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Laplace, who studied this transform in 1782.

The techniques described in this chapter were developed
primarily by Oliver Heaviside (1850-1925), an English
clectrical engineer.

In this section we see how the Laplace transform can be used
to solve initial value problems for linear differential equations
with constant coefficients.

The Laplace transform is useful in solving these differential
€quations because the transform of /"1s related in a simple way
to the transform of £, as stated in Theorem 6.2.1.
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(1) f is continuous and /" is piecewise continuous on [0, b] for all 6> 0.
(2) [ A7) | < Ke® when t > M, for constants a, K, M, with K, M=>0.

Then the Laplace Transform of f” exists for s > a, with

L{f'@0)f=sL{f ()}~ £(0)

Proof (outline): For \ and f” continuous on [0, 5], we have

lim m-z £t <lim | e £(0) - mﬁn%z f(odr,

b—wx &|+8
.‘Lr 3 ,
W = m\ X av=L'(pdt

Ju= -5 w=f@) =lim -m-,s\ (0)=7(0)+s ﬁ@é\ S& = sL{w)-10)

b—ox P

Similarly for f/” piecewise continuous on [0, b], see text.
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LU0} = L ()} £ (0)

Now suppose /" and f " satisfy the conditions specified for £
and /" of Theorem 6.2.1. We then obtain

L\f"(t)} = sL{f"(0)}- £(0)
= s[sL{f (t)}- £ (0)]- £7(0)
=s"L{f(1)}= 5/ (0)— £(0)

Similarly, we can derive an expression for L{f™}, provided f
and its derivatives satisfy suitable conditions. This result is
given in Corollary 6.2.2
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m:cﬁo% Emﬂ fisa ?:o:o: for which the following hold:

(DS, /5" ,..., f™D are continuous, and /™ piecewise continuous, on
[0, b] for all b > 0.

) |AD) | <Ke”, | f'(1)| < Ke*, ..., | f™)(f) | < Ke for t > M, for
constants a, K, M, with K, M > (),

Then the Laplace Transform of /' exists for s > a, with

LY O)f=s"L{f O}~ 5"" £0) "2 £/(0) -~ sf "D (0) = £V (0)




y'+5y'+6y=0, y(0)=2, '(0)=3

mxm:%_m I hmw_mom ﬁm:wozs Method (2 of 4)

>mm:50 E& our IVP has a mo_ccos ¢ msa that &,3 and &:3
satisfy the conditions of Corollary 6.2.2. Then

Liy"+5y +6y} = L{y"} + SL{y"} + 6L{y} = L{0} =0
and hence
[ Ly} —59(0) - y'(O) |+ S[sL{y} - y(0)]+ 6L{y} =0
# Letting Y(s) = L{y}, we have
(52 + 55+ 6)¥(s) (s +5)y(0) - »'(0) = 0 J
# Substituting in the initial conditions, we obtain
(52 +55+6)Y(s)-2(s+5)-3=0

* Thus
2s+13
5. =Y =
e (e A vy ey
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CmEm @E.:m_ ?mo:os aoooaﬁoz:o: v\@ can be rewritten:
ESeRlN 0 A B

(s+3)s+2) ?+wv+?+wv
25 +13= A(s+2)+ B(s+3)
25 +13=(A+B)s+(24+3B)
A+B=2 24A+3B=13

A=-7,B=9
# Thus
e 9 g
N\AV\VIM\AVVI A,wl_-wv._-A%:TNv /\A&v v /ﬂqv
Rk B B ¢ Al. /:%
V) = g w.ww\f M.+NQ V\:

£ YA () 2 3 i:ﬂ T

m <L



Example 1: Solution (4 of 4)

— el e - — o fl —— - lllllllll.l'll.l'lllllll.llllllllllllllll.ll

= Recall mSB Section 6.1:

NA w F(s)= ._. e e"dt l._. e TVt = qwa A
% Thus
Y(s)=-— L + 2 =-TL{e”}+9L{e™™}, s>-2
@ +wv ?+Nv : :

% Recalling Y(s) = L{y}, we have

L{y}=L{~-Te™ +9¢™*}
and hence
y(@)=-7

Iwh -21

+9¢




Example 2

% Find the inverse hmv_moo Transform of the mEa: function.

:&um

A
= To find y() such that y(¢) = L1 {¥(s)}, we first rewrite Y(s):

A) A)

= Using Table 6.2.1,

Il
&

LYy(s)}=L" s ] 2(1)
S S

* Thus
y(it)=2




% Find the i Inverse hm_u_mom Transform of the m:&: function.

Kn L
-5
# To find y(7) such that y(7) = L' {Y(s)}, we first rewrite Y(s):
3 1
Y(s§)=——=3 ——
() §=35 ﬁm -3
% Using Table 6.2.1,
2 -1 w -1 H 5t
LHY(s)l=L =3L7"{——1=3¢
s—5 §—3
% Thus

y(t) =3¢’




Example 4
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* Find the inverse Laplace Transform of the given function.
6
Y(s)= 7
* To find y(7) such that y(r) = L' { ¥(s)}, we first rewrite ¥(s):
631
Y(s)=—=—
) S gt

Using Table 6.2.1,

Ly@s)}=L" wlb_ =

S

=

H

Thus
) =¢
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% Find the inverse Laplace Transform of the given function.

Y(s)= 2

A)

To find y() such that y(¢) = L-' { ¥(s)}, we first rewrite Y(s):

8 8 | 2! 2!
- 2-{2)E)- )

Using Table 6.2.1,

EH

EH

|
LY (s)}=L"34 w. =4L"' = =47
A) A

EH

Thus
y(t)=4t




mxmBEo 6

et o e o, w1 i e L T ———

»u
RlY

A%

Find 90 inverse Laplace Transform of the mEo: function.

4s +1

s s 49

To find y(¢) such that %S = L1{¥(s)}, we first rewrite Y(s):

4s +1
: =
s°+9 w+©

Using Table 6.2.1
L {Y(s)}=
Thus

Fis) =

y(t) =4cos3t+ Mm:_ 3t

3

3

s +9

4cos3t +Mm5 3¢

5,
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a partial fraction expansion, as follows.
Y(s) = Nw.,w+_ N 3s+1 % A & B
5°+s=12 (s+4)(s=3) "s+4 s-3
3s+1=A(s—-3)+ B(s +4)
3s+1=(A+B)s+(4B-34)
A+B=3, 4B-34=1

A=11/7, B=10/7

LR SR e S e
¥s) = + = y)=—e " +—e
(5) LiL %TL y== 7




mxm:%_o 12: Nonhomogeneous Problem (1 of2)
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= Qosmaﬂ the initial value problem

y"+ y =sin2t, %Acvu.wu y onu ]
Taking the Laplace transform of the differential equation, and
assuming the conditions of Corollary 6.2.2 are met, we have

[s2L{y} - 590 - YO ]+ Ly} =2/(5* + 9)

= Letting Y(s) = L{y}, we have
(52 +1)¥(s) = s9(0) = y'(0) = 2 /(s> + 4)

* Substituting in the initial conditions, we obtain
(s> +1)¥(s) =25 —1=2/(s> +4)

A

2%

i Y(s) 25 +5% +85+6 @) Y(5)= e 2s 1
; ,_ ,
s” o _VAWN +4) N[5 2 N -.E £l
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25> +5s°+85+6 As+B Cs+D
FES) =t > R T
(s"+D(s”+4) s°+1 s +4

% Then
25> +5° +8s+6=(ds + B)s> +4)+(Cs + D)s* +1)
=(A+C)s’ +(B+D)s* +(44+C)s +(4B+ D)
* Solving, we obtain4 =2, B=15/3, C=0, and D =-2/3. Thus
Jein 53 23

ey -
(5) s feu R et

% Hence

y(@) = Noo$+wm::|wmm: 2t

3 3



