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Example 1: m.
Find Coefficients (1of2) )
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* A 4 ]b mass stretches a spring 2". The mass is displaced an
additional 6" and then released; and is in a medium that exerts a
viscous resistance of 6 Ib when velocity of mass is 3 ft/sec.
Formulate the IVP that governs motion om this mass:
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* Find m:

W 41b H_vmmn
wW=mg =>m=—=m= = m=
g 32ft / sec 8 ft
= Fin
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3ft / sec ft
= Find k:
F, = LQ.U»lMEWuU I v =5 = mp%@.
2in 1/6ft ft




wic +2u'(6) + 24u(t) =0

and hence the initial value problem can be written as
u”(t)+16u’(t)+192u(t) =0
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¥ This problem can be solved using
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Spring Model:
Undamped Free Vibrations (1 of 4)
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» Recall our differential equation for spring motion:
mu” () +yu'(t) + ku(t) = F(t)
% Suppose there is no external driving force and no damping.
Then F(f)=0andy =0, and our equation becomes
mu”(t) + ku(t) =0
3 The general solution to this equation is
u(t) = Acos ,t + Bsin @, i+ 18200, D12, 40

where

@, =k/m :
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Spring Model:
Undamped Free Vibrations @ of 4)
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* Using trigonometric identities, the mo_::os
u(t) = Acos w,t + Bsin at, @, =k/m
can be rewritten as follows:
u(t)= Acoso,t + Bsinw,t < u(t) =R cos(wyt—9)

& u(t) = Rcos d cos w,t + Rsin 0 sin @,
A R

where
B

A=Rcosd, B=Rsind = xn/\>m+w~. EEmHM

*< Note that in finding & , we must be careful to choose correct
quadrant. This is done using the signs of cosd and sino .



Spring Model:
Undamped Free Vibrations (3 of 4)
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* Thus our solution is

u(t) = Acos @,t + Bsinw,t = Rcos(@,t—9)

=+k/m

* The solution is a shifted cosine (or sine) curve, that describes
simple harmonic motion, with period

Huwlanmaz\m
@, k

= The circular frequency w , (radians/time) is natural frequency

of the vibration, R is the amplitude of max displacement of mass
from equilibrium, and 6 is the phase (dimensionless).

where




> 10 =u mass mc.mﬁnrmm a mvzsm m._ H:m mass is a_mc_mnma an
additional 2" and then set in motion with initial upward
velocity of 1 ft/sec. Determine position of mass at any later
time. Also find period, amplitude, and phase of the motion.

mu”(t) + ku(t) =0, u(0)=u,, u’(0)=v,

* Find m: % 101b 5 Ibsec?
EHEQUSHIUSH NUSH
g 32ft/sec 16 ft
= Fi 3
= Find k F B e LR B e AL
2in 1/6ft ft
¥ Thus our IVP is

5/16u"(t) +60u(t) =0, u(0)=1/6, u'(@)=-1
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Example 2: Find Solution (2 of 3)
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» Simplifying, we obtain
W) +192u(t) =0, u(0)=1/6, u'(0)=-1
* To solve, use methods of Ch 3.4 to obtain

1
u(t) =~ cos 192t ————sin 192t = RGCs [t §)
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m,:a wm:oﬁ_ >E_u_:=am wrmmm (3 of 3)
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% The natural mﬂmn_:mzn% is
= vJk/m=+/192 =84/3 =13.856 rad/sec
» The period is -

R=0.182 w = 0.182 cos(BY3 1 + 0.409)

T =27rn/w, =0.45345 sec 02f \J
= The mBE::M_m is / > > > >
R=+ A+ B =0.18162 ft \ < TRy, /
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* Next, determine the phase 0 :
A=Rcosd, B=Rsind, tand =B/ A
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Thus u(t) =0.182 nOmAm»\mﬂ + o.nomv

= —(0.40864 rad




