢ with the solution ¢ of
MT(p)=0 inQ
o=f on 0€2.

Claim 1 follows from estimates (5.5) and (5.6).
Next, to prove (5.4), assume by contradiction that, for some § > 0,
u¢(x +ho) —u(x)

sup >Co+ 9,
x,x+hoeQ h

where Cg > 0 is given in Claim 1. Then, for « > 0, we have that
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€ h 2 _ €
sup u¢(x + ho) + kx| u(x) > Cots. 5.7)
x,x+hoeQ h

In what follows we will make explicit the dependence of the operator G¢(#) in u and M € S, by using the notation
Ge(u, M). Denote wy (x) :=u(x +ho) +«|x 2. Note that, by the uniformly ellipticity and the fact that u€ is solution
of (5.3), wj, is a strict subsolution of G¢(wj — K|x|?, Dzwfl) =0,in Q2 — ho :={x — ho | x € Q} as it satisfies in the
viscosity sense

0=Gc(w§ —k|x|>, D*w§ —2ily) < Ge(w§, — K |x|?, D*w) — M~ (2« I,)
= G (w§ — «|x|*, D*wf) — 2 An,
from which
Ge(ws — k|x|?, D*wf) > 2kcan  in Q — ho. (5.8)

In order to infer a differential inequality satisfied by wj (x) — u€(x) in the viscosity sense, consider for any fixed
79 > 0 and 0 < T < 79, the upper T-envelope of w;, and the lower T-envelope of ¢ defined respectively by

1
wt(x):= sup {wZ(y)+r——|y—x|2}, X € Qqy —ho
YEQy—ho T

1
u(x) = inf {ue(y)—r+—|y—x|2}, X € Qq,
Y€y, T

where Q1= {x € Q|d(x, 9R) > 10} and, for simplicity of notation, we have dropped the dependence on 4 and €.
Claim 2: The upper and lower t-envelopes have the following properties:

a) w' € C(Qqy —ho), ur € C(Qg), w* > wj, +7, ur <u® — 7, w" — wj and u; — u as  — 0 uniformly in
Q4, — ho and in Q4 respectively.

b) For any x € Q, N (2, — ho) there exists a concave (resp., convex) paraboloid of opening 2/7 that touches w*
(resp., u;) by below (resp., above) at x. In particular, w* and u, are punctually second order differentiable almost
everywhere in 24, N (2, — ho), meaning that, for a.e. xg € Q, N (2, — ho) there exist paraboloids Py, and P,,
such that, w® (x) = Py, (x) + o(|x — x0|?) and u, (x) = P, (x) + o(]x — x0|?) as x — xo.

c) If x € Q) — ho is such that w* (x) = wj, (x*) + 17 — %lx — x7|2, then

—|x = xT* < wh(x7) — w (x).

If x; € Qq, is such that u; (x) = u(x;) — v + %Ix — x¢|%, then
1 2 € €
;lx — x| = ut(x) —ut (x7).
d) There exists t; > 0 such that for any v < 71, w? is a viscosity (and therefore a.e.) subsolution to
T 1 T2 T2 2.7
Gelw' xX)—t+=|x—=x"|"=«k|x"|",D°w"(x) | =2kAn, x € Q¢ —ho
T
and u is a viscosity (and therefore a.e.) supersolution to

1
Ge <u,(x) +1 -l —x. Dzuf(x)) =0, x€Qy.

Proof of Claim 2: For the proofs of (a)—(c) see Theorem 5.1 and Lemma 5.2 in [2]. Note that by (c),

1
—lx = xS wfr) —wi () < C.

Since wj, is continuous this implies that
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—x=x"P—>0 ast—0. (5.9)
Similarly,

1

—lx—x>>0 ast—0. (5.10)

T

To prove (d), let xo € Q224, — ho and let P(x) be a paraboloid that touches by above w® at xo. Consider the paraboloid

T 1 7,2
Ox)=P(x +xo—x0)+;|xo—x0| —-T.

By (5.9), we can pick 11 > 0 independent of xg such that xg € Qq, — ho for any T < 71. Take any x sufficiently close
to x§, so that x + xo — x§ € ¢, — ho, then, by definition of w”,

1
w(x) <w"(x +x0 —x§) + ;|x0—x5|2 —7<0®x).

Moreover, wj, (x;) = Q(x{), since wT (xo) = P(xo). Hence Q touches w;, by above at x§ and by (5.8),
1
2ichn < Ge(wf(x§) — klx§ 1%, D*Q(x§)) = Ge (wf(xo> — T+ —lxo— x5 1> —xxg 1%, DZP(XO)) :
T

Similarly one can prove the second viscosity inequality in (d). This concludes the proof of Claim 2.

Let us continue the proof of the theorem. We have assumed that (5.7) is true. If the supremum in (5.7) is attained
at X, then both X and X + o/ have to be in the interior of 2, for otherwise we would have u€(x + ho) — uc(x) >
Coh + 8h — k|x|*> = Coh + 8h — kC () which contradicts Claim 1 for k < 8h/C(R2). Thus, there exists g > 0 such
that

wy, (x) — u®(x) - W wy, (x) — u®(x) S Cots.
x+ho,xeQ h x+ha,er3T0 h

For t small enough, by (a) of Claim 2, there exists xg € 25, N (Q 5ty — ha) such that
= =

W' (x) —ur(x) W' (xg) — ur (xp)
sup

x+ho,x ESZTO h h

=M > Cy. (5.11)

Take s > 0 and r < 79/2 small enough so that B, (xg) C €27, N (227, — ho') and define
v(x) =ty (x) — w (x) + Mh + s|x — xo|> — sr.
Then v has a strict minimum at xg, moreover
v(x) >0 ondB,(xg) and v(xg)= —sr2 <0. (5.12)

Let us denote by I';, the convex envelope of —v™ in By, (xg), where we have extended v = 0 outside B, (xp). Here we
use standard techniques from the theory of viscosity solutions, see [2]. Since we do not know if w® and u, are twice
differentiable at x(, we introduce the convex envelope in order to find a point x; of twice differentiability for both w?
and u, such that w*(x1) > u;(x1) and D*w’ (x1) < Dzu,(xl) + small corrections. We have that Iy <0 in By, (xq).
By (b) of Claim 2, for any x € B, (xg) N {v =1I";,} there exists a convex paraboloid with opening independent of x that
touches I', by above. By Lemma 3.5 in [2], T, € cl! (By(xg)) and

detDT", dx > 0.
By (xo)N{v=T"}

In particular | B, (xg) N {v =T',}| > 0. Since w* and u, are second order differentiable almost everywhere in B, (xp),
there exists x; € By (xg) N{v =T} such that w* and u, are second order differentiable at x; and by (d) of Claim 2,

1
G (wf(xl) — T4 —|x; — x] > —k|x] %, Dzwf(xl)) > 2KAn (5.13)
T
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and
1

Ge (uf(m) +7— ;le — (x|, Dzur(x1)) <0. (5.14)
Since I'y, is convex, I'y, < v and I'y(x1) = v(x1), we have that D%*v(x1) >0, ie.,

D*w™ (x1) < D?u;(xy) +2s1,. (5.15)
Moreover, since I'y, is negative in B, (xp), we have that

wi(x1) > ur(x1) +s|x1 — xo|*> — s> + Mh.
In particular, for s and » small enough

. Mh

w (x1)>ur(x1)+7. (5.16)

Let us denote ¢ (x1) := —17 + %|x1 - xlf|2 and ¢;(x1) (=17 — %|x1 — (x1)7|?. Then, by subtracting the inequalities

(5.13) and (5.14), we get
2uin < Ge (w (1) + 9 (1) = klxf 2 D207 () = Ge (1 (1) + e (1), D2 () )
= He (" (x) + ¢ (1) = ] ) F~ ()
(1= He (w70 + 97 () = IxT ) ) FF @™ k1)

— He (ur (x1) + @0 (61) F~ (ur) (x1) — (1 = He (ur (x1) + @0 (1)) F () (x1).
Adding and subtracting

He (ur (x1) + @7 (x1)) F~ (w*) (x1)

and
[1 — He (ur (x1) + o ) IF T (W) (x1),
in the right hand-side of the inequality above, we obtain
2 = [He (w7 (n) + 97 (1) = KIx2) = He (e (x1) + @ ) IF () ()
+ He (ur (x1) + @ (x1)) F~ (w5 (x1)
— [He (w (o) +¢7 ) = kT 12) = He (e () + 9 Ga)IF (@) 1)
+[1 = He (ur (x1) + ¢ x))IF T (w5 (x1)
— He (ur (x1) + @r (x1)) F~ (ur) (x1) = (1 = He (ur (x1) + @ x))F  (ur) (x1)
= [He (w (1) +¢7 (1) = KIx] ) = He (e (1) + @ i) JF~ (w) (o)

— [He (w (o) + 97 ) = kT 12) = He (e () + 9 ) IF (@) 1)
+ He (ur (x1) + @r (x1) [F~ (W) (x1) = F~ (ur)(x1)]
+[1 = He (e (x1) + @ ) IF T (wT) (1) = FF (ur) (x1)]
< [He (w7 () + 97 (1) = KIxT12) = He (e () + e GO)IF ™ (w0 1) = FF (wh)(x1)]
+ MW" —ug)(x).
We have obtained

2in < [He (w0 (1) +¢7 (1) =[x} ) = He (e (x1) + @ G IIF~ ) (1) = F @) ()]

+ MT (W' —ur)(x)

(5.17)
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Now, by (5.9) and (5.10) we have that ¢* (x1), ¢ (x1) — 0 as T — 0. This, combined with (5.16), yields
w (1) + @7 (1) = klxf P > ur (x1) + @ (x1)
for s, k, T small enough. Since H, is non-decreasing and F~ (w%)(x;) — F T (w?)(x1) < 0, we infer that
[He (w7 (r) + 97 () = ] ) = He (e (e1) + @ o) IF~ @) x) = FF @) )] <0.
Next, from (5.15),
MT W —ug)(x)) <2snA.
Plugging the last two inequalities into (5.17), we obtain
2kin <2snA,

which is a contradiction for s small enough (s < kA/A).
We have proven that for any § > 0,

u¢(x + ho) —uc(x) -

x,x+hoeQ h

Co +56.

Letting 6 go to 0, we get (5.4).
Note that comparing u€¢ with the sub and supersolution introduced in Claim 1, we infer that there exists C; > 0
independent of € such that

lu€ Lo (@) < C1.
This bound combined with (5.4) yields a uniform in € estimate of the Lipschitz norm of the solution u€ of (5.3). Thus

the theorem is proven. O

Theorem 5.3. Under the assumptions of Theorem 5.2, there exists a continuous viscosity solution u¢ of the e-problem
(5.3). Moreover,

F~ ) <0< FHu) (5.18)

in the viscosity sense in SQ.

Proof. We fix € > 0. For a € (1/2,1), let ©® :=C 0.¢(Q2) be the Banach space of a-Holder continuous functions
defined on 2. Let T be the operator defined in the following way, for u € ®,

T(w)=v

if v is the viscosity solution of

_ _ + () — ;
{He(u)}' W+ -Hw)F @w)=0 inQ (5.19)

v=f on 9L2.

Note that 7" is well defined. Indeed by Propositi_on 2.1 the operator G (x, v) := He(u) F~(v) + (1 — He(u)) F1(v)
is uniformly elliptic. Moreover, since u € C%%(Q) with o > 1/2, G¢(x, v) satisfies the comparison principle, see [14,
Theorem III.1]. Let ¢ and ¢ be the solutions of

M-(W)=0 inQ . Mt (@) =0 inQ
v=f on 02 po=1f on 0%2.

Then, v and ¢ are respectively sub and supersolution of (5.19). Thus, by the Perron’s method, there exists a unique
viscosity solution of (5.19).

Observe that if 7' has a fixed point u€, that is T (u€) = u€, then u€ is solution to (5.3). Moreover, by Remark 5.1,
(5.18) also follows. We will prove that we can apply the Leray—Schauder fixed point theorem [12, Theorem 11.3] and
conclude that T has a fixed point, which concludes the proof. We have:
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(1) T(®) C ®: Let v =T (u), then regularity theory implies that v € C%A(Q), for any B € (0, 1), see [14, Theo-
rem VIL.1]. In particular v € ©.

(2) T is continuous: Let {u,} C ® be such that u, — # in ®. We need to prove that v, := T (u,) — v :=T(u) in
©. By the Holder estimates for the solutions v, [14, Theorem VII.1], we have that [|vy|| -0, @ = C for 8 > «.
Since the subset of ® of B-Holder continuous functions on  is precompact in ©, we can extract from {v,}
a convergent subsequence. Let {v,,} be any convergent subsequence, v,, — w as k — 400 in ©, then by the
stability of viscosity solutions under uniform convergence, it follows that w solves (5.19) with u = i, that is
w = T (u) = v. Since every convergent subsequence converges to the same limit function v, we have that the full
sequence {v,} converges to v in ©.

(3) T is compact: By the Holder estimates, T maps bounded set of ® into bounded sets of C 0.8(Q), B > « which are
precompact in ®.

(4) There exists M > 0 such that ||ulle < M for all u € ® and o € [0, 1] satisfying u = o T (u): the equation u =
o T (u) is equivalent to the Dirichlet problem

HWF w)+1—-—Hw)Frw)=0 inQ
u=of on 9€2.

The estimate ||u||le@ < M, for some M > 0, then follows from Theorem 5.2.
This concludes the proof of the existence of a fixed point € and thus of a solution of (5.3) satisfying (5.18). O

5.1. Proof of Theorem 3.1

By Theorem 5.3, for any € > 0 there exists u viscosity solution of (5.3), satisfying also (5.18). By Theorem 5.2
the sequence {z€} is uniformly Lipschitz continuous, thus by the Ascoli—Arzela Theorem there exists a subsequence
of {u€} uniformly convergent to a Lipschitz function u solution to (1.4).

If f*, f~ #0, then by the Lipschitz regularity of u up to the boundary of 2, we have u; =u™ # 0 and up =

u- #0.
6. Non-degeneracy at regular points

In this section we introduce the definition of regular points for u solution of (1.4). These are points where at least
one among u| and u> has linear growth away from the free boundary, where here and throughout this section we will
use the notation introduced in (2.7).

Definition 6.1. Let u# be a solution of problem (1.4). Consider x¢ a point on the free boundary I'. We say that xg is a
regular point if there exist positive constants 7 = 7 (xg) and M = M (xo) such that

sup U > Mr, (6.1)
B (xp)

for every 0 < r < 7, where
U(x) := max{u(x), uz(x)} = [u(x)|.
Otherwise, we say that xq is a singular point.

Lemma 6.2. Let u be a solution of problem (1.4). If T has a ball from one side at xo € ', that is there exists a ball
B, (y) contained inside the support of either uy or ua, such that xo € 9By, (y), then xq is a regular point.

Proof. Indeed, suppose, without loss of generality, that B,,(y) C Q(u1). By (1.4) uy is solution of F~(u;) =0 in
By, (y). Then by the Harnack inequality we have that u;(x) > M/, for any x € B%o (y) with M1 = Cuy(y), where C

is a universal constant. Let ¢ be the solution of
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M=@) =0 in Bry(») \ Bu ()
¢ = M, on aB%o (y)
$»=0 in 0B,,(y),

e

thatis, ¢ (x) = M, ﬁ (ﬁ — 1), where y = A(n—1)/X —1 and X and A are the elliptic constants of the Pucci’s

operator 5~ (see Lemma 9.1 in Appendix). Then, since in B,,(y) \ B 1 )

F(P) =M (¢)=0=F (ur)
and uy > ¢ on 9By (y) U dBy,2(y), the comparison principle and (iii) of Lemma 9.1 imply that for any x € B,,(y) \
Br (y),
2
My
—1

up(x) = ¢(x) = o2 )d(x, 9By (¥)).

Hence, for any r < 2,
sup Uy > ————
B, (x0) ro2r =1
Therefore, (6.1) holds with 7(xo) = 7% and
_u(y)Cy
ro(2¥ — 1)
depending only on xg, n, A and A. O

Remark 6.3. The set of regular points is dense in I'. Indeed, since €2(u1) is an open set, the set of points in I" with
an interior tangent ball is dense in I'. To see it, let x be any point in I". Let us consider a sequence of points {x}
contained in ©(u1) and converging to x as k — oo. Let di be the distance of x; from I'. Then the balls By, (x;) are
contained in ©(u1) and there exist points y, € I' N d By, (xx) where the x;’s realize the distance from I'. The sequence
{yx} C I' is a sequence of points that have a tangent ball from the inside and converges to x.

The following lemma states that at regular points both functions #; and u, have linear growth away from the free
boundary.

Lemma 6.4. Let u be a Lipschitz solution of problem (1.4) and let z € T be a regular point. Then, there exist ¢ = c(z)

and C positive constants such that, for any 0 <r < r(z),

cr<supu; <Cr i=1,2.
B (2)

Proof. The inequality supp (. u; < Cr fori = 1,2 follows from the Lipschitz regularity of u. We prove that if (6.1)
holds true for xo = z, then

sup u;j(x) >cr foranyO<r <7(z) <d(z,92), i=1,2, (6.2)
Br(2)

for some ¢ = ¢(M). Assume by contradiction that for € < ¥ there exists 0 < o < F such that, w.l.o.g.
Y ) g

sup uz < €p. (6.3)
Bp(z)

Setr, = % < 7. From (6.3) we have that SUpPg,  (z) U2 = Supp ;) U2 < €p and hence

sup up < (46)2 < Mﬁ = Mr,. (6.4)
B, (2) 4 4
rp
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Therefore from (6.4) and the fact that sup By, () U > Mr,, where U = max{uy, u>}, we must have

sup uy1 > Mr,;
Brﬂ(Z)

that is, there exists y € Erp (z) such that
ui(y) > Mrp-

Consider the ball centered at y with radius 4, where i = |y — xg|, being xo € I the closest point to y in I". Observe that
h < %. Next, the ball By, (y) is contained in €2(u1), therefore by (1.4) 7~ (u1) =0 in Bj(y). The Harnack inequality
then implies u1 > CMr, on B b (y), where C is a universal constant. Let ¢ be the function defined as follows:

B o hY B
(,b(x)—Csz_l (Ix—yIV 1>, (6.5)

with y = W Then, ¢ satisfies
M7 (@) =0 inR"\{y}
¢p=CMr, on SB%(y)
¢=0 on dBy(y),
see Lemma 9.1. In particular, since u1 > ¢ on 9B, (y) UdB 1 (), by the comparison principle,
ur() =), x € Bi(M\Br(y).

The previous inequality still holds in the complement of By (y) in 2(u1), being ¢ negative in that set. Therefore, we
have that

u(x) =ur(x) = ¢ ifx €2\ By (y). (6.6)

To continue the proof, we will prove that ¢ < —uj in a neighborhood of x¢ in Q(u2). If x € By, (y) then d(x,z) <
dx,y)+d(y,z) <2h+r, < %p, therefore By, (y) C B, (z). In particular, by (6.3),

sup uz < ep =edrp.

Bon(y)
On the other hand,
CMr,
¢ =— Y ondBr,(y) and ¢ <OonT.
Let € be so small that 4e < €2 then

57
¢ <—up ond(Qu2)NBy(y)) and ¢ <—up onl N By(y).
Since in addition, in the set 2(u2) N By, (y) we have
F(@)=M"(¢)=0 and F (-up)=F (u) =0,
the strong maximum principle implies
¢(x) < —up(x) forany x € Q(uz) N By ().
Putting all together, by (6.6) and the previous inequality, we conclude that for all x € B% (x0) the function u = u1 —uy
satisfies
u(x) = ¢(x), u # ¢ and u(xo) = ¢ (xo). (6.7)
This is in contradiction with the strong maximum principle, since we know that 7~ (1) <0 < F~ (¢) in B;% (x0). The
M

contradiction has followed by assuming that there exists 0 < p < 7 such that (6.3) holds true, with € satisfying € < 7

and 4¢ < Cz—ﬁ/’ Therefore, if we choose for example
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¢ = — min , ——
4’ 2r+2

2
inequalities (6.2) hold true. O

1 {M CM}’

Lemma 6.5. Let z € T be a regular point and let u be a Lipschitz solution of problem (1.4). Then there exists a constant
C = C(z) > 0 such that for every 0 <r <,

Jr(uiaz)ic, i:1a2a
where J,(u;, z) is defined by (2.8).

Proof. Without loss of generality, we prove the lemma for i = 1. By Lemma 6.4 there exists ¢ = ¢(z) > 0 such that
for any radius r < 7 < d(z, 9€2), there exists y € Bﬁ (z) such that

ur(y) 202. (6.8)

Let xo € I" be the closest point in the free boundary to y, 2 = |y — x¢| and consider By, (y). Note thath < |y — z| <r/4,

By (y) C Q(uy) N By (2), (6.9)

and By, (xo) C B,(z). Moreover, since u1 is Lipschitz continuous in €2, there exists L such that |u(x) —u(y)| < L|x —y|
for any x, y € B,(z). In particular, we have that

.
7= u(y) —uy(xo) =ui(y) < L|y —xo| = Lh,

which implies

h, e (6.10)
r 4L’ :
Next, since (6.9) holds, Lemma 6.2 implies that xg is also a regular point and for any x € B, (y) \ B b ),

ur(x) = Md(x, 9B (y)) = M(h — [x — y|), (6.11)

ui(y)Cy

where M = —————
hQr —1)

: h
, (see proof for Lemma 6.2). In particular, for any s < 3,

sup u; > Ms.
BS(XO)

We now note that, from (6.8) and the inequality & <r/4,

C -
> YE o (6.12)
v —1

where M depends on z but it is independent of xq, 4 and r. Since now we have, for any s < //2

sup U > Ms,
B (x0)

where U = max{uy, uz}, by Lemma 6.4 there exists ¢ = E(M) such that, for any s < h/2,
sup up > cs. (6.13)
By (x0)

We are now in conditions to apply a Poincaré—Sobolev type inequality to u (see e.g. [13, Chapter 4, Lemma 2.8]
and [15, Theorem 3]). Indeed, we claim that the zero set of u| has positive density.
Claim: There exists € > 0 independent of h such that

{1 =0} N By (x0)| = |{u2 > 0} 1 By (x0)| = €| By (x0)). (6.14)
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Proof of the claim: Suppose by contradiction that for any € > 0 one has |{u; >0} N B 1 (xo)‘ <€ ‘B 1 (xo)‘. Since u»

is Lipschitz continuous in €2, there exists L > 0 such that for all x € B (xp),
2

h
uz(x) < Llx —xo| < LE'

Since u, is subharmonic, see (4.2), the mean-value Theorem implies that for any x € B b (x0),

Pyl i
/ ur(t)ydt < —=—1L ——62” Lh,

us(x) < ][ o ()t < ———
‘Bh(x)(

By () ‘B%(x)

{u2>0}ﬂBh(xo)

which is in contradiction with (6.13) with s = Z for € <
Next, to conclude the proof of the lemma, since

L2"+' This proves (6.14).

1 Vi (P
> m —/|Vu1(x)|2dx>— / |V (x)[*dx

B, (2) B, (z) (x0)

ﬁ
2

we just need to bound from below the last integral.
Since (6.14) holds true, we can apply the Poincaré—Sobolev type inequality to obtain

1 ) 1 5
r_” |VM1(X)| dxzr—nW ul(x)dx.

By (x0) B (x0)
2 2

Finally, by using (6.11) and (6.12), we get

L1 ) 1 _, )
_— ul(x)dxz—iz M=(h —|x —y])“dx
r" C(n, €)h? r" C(n,€e)h

B% (x0) B% (x0)NBR(y)

> iil / M?(h — |x — y|)?dx
~ " C(n, €)h?
B% (xo)ﬂB%h(y)

M?h*h"
>___ -
~ r"C(n,€)h?’

(6.15)

(6.16)

(6.17)

(6.18)

where in the last inequality we have used that |B% (xg) N B%h(y)l > ch" and Mz(h —|x - y|)2 > %hz for any

X € B%h(y).

Putting all together, from (6.10), (6.16), (6.17) and (6.18) we infer that there exists C = C(z) > 0 such that

o[ vmP

r2 |x _ Zln—z
B, (2)

>C,

and this concludes the proof of the lemma. O

The following is an immediate corollary of Lemma 6.5.

Corollary 6.6. Let u be a Lipschitz solution of problem (1.4) and let 7 € T" be a regular point. Then there exists a

constant C = C(z) > 0 such that, for any 0 <r <7,
Jr(u,z) = C,
where J,(u, 7) is defined by (2.9).

(6.19)
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7. Proof of Theorem 3.2

We start with the analysis of the blow up of the solution at regular points. As in Section 6, throughout this section
we will use the notation introduced in (2.7) for u solution of (1.4).

Lemma 7.1. Let u be a Lipschitz solution of problem (1.4). Let O € T be a regular point. Let u, denote the blow-up
sequence

ur(x):= %u(rx), x € B(0),

with r < d(0, 02)/2. Then, u, admits a uniformly converging subsequence in B1(0) and for any converging subse-
quence uy; (x)=u(rjx)/rj, j €N, there exist a, B > 0 and a unit vector n, such that,

Jo(u) = ey B2, (7.1)
where Jo(u) is defined as in (4.3), and as j — +00,

u,j(x)—>a<x,n>+—,3 <x,n> , (7.2)
uniformly in B1(0).

Proof. Since u is Lipschitz continuous in €2, the sequence {u,} is uniformly bounded in C%1(B,(0)). Therefore, by
Ascoli—Arzela, there exists a subsequence {u, j} and a Lipschitz function u, such that, as j — +o0, ur; —> u uniformly

in B1(0) and weakly in H 1(31 (0)). In particular,

/|Vﬁ|2dx§1_iminf/ |Vuy, |* dx. (7.3)
J—>+00
B1(0) B1(0)

We will prove that for any s € (0, 1),

Js(@) = Jo(u) > 0, (7.4)

where J,(u) is defined as in (2.9). For that, we truncate (u1)r; = ui(rjx)/rj at level € and h, for 0 < € < h, by
considering we,, := min{max{(u1),;, €}, h}. Since each (u1),; is subharmonic (i.e., A(u1),; = p,; > 0, in the sense
of distributions, and p ; is a Radon measure) and Lipschitz continuous, then we have w,, hV Uiy, € L°°(B1(0)) and
the product rule div (we p V(u1)r;) = wenitr; + Vwen - V(uiy, holds in the sense of distributions. Moreover, we can
integrate by parts (see [8,7]) in B1(0):

[ divtwasvan) = [ e, - van, (1.5)
B1(0) dB1(0)
where (we V(ul)rj V) € L%°(0B1(0)) is the normal trace of the vector field we,hV(ul),j and which satisfies

From (7.5), and since Vw, , =0 a.e. in B1(0) N {(ul)rj > h}andin B1(0)N {(ul)rj < €}, we obtain

0= [wadn, == [ Ve Pavs [ e, e
B1(0) e<(u1)r; <h}NB1(0) 9B1(0)
(7.7
<-— / IV (1), 1> dx + Ch,

{e<(u1)r; <h}NB1(0)

with C = LH"~1(3B1(0)). Using the Lebesgue Dominated Convergence Theorem we let € go to 0, obtaining:
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IV (@u1)r,|*dx < Ch. (7.8)

(0= (1), <h}NB1(0)

Similarly, one gets

|V (u2)r,|*dx < Ch. (7.9)

(0=(u2),; <hINB1(0)

From (7.8) and (7.9), we obtain

|Vu,,|*dx < Ch. (7.10)

(Iur; I<H)NB1 (0)

Next, for j large enough, the set {|u,;| > 0} contains {|u| > h}. Moreover, since u,; is a Lipschitz viscosity solution
of

{f—(u,j):o in {u,; >0} N B(0) (7.11)

]-"*(urj) =0 in{u,; <0} N B2(0),
by the interior C>* estimates for the operators F* (see Remark 2.3), up to a subsequence, Vu,; — Vu uniformly in

{lu] > h} N B1(0) as j — 400, and thus,

lim / \Vu,, |*dx = / |Vi|>dx. (7.12)
Jj—>+o0o
{Juer;1>h}NB1(0) {l|>h}NB1 (0)
By (7.10) and (7.12) we infer that, for any & > 0,
lim sup / \Vu,, > dx < / |Vii|*dx + Ch,
Jj—+oo

B1(0) B1(0)

which combined with (7.3) yields, letting 7 — 0,

lim /qu,jlzdx: / |Vi|*dx. (7.13)

j—>+oo
B1(0) B1(0)

By (7.13), |Vu,;|* — |Vi|* a.e. in B1(0). Since in addition |Vu,,|?/|x|"~% < L?/|x|"~% € L'(B1(0)), by the Domi-
nated Convergence Theorem we infer that, for any s € (0, 1),

lim Js(u,j) = Js(u). (7.14)
J—> 400
Next, by Corollary 6.6 and Remark 4.2
lim J,(u) = Jo(u) > 0. (7.15)
r—0t
Let s € (0, 1). A change of variables yields:
Js(urj) = Jsrj (u). (7.16)
Therefore, by (7.14)—(7.16), for any s € (0, 1),

Jo@)= lim Ju,)= lim Jg, ()= Jo(u) > 0,
J—>+00 J—>+0o0

which gives (7.4). The conclusion of the lemma follows from Theorem 4.3. O
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Corollary 7.2. Under the assumptions of Lemma 7.1, for any € > 0 there exists jo € N such that for any j > jo, all

the level sets of uy; in B1(0) are e-flat, in the sense that for any 1 € R, we have
{ur; =2} N B1(0) C {x e R" [d(x, T1;) < ce},

for some ¢ > 0 independent of A, rj and €, where

{<x,n>=A/a} ifA>e€,
I, =3 {<x,n>=0} if A €[—e€, €],
{<x,n>=21/B} ifA < —e,

and n,a and B are as in (7.2).
Proof. By Lemma 7.1, for any € > 0, there exists jy € N such that for any j > jj,
+ _ €

|urj(x)—oz <x,n>"+B<x,n> |< X

for all x € By (0). Let A > €, then by (7.18), if <x,n >> 2t€ then
€

ur_/(x)z)»+e—§:)»+—>)»,

andif <x,n>< Aa;e,then
€
urj(x)f)»—i < A.

We infer that

—€ A €
{ur; =2} B1(0) C xe]R"|—§<x,n>——§—}-
o o o

Similarly, if A € [—€, €],
L, —2€ 2e

{ur, =21NBO)CixeR"| — <<x,n><—1,
J ﬁ o

and if A < —e¢,

— A
{uy, =2} N B1(0) C xe]R"|76§<x,n>—E§

= M

Inclusions (7.19), (7.20) and (7.21) give (7.17) with

c= 2max{a_l, ,3_1}. O

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

By Lemma 7.1 we know that if 0 € T is a regular point, then the blow up sequence u(rx)/r admits a subsequence
converging to a two-plane solution of the form (7.2). We next show that if there is a tangent ball from one side to
" at 0, then the full sequence u(rx)/r converges to a two-plane solution and therefore u has an asymptotic linear

behavior at 0.

Lemma 7.3. Let u be a Lipschitz solution of problem (1.4). Let 0 € I'. Assume that there exists a tangent ball B from

one side to I" at 0. Then, there exist o, B > O such that

ux)=a <x,v>" —B<x,v>"4o(|x]),

where v is the normal vector of B at 0 pointing inward {u > 0}.

(7.22)



L. Caffarelli et al. / Ann. 1. H. Poincaré — AN 36 (2019) 939-975 961

Proof. By Lemma 6.2, 0 is a regular point. Consider the sequence u,(x) = %u(rx), for r small enough. By
Lemma 7.1, there exist a subsequence {u,;}, a unit vector n and «, B positive constants satisfying (7.1), such that
as j — 400,

urj(x)—>ﬁ(x) =a<X,n >+—,B <Xx,n>,

uniformly in B1(0).

Assume, without loss of generality, that there exists a ball B,,(y) C ©(u1) such that 0 € 9B,,(y). Let v be the
normal vector of By, (y) at 0 pointing inward 2 (u1).
Claim 1: We claim that v = n.
Proof of Claim 1: Indeed, suppose by contradiction that v # n. Then, there exists xo € B1(0) such that for any j, <
rjxp,v>>0and <r;xp,n><0.Fix J € N such that the sequence of points {r;x} satisfies rjxo € By,(y) C Q2(u1)
for all j > J, then

u(r;xo)
rj

>0 forall j>J.

Passing to the limit as j — 400, we get
u(xp) = 0.

On the other hand,
u(xg)=—p <xg,n> <0.

This is a contradiction. Therefore we must have v = n.
We now proceed to show that the full sequence u, converges to u. Let u and v be the limits of two converging
subsequences of the sequence {u,}, then we must have

U=a)<x,v>"—B1<x,v>"
and
V=0 <x,v>+—ﬂ2 <x,v> .
Claim 2: We claim that in addition that
o) =ap and B =Bs. (7.23)
Proof of Claim 2: To prove this claim, we will construct a barrier to bound | from below. Let ¢ be the solution of
S =0 inBy(»)\ By

p=1 on 8Br7o(y)
¢=0 on 4B, (y).

By the comparison principle, for any x € B, (y) \ B 0 )

ui(x) >cop(x), withco= min uy. (7.24)
BB%O(y)

For k > 0 such that 2% < ro/2, let

my :=sup{m |u1(x) = me(x) in By-«(0) N By, (y)}.

Notice that the sequence iy, is increasing. Moreover, by (7.24), my > cq for any k. Let

Moo :=supmy = lim nmy.
k k—+o00

Since u; is Lipschitz continuous, /4, < 400.
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By Lemma 9.2, there exists o > 0 independent of r such that, for any x € B,,(y) \ B 10 ),

o

$(x) =— <x,v>+to(x|). (7.25)
ro
Set
o . o .
mp:=—my and Moo = —Meo.
ro ro

By the definition of my and (7.25), for x € B,—«(0) N B,,(y) we have

ui(x) =mpop(x) =mg < x,v > 4o(x|).

This implies that o] > m . Assume by contradiction that o] > m .. We will show that in this case, there exists € > 0
and a sequence k; such that, for j large enough,

uy — (mi; +€) ¢(x) =0, forall x € B,—; (0) N By, (), (7.26)

which is in contradiction with the definition of m ;- For that, if r; > m«o, there exists a sequence r; — 0 as j — +o0
such that if y; = r;v, then, for some §p > 0,

u1(y;) —nmoop(y;) > dor;.

Let n; be a subsequence converging to ms as j — 400 such that, up to eventually consider a subsequence of {r;},
one has that 2r; < 2=ki . Then B (yj) C B, (0) N By, (y) and since mkj <Moo,

ui(yj) —mi;d(y;) = dorj.
By the definition of ny; the function uj — my; ¢ is positive in B,—«; (0) N By, (y) and by Proposition 2.1 it satisfies
M () — g, @) < F~(uy — g, $) < F~(uy) — F~ (g, ) =0,
and
MF(uy — iy, d) = F~(ur) — F~ (g ¢) = 0.
Therefore, since By, (y;) C B, (0) N By, (y), by the Harnack inequality,
ui(x) — rhqub(x) >cdorj forx e Br(yj), (7.27)
2

where ¢ > 0 is a universal constant. By a barrier argument we see that there exist 6; and ¢ > 0 (independent of j) such
that:

uy(x) — ;¢ (x) = cd(x, 9By (y)) forx € Bs;(0) N By, (y). (7.28)

Indeed, let z € Br; (yj) N dBy,—r; (y) and let w be the closest point to z in 3 By, (y), thatis w € 9B, (y) N 3B, (z). By
x
(7.27), ui1(x) — rhkj¢(x) > cdor;j for x € Br; (z). Let ¥ (x) be the solution to
)

M=) =0 in B, (2)\ By ()
¥ =cdor; on dBr; (z)

x
v =0 on 4By, (z).

Y—1 \ |x—z|¥

v
By Lemma 9.1, ¥ (x) = ory (L - 1), y =AM —1)/x —1 and ¥ (x) > Aff“_yl (rj — |x — z|). In particular,

for all points x in B, (2) \ Br; (2) belonging to the segment from z to w we have that ¥ (x) > ¢(r; — |x — z|) =
)

éd(x, 0By, (y)), with ¢ := :fo_yl . Letting z vary in B%j (¥j) N Bry—r; (v), we get (7.28).
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For every x € Bs, (0) N By, (y), we have
up —mi;¢(x) = cd(x, 9By, (y))
> 2€¢(x)
for some € > 0, hence:
uy — (nﬁkj +2€)¢(x) > 0, for all x € Bs; (0) N By, (y), forevery j (7.29)

Let jo be such that 0 < roo — my; <€ forall j > jo. Given jo, there exists an integer ji > jo such thatif j > j; then
B,—; (0) N By, (y) C Bs;, N By, (y). From (7.29),

uy — (my; +2€)¢p(x) =0, forall x € By+; (0) N By (), j = ji.
Thus, for j > j; we have
= (g, +€) ¢ () =ur = (g, + €) () = (g, = g )b (x)
= w1 = (1igy, +€) $() — ed ()
> uy — (g, +2€)¢(x)
>0, forall x € B,—; (0) N By, (y),

which contradicts the definition of 1 ;-
By (7.23) we infer that u = v. Since any subsequence of {u,} converges to the same function, we deduce that the
whole sequence {u,} converge, as r — 0, uniformly in B;(0) to the limit function

ﬁ:a<x,v>+—ﬁ<x,v>_

for some «, B > 0. This means that for any € > 0, there exists p > 0 such that for any 0 < r < p and any x € B1(0),
then

|ur(x)—a<x,v>++,3<x,v>_|<6.

Now, fix € > 0 and let p > 0 be defined as above. Fix z € B, (0) and let r = |z|. Since f € B1(0) we have

Z Z Z _
u,(—)—a<—,v>+—|—ﬂ<—,v> ’<6,
r r r

that is,
|u(z)—a<z,v>++,3<z,v>_|<er=6|z|, (7.30)

which proves (7.22). O

Notice that in Lemma 7.3 we did not use that u is a viscosity solution of F~(u) <0 < F*(u) in Q. In the next
theorem we show that if u satisfies in the viscosity sense these two differential inequalities and has the asymptotic
linear behavior (7.22), then we must have a = S.

Theorem 7.4. Let u be a Lipschitz solution of problem (1.4). Let 0 € T'. Assume that exist «, B > 0 and a unit vector
v such that

ux)=a<x,v>"—B<x,v>"4o(x]). (7.31)

Then o = B.

Proof. We first prove that 8 > «. We argue by contradiction, assuming that 8 < «. Fix & > 0 and let y := hv. Notice
that |y| = & and v is the interior normal unit vector to By (y) at 0. Consider the function

hY
¢(X)ZC(7—1), X #Yy,
lx — yl¥
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with y = W and ¢ > 0. Then, by Lemma 9.1,

¢(x)>0 if [ x—y|<h
¢(x) <0 if | x—y|>h
W =% iflx—yl=h
M7(@)(x)=0 ifx#y.
Since B < «, there exists € > 0 such that 8 4+ € < « — €. Then, we choose ¢ > 0 such that

ad cy
B+e< 8_v¢|33h(~") = W <o —€. (7.32)

We want to prove that with this choice of ¢, ¢ < u in a neighborhood of 0, for # small enough. In order to prove it, we
first show that

¢ <u onadBi—snn(y),

for h and s small enough.
Observe that the point w; = shv belongs to d B(1—s),(y). Moreover, for any x € 9 B(1—s)x(y), we have that

<X,Vv>><wp,V>=sh,
from which we get
ux)=a<x,v>"—B<x,v>"+o(x|) =a <x,v>"+o(x]) = ash + o(h). (7.33)

Now, let us compute ¢ on 9 B(1—s)(y). If |[x — y| = (1 — s)h and c satisfies (7.32), then

¢(x)=c< (1-(1—-9)Y)

1 )= c
(1—s) )_(1—s)v

=3 _Cs)y (ys + o(s)) (7.34)

< M +o(s)h.
- (A=)
Let s > 0 be so small that
(ax—¢€)s
d—s7

For such s, let & be so small that

+o(s) < (a — %)s

ash+o(h) > (a - %) sh.

Then, comparing (7.33) with (7.34), we see that ¢ (x) < u(x), for any x € 0B —s)n(y).
Next, let us prove that ¢ > u on 0Bj(145)(y), for suitable small 4 and s. Let w, = —shv, then w; belongs to
8Bh(1+s) (y). Moreover, if x € th(H_s)(y), then

<X,V>>< Wy, V>=—sh.
Therefore, if x € 0By (145)(y), and < x, v >> 0, then
ux)=a <x,v>"+4o(x|) > o(h), (7.35)

and if < x, v ><0, then

ux)=—p<x,v>"4o(x|) = —Bsh+o(h). (7.36)
Let us now compute the value of ¢ on 0 Bj(144)(y). If [x — y| =h(1 +5), and ¢ satisfies (7.32), then
c + €)sh
() =— (457 = 1) =—— (s o) = —LEW oo (737)

1+ s) Y (1+s)
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Let s be so small that

_ (B+e)s
(I+s)Y

For such s, let & be so small that

+o(s)§—(ﬁ+%)s.

—Bsh+o(h) > — (ﬁ + %) sh.

Then, by (7.35), (7.36) and (7.37), ¢ < u on 0 Bj(145)(y). Putting all together, we have proven that there exist s, 2 > 0
such that

¢ <u ond(Buits)(¥)\ Bra—s)(y)).

Since, in addition

M7 (@) =0=>F (u) = M7 (u) on Bpa+5)(y) \ Bri—s)(y),

the comparison principle combined with the strong maximum principle implies

¢ <u in By40 () \ Bra—s (),

which gives a contradiction at x = 0.
We conclude that we must have o < 8. Arguing similarly as before and using that 77 (u) > 0 in £, one can prove
that @ > B and this concludes the proof of the theorem. O
7.1. Proof of Theorem 3.2
Theorem 3.2 is a corollary of Lemma 7.3 and Theorem 7.4.
8. Proof of Theorem 3.3

Consider the following two phase free boundary problem:

F (u)=0 inQu™)

Fru)=0 in Q") (8.1)
% =8 onaQut),

where vy is the inner normal vector to Q(u*) = {u® > 0}.
By Theorem 3.2 we know that any Lipschitz solution to (1.4) satisfies in the viscosity sense (8.1) in 2. Let us recall
the definition of viscosity solution of the problem (8.1) in a given domain D C R”, see [3] for more details.

Definition 8.1. Let u be a continuous function in D. We say that u is a viscosity solution of the problem (8.1) in D, if
the following holds.

i) u satisfies in the viscosity sense

F (u)=0 in{fu>0}ND
Frw)=0 1in{u <0}ND.

ii) If there exists a tangent ball at xo € d{u > 0} N D, B, such that either B C {u >0} N D or B C {u <0} N D, then
u(x) =o <x — xp, v+ > +o(|x — xpl)

with o > 0 and v4 the normal vector to d B at x( pointing inward to {u > 0} N D.
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In this section we prove that for any viscosity solution to the free boundary problem (8.1) the following holds: if
the free boundary is flat around 0, meaning that it can be trapped in a small neighborhood of the graph of a Lipschitz
function, then in a neighborhood of 0, it is a C1'¢ surface. Theorem 3.3 will follow as a corollary of this result. To
prove that flatness implies C*, we follow the classical sup-convolution method developed by Caffarelli in the papers
[5,6] for the Laplace operator and extended by Wang [20,21] to fully-nonlinear elliptic operators. Problem (8.1) differs
from the one studied in [20,21] since u satisfies two different equations in Q(u ™) and Q(u ™). However the regularity

theory developed in those papers can be extended to our problem and some simplifications arise due to the specific
— Qu”
T ov_

Following the classical theory, we first prove that Lipschitz free boundaries are C!:% and then we prove that flat
free boundaries are Lipschitz.

., . b 0 +
free boundary condition here considered: —g"f+

8.1. Lipschitz free boundaries are C1

For r > 0, let C, be the cylinder defined as C, := B,.(0) x (—r,r), where B/.(0) is the ball centered at O of radius r
of R*1.

Proposition 8.2. Let u be a viscosity solution of the problem (8.1) in C; = B{(0) x (=1, 1). Assume that 0 € Q™)
and that

CrNQ™) ={(x', %) | xn > g(x")}

where g is a Lipschitz continuous function. Then in B', (0), g is a C“*-function, for some 0 < a < 1.
2

Proof. The proof of the proposition follows by [5] (see also [3]) and [20]. As already pointed out, even though we
have different operators on each side of the free boundary, the classical regularity theory still applies. For completion
of this paper, we will sketch the main parts of the method highlighting the parts that are simplified in our problem due
to the free boundary condition in (8.1).

Step 1: Existence of a cone of monotonicity.

By [20, Lemma 2.5] applied to #™ and the operator F —, there exists § > 0 such that anqu > 0 in the set Cs N {x,, >
g(x")}. Also, applying the same Lemma to #~ and the operator F(u) = —F " (—u), we have that O_xu~ = —0g,u_ >
0 on the set Cs N {x,, < g(x")}. Thus, since u = u™* — u~, we conclude that u is monotone increasing in the direction of
e, =(0,...,0,1) in Cs. The same is true for any direction 7 in the cone determined by L, the Lipschitz constant of g;
that is, let I'(6, e,,) be the cone with axis e, and semi-opening 6 given by cotanf = L, then u is monotone increasing
in the direction of T € I'(0, ¢,), in Cs. I'(0, e, is called the monotonicity cone of u.

Step 2: Improvement of the Lipschitz regularity away from the free boundary.

We may suppose that the monotonicity cone exists for all points x € Cy, by using, if necessary, the invariance by
elliptic edilation of the problem. The monotonicity of u along the directions of I' (6, e,) implies that for every small
tel (5, e,,),

sup u(z —1) <u(x), (8.2)
Z€B(x)
for every x € Cj_,, where € = |7|sin (%) Let xo := %en € C;. The proof of Lemma 4.6 of [3] which uses Harnack
inequality and Schauder estimates, can be adapted to our case to improve the opening of the monotonicity cone in
a neighborhood of xg. The result goes as follows: there exist positive constants » and ¢ such that for every small
tel (%, e,,) and every x € B% (x0)

sup  u(z — 1) <u(x) — ceu(xop), (8.3)
Z€B(14b)e (X)

with € = || sin (%)
Step 3: Construction of a family of subsolutions of variable radii.
Here the main technique is the sup-convolution method to construct a family of subsolutions of the form

wy(x) = sup u(z—71),
ZEBw(X)(x)
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for small T € T’ (% en), to compare with the solution u# of (8.1). In order to apply the comparison principle, it is
necessary to study the properties of the sup-convolution function and since problem (8.1) is invariant by translations,
it is enough to do it before translations, that is with u(- — t) replaced by u.

For0<r < %, 0 < h < 1, there exists a family of functions ¢;, 0 <t < 1, with ¢; € Cc? <m\ B% (xo)>, X0 =
%en, with the following properties:
(@ 1 <@ <1+1h,
(b) ¢; =1 outside B% (0,
() ¢t > 1+ Ath, in B%(O), for some A = A(r),
(d) Vo] = Cth.

Moreover, if we define

Vg, (x):= sup  u(2), (8.4)

268y (0 ()
(e) then

F (vy) =0 in Q(v;:),
F(vg) 20 inQ(vy,),
and if |[Vg,| < 1 then

(f) for every point of 852(11;: ) there is a tangent ball contained in Q(v;rt ),
(g) for every point x; € 852(1);; ), there exists o such that
Vg, (X) > a <x —x1,V > +o(]x —x1]), (8.5)

where v is the normal vector of BQ(U(Z) pointing inward Q(v(jt ).

Properties (a)—(e) are proven in [20, Lemmas 3.4, 3.5]. Since in [20] only concave operators (like /) are consid-
ered, for the second inequality in (e) we refer to [11, Proposition 1.1] where more general operators, not necessary
concave, are taken into account. Property (f) is proven in [3, Lemma 4.9]. Let us prove (g). Note that u < v, , there-
fore Qu™) C Q(v;p':). Now, let x; € 852(1);;), then there exists y; € 3S2(u™) such that vy, (x1) = u(y;) = 0. Note that
we must have y; € 0By, (x;)(x1). Thus, By, (x,)(x1) is tangent to dQ(u™) at y; contained in Q(u~) and according to
Definition 8.1 we have that

u(y)=a <y—yi,v>-+o(ly — yil), (8.6)
where v is the unit normal vector to dQ(u™) at y; pointing inward Q(u™). If y = x + ¢, (x)v, since y; = x| + ¢; (x1)v,
we obtain the asymptotic behavior of v, in a neighborhood of x;:

Vg, (x) = u(y)

=a <x+ ¢ X)) —x1 — @ (x1)v,v > Fo(lx — x1)
=a <x —x1+ (¢ (x) — @ (x)v, v > Fo(lx — x1]).
We replace ¢;(x) — ¢ (x1) by < x — x1, Vs (x1) > 40(|x — x1]) in the previous inequality and simplify to obtain

Vg, (X) > a <x —x1,v+ Vo (x1) > +o(|lx — x1]).

Thus, if we let

_ _ v+ Vo, (x
= alv+ Vo (), D= ST Yo
v+ Vool
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we obtain (8.5). By Lemma 4.9 in [3], v is the unit normal vector to 3Q™ (vg,) at x1 pointing inward Qt (vg, ). We note
that in our problem we do not need the correctors used in the sup-convolution method to obtain the correct asymptotic
behavior of vy, on points on the free boundary (see [3, Lemma 4.12]).

Step 4: Comparison with subsolutions.

In what follows, we will have to compare the solution u of (8.1) with the functions

wr(x) 1= sup u(z—r1t), xe€D, (8.7)

2€Begy, (1) (%)
for small T e I' (%, en), where D := B%(O) \ B%(xo), b is defined in (8.3), € = |7| sin(%) and ¢; is the family of
functions defined in Step 3. By (d) in Step 3 we can choose & small so that €|V | < 1, therefore by (f), we have that
for every point of BQ(w;{t ) there is a tangent ball contained in Q(w;:). (8.8)

Now, having on hands (8.8) and the asymptotic development (8.5) we can show the following comparison result
between u and w;: suppose that

u>w,in D, u>w, inQ(w;"), then IQ(w;") and IQ(w;") cannot touch. (8.9)

The proof is given in [3, Lemma 2.1]. We perform it here for reader’s convenience. By (8.9), we know that Q(w;r ) C
Q(u™). Suppose by contradiction that there exists x| € BSZ(w,+ )N 0Q(u™), then, by (8.8), there exists a tangent ball
to dQ(u™) at x| contained in Q(u™). Thus, according to Definition 8.1, we have

ux)=a <x —x1,v>—+o(jx —xyl), (8.10)
and by (8.5), there exists > 0 such that

wi(x)>n<x—xg,v>4o(lx —xq|). (8.11)
Note that here v = v. Since w; < u and w;(x1) =u(x1) =0, by (8.10) and (8.11), it follows that

o=n. (8.12)

We have that u — w; is a supersolution for F~ in SZ(u),Jr ), since by (c) in Proposition 2.1, (8.1) and (e), in SZ(wt+ ) C
Q™) we have

0=F ) =F w—w)+F (w)=>=F (u—wy).

Since u > w; in 2(w;), by the Hopf principle there exists § > 0 such that
(u — wy)(x1 + hv) > 8h,

for all small 4 > 0. This is a contradiction, since by (8.10), (8.11) and (8.12), we have that
(u — wy)(x1 4+ hv) <o(h).

Thus, we conclude that 852(thr ) and dQ2(u™) cannot touch.

Step 5: Carrying the improvement of Step 2 to the free boundary.

The improvement obtained in Step 2 needs to be carried to the free boundary, in By,2(0), giving up a little bit of
the interior improvement.

In order to do this, we consider the family of functions w; defined in (8.7). Let D := B ] O\ B 1 (x0), let us check

that the following conditions are satisfied:

1) wo<wuinD,
ii) w; <wondD and w; <uin Q(w;")NID,
iii) the family Q(w;") is uniformly continuous, that is, for every € > 0,

Qw) CNe(Q(w;)))

whenever |t; — | < 8(€), where /\/'G(Q(w;;)) is a e-neighborhood of Q(wg).
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By (a) in Step 3, ¢o = 1 and thus by (8.2), if x € D, we have

wo(x) = sup u(z—71) <u(x), (8.13)
z€B(x)
which is (i).
By (b) in Step 3, and (8.2) if x € 83% (0), then
wi(x) = sup u(z—1)<u(x), (8.14)
z€B:(x)
and the inequality is strict in Q(w;"), by taking any €’ < € if necessary. If x € 3B ! (xp) by (a) of Step 3 and (8.3), we
have that (since t, h < 1),

w(x) < sup u(z—1)< sup u(z—r1) <ux). (8.15)
ZEB(1+tbh)e (X) Z€B(14b)e (X)
Combining (8.14) and (8.15) yields (ii).
Finally, (iii) follows from the definition of the functions wy, (8.7).
Now, from (i)—(iii) and by using (8.9), we can conclude that

w; <u in D for every t € [0, 1]. (8.16)

The proof of (8.16) is given in [3, Theorem 2.2] in the case of the Laplace operator and we present it here for the sake
of completeness. For that, let £ :={r € [0, 1]|v; <u in D). By (i) 0 € E. E is obviously closed. Let us show that it is
open. If 1y € E, that is v, <u in D, from (ii) and the strong maximum principle it follows that v;, < u in Q(v,'(')r )yNnD.
By (ii) and (8.9) we have that Q(v;,) N D is compactly supported in Q(u™) N D up to the boundary of D. From (iii),
there exists 8§ > 0 such that Q(v,) N D is compactly supported in Q(«™) N D for all # such that |t — 9| < &. Thus, for
such values of ¢, by (ii) and (e) of Claim 1 we have

F~(vy) 20=F (w) inQ(;)ND,
Vg Su ond(Q(v; )N D)

and by the comparison principle, vy, <u in Q(v(; ) N D. Similarly, since
Ft(vg)=0=F ) inQu )ND,

and

vy, <u  ond(Qu")N D),

we have that v, <u in Q™) N D. Clearly vy, <0 <u in QTN Q(vg,) N D. We conclude that v, <u in D and
the openness of E follows. Since E is both an open and closed nonempty subset of [0, 1], we must have E = [0, 1].
This proves (8.16).

Inequality (8.16) holds in particular for 7 = 1 and hence using (¢) in Step 3 we obtain that, on B;,2(0),

u=>wi

= sup u(z—r1)
2€Begy (x) (X)
> sup u(z—1),
ZE€Be(1+(b) (X)
which implies the desired improvement of the cone of monotonicity across the free boundary. The original radius € in
(8.13) was first improved to € + €b far from the free boundary (see (8.3)), and at the free boundary the radius became
€ + (Ah)eb. Since Ah < 1, a little bit of opening in the cone has to be given up in order to bring the improvement
across the free boundary (see Theorem 4.2 and Lemma 4.4 in [3] for details).
Step 6: Basic iteration.
Rescaling and repeating Steps 2—5 we obtain that the free boundary is C1'% in C 1, see the proof of Theorem 4.1 in

[3] for details. O
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8.2. Flat free boundaries are Lipschitz

In this subsection we prove that if u is a solution of the free boundary problem (8.1) and the free boundary can be
trapped in a narrow neighborhood in between two Lipschitz graphs, then the free boundary is actually Lipschitz. Let
us recall the definition of e-monotone function.

Definition 8.3. We say that u is e-monotone in the cylinder C; along a direction t, with |t| =1, if for all x € Cy,
ulx +1t) > u(x),

for all / > € such that x + 7 € C;.
The e-monotonicity can be reformulated equivalently as follows, see [3].

Definition 8.4. We say that u is ep-monotone in the cylinder C; along the directions of the cone I'(6, ¢) if for all
xecC 1,

sup  uly —€e) <u(x),
YEBesing (%)

for any € > ¢q such that B¢ gng(x —€e) C Cy.
As in Subsection 8, in the definition above I'(8, e) denotes the cone of semi-opening 8 and axis e.

Remark 8.5. If u is e-monotone in C; according to Definition 8.4, then the level surfaces of u in Cy, d{u > t}, are
contained in a (1 — sinf)e size of the graph of a Lipschitz function g with Lipschitz constant L = cotan6 < 1, see [3].

Proposition 8.6. Let 7 < 6 < 7 and let u be a viscosity solution of the problem (8.1) in C; = B| x (-1, 1). Assume

that 0 € 3Q(u™). Then there exists € = €(0) such that if u is €-monotone in Ci_¢ = Bi_é x (—1+4+¢€,1—¢€) along any

direction t in the cone I'(0, e), then u is fully monotone in C% =B x (—%, %) along any direction T € I'(0y, e) with
2

91 = 91 (9, E).

Proof. The proof of this result follows from [5] (see also [3]) and [20]. We will sketch the proof below.
Step 1: Full monotonicity of u outside a strip of size Me¢ of the free boundary.
By Lemma 1 in [21] there exists M > 1 such that in C; \ Njye, where

Nuye :={x€C|d(x, Q")) < Me)

u is actually fully monotone along any direction of T € I'(6, e).
Step 2: Construction of a family of subsolutions of variable radii.
Following the method developed in [6], we need to construct a family of subsolutions of the form

wx)= sup u(z— Are€e),
Z€By(x) (x)

for some A € (0, 1), to compare with the solution u of (8.1). Up to a change of coordinates, we can assume that
e=ey.

Since u is e-monotone, by Remark 8.5 there exists g : R”~! — R with g(0) = 0 and Lipschitz constant L =
cotanf < 1, such that if

A:={(x",x;) eR" | x, = g(x")}, (8.17)
then

Q™) c N(A), (8.18)
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where
Ne(A) :={xeC|d(x, A) <€)

By Lemmas 2 and 3 in [21] and Proposition 1.1 in [11], for any given § > 0, there exists a family of C2-functions, O
0<t<1,definedonC := B; (0) x [—2L, 2L], with the following properties:

a) 1<¢ <1+1,
b) oy =10n As:={xeC|d(x, ANIC) < §},
¢) inthe set {x € C|d(x, 0C) > &},

i cs
or = d(x.90)2 )"

d) Ve, | < &
Moreover,

e) if we define

Vg, (x) = sup u(z),
2€By; (x) ()

then v, satisfies
F(vg) 20 inQ(v)),
F(v,) =0 inQv,),

and if |V, | < 1 then
f) for every point of 8Q+(v(pt) there is a tangent ball contained in Q‘L(v(pt),

g) if
L= 1 . € 5
0<sinf < —— [ sinf — —cos“0 — |V, |,
1+ V] 29
then vy, is monotone in the cone re, ¢y); in particular its level surfaces are Lipschitz graphs, in the direction of

ey, with Lipschitz constant L < cotané.

Finally, as in the proof of Proposition 8.2, if [V¢,| < 1, the function v, has the following behavior at points of BQ(U(;L[)

h) for every point x| € BQ(U;; ) there exists & > 0 such that
Vg, (X) >a <x —x1,v > +o(|x —x1]),
where ¥ is the normal vector of BSZ(U(?; ) pointing inward Q(v;{[ ).

Step 3: Comparison with subsolutions. In what follows, we will have to compare the solution u of (8.1) with the
functions

wr(x): = sup u(z — Aeey), (8.19)
ZEBawt(x)(x)
for o, A € (0, 1) to be determined, where ¢, is the family of functions defined in Step 2. We first notice that from the
e-monotonicity of u (Definition 8.4), for I — A < +/2/2, we have

sup u(z —reey) < sup  u(z—eey) <u(x), (8.20)

Z€Be(sin 6—(1-2)) (*) Z€Be sin g (x)

since Be(sin@—(l—k)) (x — Aeep) C Besing(x — €eyp).
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For any n > 0 and A defined as in (8.17), let us denote by N, (A) the n-neighborhood of A, defined by
Ny(A) :={x eCld(x, A) <n}.
By Step 1 and (8.18), u is fully monotone in the directions of I'(6, e,,), outside the set N3y (A). Therefore,

sup  u(z — A€ey) <u(x) for x ¢ Nape(A). (8.21)

2€Be sin o (X)

‘We now choose

DI—

, 8=, (8.22)

=[S

3
o :=€(sinf — (1 — 1)), 1> 3~

Then the family of functions w; in (8.19) is well defined in C;_, N Nape(A). Moreover, (e)—(h) of Step 2 hold true
for € (and thus o) small enough. Since o defined as in (8.22) satisfies o < Ae siné, by (a) of Step 2 we can choose
t > 0 so small that

og; <Xlesinf, forO0<r<t. (8.23)
By (e)—(h) of Step 2, the functions w;, 0 <t <1, satisfy

F~(w) >0 in Q(w), (8.24)

for any point of 8S2(w:r ) there is a tangent ball contained in Q(w,?L ) (8.25)

For every point x; € 3Q(w,"), there exists @ > 0 such that (8.26)

wi(x) =@ < x —x1,0 > +o(lx —x1)). '
Let us show that forall0 <z <7,

w; (x) <u(x) forx € d(Napye(A) NCi_ge). (8.27)
If x € 3(Mape(A)) N Ci_4e, then by (8.23) and (8.21), we have that

wy(x) < sup  u(z — A€ey) <u(x). (8.28)

Z€Bje sin o (X)

If x € Mape(A)) NA(Ci_4e), then, since for € small enough § = el/2 > 4e, by (b) of Step 2, ¢;(x) = 1. Thus, by the
definition of o in (8.22) and (8.20), for x € Moy (A)) N I(Ci—4¢),

wy(x) = sup u(z — reey) <u(x).
Z€Be(sin 0—(1-1)) (¥)
This concludes the proof of (8.27).

Finally, by (8.27) and using that the functions w; satisfy (8.24)—(8.26), arguing as in Step 5 of the proof of Propo-
sition 8.2, we infer that, for 0 <t <7,

w;(x) <u(x) forall x € Nope(A) NCi_se. (8.29)

Step 4: From the e-monotonicity to the Ae-monotonicity.
Arguing as in [6] (see also Lemma 5.7 in [3]), by (8.29) and (c) of Step 2, we have that there exists ¢cp > 0 such
that in Mape (A) N C_ye1ss

sup u(z — reey) <u(x),
Ae sin(@—cpel/4)

that is u is Ae-monotone in any direction of the cone of directions I'(6 — coe'’?, ep).
Step 5: Basic iteration.
Rescaling and repeating Steps 1-4, we obtain that the free boundary is Lipschitz in C 1,8ee the proof of Theorem 5.1

in [3] for details. O
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8.3. Proof of Theorem 3.3

Let u be a solution of (1.4). Then, by Theorem 3.2, u is a solution of the free boundary problem (8.1) in the sense
of Definition 8.1. Let z € I be a regular point. Assume without loss of generality that z = 0. By Corollary 7.2, there
exists 7; — 0 as j — +oo with the following property: for any € > O there exists J € N such that for any j > J, all the
level sets of Ur; (x) =u(rjx)/r;j in By(0) are e-flat. Also, by scaling invariance u, i is solution of (8.1) in the cylinder
C; = B{(0) x (=1, 1). We can now apply Propositions 8.2 and 8.6 to conclude that there is J € N such that for any
j > J thesetd Q((lu)rj) N B% (0) is of class C1* for some 0 < o < 1. Therefore, the same is true for ' N B% (0), as

I'N B (0)=r;jaQ(wi)r;)) N B% (0)). Let us prove that the set of regular points is open in I.
4 — —
By the elliptic regularity theory, see Corollary 1.8 in [17], u; € Ch*(Q(up) N Brj (0)) and us € Ch*(Q(uz) N
8
Br; (0)), thus
8

0
u(x) = —(0) <x, v>+—%(0)<x,v>_ +o(lx)), (8.30)
V2
and by Theorem 7.4
ouq ouy
—( ) = —(0) >0,

where v; is the interior unit normal vector to €2(x;). In particular, u# has the asymptotic behavior (3.1) at 0. By the
C1* local regularity of u; and u, up to the free boundary, there exists s < r /8, such that:

0 0
I k) >0, 22(x) >0, forany xo € ' N By (0), (8.31)
avy vy
and
L Oup _
u(x) = —(x()) <X -—Xxp,V>"— B—(XO) <Xx—xg9,v> “o(]x —xgl).
v

Hence each x¢ € I' N B (0) is a regular point of u. Actually, again from Theorem 7.4, we have that 3”1 (xo) gﬁ‘; (x0).

We have proven that the set of regular points is an open set of I', locally of class C* L. and this concludes the proof of
the theorem.

9. Appendix

Lemma 9.1. Assume r, y, ¢ > 0, and let

Y
v(x )—c(——1>, x #0.

|x[”

Then, the following holds.

D y)>0iflx| <r, y(x)=0if x| =r, ¥(x) <O if|x| >r.

ii) If v is the interior normal unit vector of B(0), then
Vir(x) = %v for any x € 9B, (0).

iii) For any x € B,(0),
Y@ = Lo —1xD.

iv) If y = 202022 hen M (W) (x) = 0 for all x #0.
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Proof. Property (i) is immediate.
To prove (ii)—(iv), let us compute the gradient and the Hessian matrix of . We get, for x # 0,

X
— y__-—
and
) _cyr xX®x
DYy (x) = w(()’ )W—In),

where [, is the n x n identity matrix.

In particular, if |x| =r and v = —)r—c is the interior normal unit vector of B,(0) at x, then we see that
V) =-—Z=L,
r r r
which proves (ii).
To prove (iii), let us denote p = |x| and let ¥ (p) = ¢ (% — 1). Then using that ¥/ (r) = —<£ and that ¥"(p) > 0,
we get

¥ (p) > %(r—m,

which gives (iii).

Next, it is easy to see that, given any n x n-matrix A with eigenvalues A1, ..., A,, then the eigenvalues of A — I,
are A1 — 1, ..., A, — 1. Therefore, since the eigenvalues of % are A\ =...=A,_1 =0and A, = 1, we infer that

(y + 2)% — I, has (n — 1) negative eigenvalues equal to —1 and one positive eigenvalue equal to (y + 1). In
particular

M~() = |y+2 [k( +1)—A@m-D].
Property (iv) then follows. O

Lemma 9.2. Let ¢ be the solution of

F(@)=0 inB-(0)\B;(0)
=1 on aB%(O) 9.1
¢=0 on 0B, (0).
Then, ¢ = ¢(|x|) is a radial function and there exists a constant o > 0 independent of r such that for x € B, (0)\ B% 0
and yg € 0B, (O)
¢ (x) = — <x —yo,v>+to(lx —yol),

where v is the interior normal unit vector of B, (0) at yy.

Proof. Let ¢ be the solution of (9.1) with r = 1. Then, since ™ is a concave operator, we have that ¢ € C 22(B(0) \
B% (0)), see [2]. Let O be any orthogonal matrix and let v(x) := ¢(Ox). By Proposition 2.2, F~ is invariant under
rotations, thus v is solution of (9.1) and by uniqueness, ¢(Ox) = ¢(x). Since the latter equality holds true for any
orthogonal matrix O, we infer that ¢ is a radial function, ¢ = ¢(]x]).

Lety1(x):=1/2Y = 1) (ﬁ — 1) where y = w, and let v, be the harmonic function solution of

AYr, =0 in B1(0)\ B1(0)
Yn =1 on 83%(0)
Y2=0  ondB;(0),
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i, forn>2, ya(x) =1/2"2—1) (lxl;_z . 1). Then by Lemma 9.1 and the comparison principle, for x € B1(0) \
B, (0),

V1(x) < @(x) < ¥a(x)
and thus there exists o, y/(2¥ —1) <o < (n —2)/(2"~2 — 1), such that if yo € 3 B, (0),

p(x) =0 <x —yo,v > +o(|lx — yol).

The lemma is proven by noticing that ¢ (x) = ¢ (x/r) is the solution of (9.1). O
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